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DENSITY OF RESONANCES
FOR STRICTLY CONVEX ANALYTIC OBSTACLES

JOHANNES SJOSTRAND
with an appendix by
M. ZWORSKI

ABSTRACT.  We estimate the density of resonances close to a critical curve, for
strictly convex obstacles with analytic boundary. Contrary to the C*-case, already
treated with Zworski, the estimates are in terms of dynamical quantities. A new fea-
ture in the proof is a certain averaging procedure.

RESUME.  Nous estimons la densité des résonances prés d’une courbe critique,
pour des obstacles strictement convexes a bord analytique. Contrairement au cas C*°,
déja traité avec Zworski, les estimations font appel aux quantités dynamiques. Une
procédure de moyennisation est un aspect nouveau dans la démonstration.

0. Introduction. Let O CC R", n > 2, be an open convex set with smooth (C™)
boundary. (In the main theorem below and its proof we will always assume that the
boundary is analytic.) Assume that O is strictly convex in the sense that the second fun-
damental form, Q(v) on 700 is positive definite at every point of 0. We consider the
Dirichlet Laplacian —A = — % %‘ on R” \ O and recall that the scattering poles (also

called resonances)in a sector Rk >] 0,0 < —argk < 0,0 < 7,canbe defined as the poles
of the meromorphic extension of k — (—A—k»)~": L2, (R"\ O) — (HyNH?)0c(R™\ O)
from the upper half-plane across the positve real axis.

In [SZ1] Zworski and the author showed by a method of complex scaling up to the
boundary, that the number of scattering poles (counted with their natural multiplicity) in
ananglel < k] <r,0 < —argk <0is 0(1)0%7", r > r(0). A little later, Hargé-Lebeau
[HaL], used this type of complex scaling up to the boundary for evolution equations and
showed that there is a constant Cy > 0, such that there are only finitely many resonances
in a domain of the form: 1 < Rk < r, Sk > —Cy(Rk)}. This result was previously
known in the cases n = 2,3 (Filippov-Zayev [FZ], Babich-Grigoreva [BG]) and in the
analytic case, where one can relax the strict convexity of the obstacle to non-trapping
(Lebeau [L], Popov [P], Bardos-Lebeau-Rauch [BaLR]). In [SZ2] we returned to the
question of estimating the density of resonances near the real axis for strictly convex
obstacles and we also established an explicit result about the pole free region: If

1 ™ . 2
=273 — 3
.1) Cooo =2 3(cos 6)41 Inf O,
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where —(; > —( > - - - are the zeros of the Airy function and SA0 is the tangent sphere
bundle, then there is a constant C > 0, such that there are no resonances in

(0.2) {k € C; Rk > 1,3k > —Cooo(Rk)3 +C}.
We also gave upper bounds on the number of resonances in regions of the form
{k€ C;1 <Rk <r,Sk>—Cooo(Rh)’ — CREP}

with 0 < 3 < 1, which permitted us to recover the result of [SZ1] as the special case
when 8 = 1 and C is small. When 8 = % this number of resonances is O(”*!), and
when in addition C becomes very small, it is possible to estimate the constant in the “O0”
by means of the volume of the set of v for which 273 (cos X Q(u)§ is close to Cp 0. An
explicit result of this type with 8 < % is Theorem 2 in [SZ2].

The significance of these estimates with § = %, CKlorwithfg < % is not clear
in general, since the optimality of the pole free region result, is not known for many ob-
stacles and for genuinely non-analytic obstacles, it may be expected that the resonances
closest to the real axis are generated by a mechanism which uses the non-analyticity in an
essential way and hence is out of reach of “classical” WKB-methods. Before seriously
attacking the questions of optimality it therefore seems of interest to have a closer look
at the upper bounds on the density of resonances in the strictly convex analytic case,
because we then have a pole free region result with a constant which in general is better
than in the C* case: Put

