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ON MAXIMAL RESIDUE DIFFERENCE SETS MODULO p

J. FABRYKOWSKI

ABSTRACT. A residue difference set modulo p is a set 4 = {a;,ay,..., ay} of
integers 1 < a; < p — 1 such that (5’}) =1 and(fil’%ai) = 1 foralliandj with i # j,
where (£) is the Legendre symbol. We give a lower and an upper bound for m,—the
maximal cardinality of such set 4 in the case of p = 1 (mod 4).

1. Introduction. Throughout this paper p denotes a prime = 1 (mod 4) and (f))
the Legendre symbol modulo p. A set A = {a,az,...,a;} of integers 1 < a; <p —1,
1 <i < k satisfying the conditions:

@) (%’): Iforl1 <i<k

(ii) (‘i;—“i):lforl <ij<ki#j
is called a residue difference set modulo p.

For a fixed prime p, let m, denote the maximal value of k. The size of m, has been
investigated by Buell and Williams [1]. They proved that
1
(1) 3

2) m, <(1+ e)pl/2 logp/4log 2 for all sufficiently large primes p > C = C(c).

logp <m, < pl/2 log p for all primes p, and

They have also mentioned that extensive numerical computations suggest m, ~
clogp for some constant ¢ with 1 < ¢ < 2.
In this paper we shall prove the following:

THEOREM.
1—
3) mp > @ logp for all p > po(e).
“4) my, < pl/ 2 for all primes p.

To prove the theorem we require the following Lemma which was proved in [1]:

LEMMA. For any integer k > 1, let ay,ay,...,a,_ be k integers such that ay = 0,
ag=11<a;<p2<i<k—1ai#ajfori#jIf

S(ag, ai,...,a) = pf {Iﬁ(“(%@))}

x=0 Jj=1
XFA0,A1 50,0
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then
|S(ao, ay,...,a_y) —p| < p"/*{(k—2)2"" + 1} + k25",

2. Proof of the theorem. Buell and Williams proved their upper bounds for m, by
developing a procedure that generates a residue difference set. We modify this procedure
to obtain a simple proof of (3).

The set A; of possible values of a; such that (%1) = 1 consists of all quadratic residues
modulo p. Let us choose the smallest possible element from this set, thatis a; = 1. The
set A, of possible values of b such that {1, 5} is a residue difference set is

w= (D)= (50 =)

Again, as before let us choose the smallest possible element from A; and call it a;.
The set A3 of possible values of ¢ such that {1,a;, c} is a residue set is

w e (9)- (5 - (52) -1}

Let us choose, the smallest possible such ¢ and call it a3.

Proceeding in this way we generate aresidue difference set 4 = {1,ay,...,a;_;} and
a set Ay, of possible values a; so that {1,az, ...,a,_1,a;} is also a residue difference set.
We can continue our procedure as long as |A;| > 0. By the principle of the procedure:

w2 ()

<a<p
{H(u)} ..... {H(M)}
p 14
1 p—l k-1 X —aj 1
- — 1+( 1) = —S(ag,..., a5 1)
2k g g{ } 2k
X#a0,a1,82,-8k1
Thus by the Lemma:
p (k=2 1 k
> = — — =) — =
) Al = 5 —p ( 2 2k) 2

The choice k = [lg—‘ log, p]+1, (¢ > 0) makes the right hand side of (5) positive provided
p > pole); thus (3) follows.
In order to prove (4) we recall the value of the Gauss’ sum:

6) Gy() :Ee(jz—x) - (x)f, forp f x.

j=0 ‘P p

LetN, ={n;1 <n<p—1,(2) = —1},50|N,| = &. From (6) it follows:
14 P p 2

) S of ):—%—%(;))\/ﬁforp fx

nen, p

nx
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Let now 4 = {ay,...,a;} be any residue difference set modulo p and set

gr(x) = Z e(%)

acAq
We have:
0< Y [gm)
nen,
B —a )n)
(8) _ 4
- T A+ DY o =)
nen, a.a'€eA neN, p
a#ad

=1a/?

Leqap-1ah(— - 3 vp)

using (7) and the fact that (? )= 1.
Solving, the inequality (8) for | 4| we obtain | 4| < ,/p which proves (4).
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