0.3) Coa =273 (cos %)(1 lim inf % /0 r Q(ﬁ(z))fz‘ dt,

T—o0 7Y

where 7 varies in the set of boundary geodesics with speed 1. Notice that Cp, > Cpoo-
Then for every e > 0 there are at most finitely many resonances in a region of the form,

(0.4) {ke C;Rk> 1,8k > —(Coa — )RE) }.
This result appears to be implicit in [BaLR] and will in any case be proved below.
Put
3
0.5) G = (200))°¢-
Let @,: SO0 — SO0 be the geodesic flow, and put
0.6)

1 2
J0) =3 [ a(@w)d, d0)=dw+(00) G -0, Gua=intd.

By Birkhoff’s ergodic theorem, (°(v) = limy—. (7 (v) exists almost everywhere on
SOO0. 1t is easy to see (Appendix A) that

©.7) sup¢lin = lim ¢T . < essinf(°.
>0 T—o00 ™7
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Put

©.8) Woolt) = [ (u - (cos%)cr(v))fsuv),

where S(dv) is the natural measure on SA0 (defined in Section 5). (0.8) is a disguised
phase space volume, as will be clear from the discussion in Section 4. We have

.. T . T . 3
hym_lgf@,nﬁn - Tll_l}c}oCl,min > VéIgO(ZQ(V))E(Cz —¢) > 0.
The main result of this work is:

THEOREM. Let Cy >0, ro > 0. For 0 < p with
T .. T m .. T ™., .
- -+ — COS — ) < cos =~ L
cos 2 lim ([ + 3 — cos & lim (T ) < cos % liminf Gmin — 1/Co,
and ko 2 ky(C,ro) > 0, the number of resonances k with Sk > fi, s, J(Rk), is <

2ry o n-1-4 T .. 7 ..
0.9) Ltk W[ cos T Jim (e +3 (1 = o5 5 fim o)) +00) .

as ko — 0o, uniformly with respect to 1. Here f, ,, . is the unique quadratic polynomial,
2
such that the parabola Sk = fi, r, ,(Rk) passes through the three points ko |/ 52k},
ko — L3 .
It would be nice to be able to eliminate the factor 3 in (0.9), which would give the
simpler and more natural term Wo,(r). That might however be as difficult as to prove
that we also have a lower bound of the same (simplified) form.

Using some other estimates from Section 4, we get a slightly different variant of the
theorem: For a fixed C > 1 and for u > 0 with,

. T 7_[' C T T E < limi T ZT- _ i
Jim (in) 05 & + = (= Jim ([ ig) 03 £ ) < Timinf(fn) o5 g —
the number of resonances in Sk > fi, r, ,(Rk) is <
v 2" 0 ,n—1 _1 . T ™ C . T ™
(27|.)u—1 kO ’ CWOO(T!_I{EO(CI,min) cos g + Cc—1 (Il' - Il,_l{lgo(Cl,min) Cos g)) + 0(1) ’

when ky — o0.

Large parts of the proof are as in [SZ2]; as there we make exterior complex scaling
up to the boundary and we also employ many estimates of that paper. A new feature
here is that we also use microlocal weights over the boundary of the form e*'/*6'€),
Such weights are present, in many phase space approaches to Gevrey regularity ques-
tions. Suitable choices of G are obtained by a procedure of averaging along the bound-
ary geodesic flow. A price for this averaging procedure, is that some of the more refined
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estimates of [SZ2] appear to be difficult to carry over, because of lack of good con-
trol over very long geodesics (the limit 7 — o00). However, for surfaces of revolution,
Zworski (Appendix C of this paper) notices that the full averaging is achieved already at
finite time because of certain periodicity properties, and consequently he is able to obtain
more precise results in that case.

It might be possible to study in the same spirit general non-trapping analytic obstacles,
using classical techniques for studying propagation in the non-diffractive region ([S1],
[LD.

The plan of the paper is the following: In Section 1, we adapt a machinery of global
FBI-transforms from [HS] to the case of compact analytic manifolds, and define some
spaces corresponding to the weights above. In Section 2, we apply such an FBI transform
tangentially to the boundary and start the study of the transformed operator P = ——thlr,
where 0 < & << 1 is an artificial but convenient small “semi-classical” parameter, and
[’ C C" is the deformation of R" \ O. In Section 3, we use this to get suitable a priori
estimates on P which are used in Section 4, together with some results of Section 1, to
get upper bounds on the number of resonances in certain discs. The remainder of the
proof, carried out in Section 5, is then simply a work of translation. In Appendix A,
we collect some easy facts about averaging along the trajectories of vectorfields, in Ap-
pendix B we explain why the averaging procedure improves the estimates. Appendix C
by M. Zworski, establishes improved estimates in the case of surfaces of revolution.

We thank M. Zworski for several stimulating discussions and for reading various ver-
sions of this work.

1. Global FBI-transformation over a compact manifold. In this section we shall
adapt the theory of [HS] to the case when R” is replaced by a compact analytic manifold
X of dimension n. We equip X with some analytic Riemannian metric, so that we have
a distance d and a volume density dy. Let ¢(c, y) be an analytic function on {(c,y) €
T*X X X ; d(ax,y) < 1/C} (using the notation o = (0%, a¢), o € X, ag € T3 X,) with
the following two properties (A) and (B):

(A) ¢ has a holomorphic extension to a domain of the form:

1 1 1
(a1 (@) 5 180 |99 < . Rew — Ryl < 2 [Sae] < Sl

and satisfies |¢| < O(1)|(cx)| there.
Here we write (o¢) = /1 + cxg and as below, we often give statements in local coor-

dinates whenever convenient and leave to the reader to check that the statements make
sense globally. Notice that by the Cauchy inequalities, we get

1.2) ok, 0400 = Ok em(D|(ae)|! 1

in a set of the form (1.1) with an increased constant C.
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By Taylor’s formula we then have
(1.3) 9(oy) = o - (o — )+ O(1) x| o — P,
and on the real domain, for d(a,y) < 1/C with C sufficiently large:
(1.4) (e, y) ~ (g )(ax — y)’.

EXAMPLE*. Let exp,: T.X — X be the geodesic map and define ozg invariantly as
the dual quadratic form on T, X applied to the co-vector a; - dx. Then we can take

1.9 Bay) = o exp5 0) + 5 (o) e, Y-

Let X be a suitable complex neighborhood of X and let T*X be a complex neighbor-
hood of T*X of the form {(x,£) ; x € X, |S¢| < L|(¢)[}. Let A C T*X be a closed
I-Lagrangian manifold which is close to 7*X in the C* sense and which coincides with
this set outside a compact set. Recall that “I-Lagrangian” means Lagrangian for the real
symplectic form —So, where ¢ = T dag, A day, is the standard complex symplectic
form. By being close to 7*X in the C* sense, we mean that for some choice of local co-
ordinates in X, A is of the form {(y,7) + iHs(y,1) ; (,n) € T*X} (in the corresponding
canonical coordinates) for some real-valued function G which is sufficiently small in the
C*-sense. Here Hg denotes the Hamilton field of G. Since A is close to TX it is also
R-symplectic, i.e. the restriction to A of Ro is non-degenerate. It follows that

1
daj, = doy, Ndag, -+ - Nday, Ndag, |, = F(g/\.../\a)ll\

is a real non-vanishing 2n form on A, that we view as a positive density.
We also need some symbol classes. A smooth function a(x, £ ; ) defined on A or on
T*X is said to be of class S™, if

(1.6) &dla = O()h™(g)k M.

In the case when T=X is the domain of definition, we require a to be holomorphic in (x, £).
We extend this definition to symbols of the form a(a, y ; 4) in the natural way, and we
say that a € S™* is elliptic if |a] > £h~™|(£)*.

A formal classical symbol a € .S'c'{Jc is of the form a ~ h™™(ao + ha; + - - -), where g;
is independent of & and is of class $®*~/. Here and in the remainder of this work, we let
0 < h < hyg, for some sufficiently small 49 > 0. When the domain of definition is real,
we can find a realization of a in S™*, so that a — h™ T} Wa; € S~V Dmk=(V+D) 1p fact,
one verifies that a possible choice is = x(\jh/ (€)W a;(x, £), when \; — oo sufficiently
fast,and x € C3°([0, oo[) is equal to 1 near 0. When the domain of definition is complex,

* We owe this example to discussions with M. Zworski.
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we say thata € S'c';’k is a formal classical analytic symbol (a € .S:';f) if @; (which then by
an earlier convention are holomorphic) satisfy:

(.7) @] < CoGGHIEN.
It is then standard to find a realization a such that
(1.8) oot = O o(1)e €N/ Ch

|a _pm hiaj’ = O(1)eNeN/cin,

0G<|(EM/ Coh
where in the last estimate Cy > 0 is sufficiently large and C, C; > 0 depend on Cy. We
will denote by S'c';’k and .S'c'{;k also the classes of realizations of classical symbols. We say
that a classical (analytic) symbol a ~ h~™(ag + ha; +- - -) is elliptic, if ay is elliptic. Take
such an elliptic a(a,y ; h) € Ss“_"’% and put

cla

(1.9) Tu(o; h) = [ €4/ a(a,y ; W)x(e, yu(y) dy,

where x is smooth with support close to the diagonal and equal to one in a (sufficiently
small) neighborhood of the diagonal.
3n

We claim that there is b(at, x ; k) € S4%, such that if

la >

_ —i¢* (@) /h )

(1.10) Sv(x) /pX e b(a, x ; h)x(ox, x)V(@) de,
then

.11 STu = u+ Ru,

where R has a distribution kernel R(x, y ; h) satisfying
(1.12) |03LR| < Cy e/,

Here we denote in general by /*, the holomorphic extension of the complex conjugate of
[ @ = f@).

We now prove the claim: Let Sy be of the form (1.10), where b is replaced by some
elliptic by in the same symbol class. Then,

SoTu(x) = fr i fxei“"’“""”‘“"‘”’x(ax,x)bo(a,x s Ba(a,y 5 hx (o, y)uy)dy da.
Since,
1
S(—¢"(@x) + $(@.y)) ~ {ae) (o — 2 + (2 = 1)) 2 ) ey,

we see that the distribution kernel of this operator is exponentially decaying with all its
derivatives outside any neighborhood of the diagonal. For (x, y) in a small neighborhood
of the diagonal, we can apply analytic stationary phase [S2] to the a, integration and
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obtain in local coordinates (and using the same symbol for an operator and its distribution
kemel):

SoT(x,y; h) = / ei'ﬁ("*”"’f)c(x, ¥, a¢ ; h)dog + exponentially small error,

where ¢ € S:‘ig is elliptic and ¥(x,y, a¢) = v. c.a,(—qﬁ*(a,x) + ¢(a, y)), where V. C.q,
indicates critical value with respect to o, and ¢(x, y, ag) = (x—y)- ag + O({ae )(x — »2),
J1p ~ (oe)(x — »)*. A standard change of variables in a, (a complex version of the
Kuranishi trick) reduces v to (x — y) - a¢, and shows that ST is formally a A-pseudor
(our short word for h-pseudodifferential operator) of the form

1
Qrhy

[t ex,y,0 5 wydo,

where ¢ € S‘C)l'g is elliptic. At least formally, we can first eliminate the y variable and then

write a parametrix D. The formal composition S = D o Sy is then of the form (1.10) and

one can verify first that S o T acts as the identity operator on oscillatory functions, and

then by applying S o T to a resolution of the identity, that we have (1.11), (1.12). »
Put

(1.13) Thu = Tuyy,
and define Syv by (1.10) but with 7*X replaced by A. Then,
(1 14) S,\TAu =u +RAu,

where R, satisfies (1.12) (with a slightly larger Cy and under the assumption that A is
sufficiently close to 7*X). In fact, using Stokes’ formula and the exponential decrease of
0 of the symbols involved, we see that Sy T coincides up to an exponentially small error

with SoT.

Since A is I-Lagrangian, we can find locally a real smooth function H(cr) on A such
that
(1.15) dH = —S(oy - da)a-
Indeed, we have d(a; - day) = o, so d(—%(ag -day)) A) = —i‘rq A = 0. We assume:
(1.16) The equation (1.15) has a global solution H € C*°(A ; R).

Then A is well defined up to a constant (assuming of course that X is connected).

EXAMPLE. Let G € C*°(T*X ; R) with uniformly compact support in o¢. LetHg =
H’ be the Hamilton field of G with respect to So. Then for ¢ real with |¢| small enough,
we can consider the I-Lagrangian manifold, A, = exp(tHg)(Ao), where Ag = T*X. On
Ao we can take Hy = 0 (satisfying (1.15)) and on A,, we then try:

WL17)  Hi= [(expls — DHo)'(Ho,w) + G ds + exp(—tHo)' (Ho),
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where w = —S(a; - day). More precisely, we first extend Hy to a neighborhood of Ag
and then define H, near A, by the above expression. We have

d((Hg,w)) = d(Hg|w) = Ly,w — Hgldw = Lyw+ Hg|So = Ly,w —dG,
where Hg | denotes the adjoint of left exterior multiplication, HgA, so d({Hg,w) + G) =
Ly,w, and

aH, = [ "(expls — Ha) " (Lirgw) ds + (exp(—1)Hg) " (dHo)

=/ ' %(ex s — OHg) wds + (exp(—t)Ho) " (dHo)
=w+ (exp(—-t)HG)*(—w + dH,).
Restricting the relation to A,, we get,
(@Hjp, = wp, + (exp(~DHg) ((~w + dHo)p,) = Wi,
From (1.17) we get since Hy = 0:
(1.18) H, = (G — (HZ, (e - do))) + OF).

The function H appears naturally in connection with T. We have do¢ = a¢ - do, +
O(lax _YI)a 50 (daPXa, ) = Qe - do, and

(1.19) —S(dadp) @, ax)p = doH.

It may therefore be natural to consider the space of distributions u (depending on /) such
that Thu = O(ef’/*) for instance in the L? sense.

DEFINITION 1.1.  Form € R, put
H(A 5 (o)™ = {u ; Tau € LA(A 5 e "o )™ da)}.

When A = T*X we get the usual h-Sobolev spaces with uniformly equivalent norm
with respect to h. For general A we also get the same spaces but the norm now depends
in a more crucial way on h.

We shall next show that the Definition 1.1 does not depend on the choice of the phase
and the amplitude in 7. This will also be the opportunity to introduce certain projections
on the transform side. Recall first that S\T), = I+ R,, where the distribution kernel
of Rx and all its derivatives are O(e~'/<*) for some fixed Cy > 0. Then for 4 small
enough, (I +R,)~! = I+R,, where R, has the same properties. We have the left inverse
Ty' = (I+Rp)7!S). Let

Tru(e) = [eF¥Va(a,y ; (e, yue) dy
have the same general properties as 7). Consider,

(1.20) TATy! = TaSp + TARASA.
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Write AT 'u(e) = [y k(a, 8 ; h)v(B)dp and consider first the contribution to k from
TASAZ

(L2) k@B k)= [eHHD S CDa(ay ; BB,y ; DY DX (Bey) .

This expression vanishes when d(ay,3,) > 1/C, so we may restrict the attention to
d(ax,Bx) < 1/C. When |og — B¢| > 16|<ﬁ§>| and d(ay, B;) is small enough, we have

|dy((et, y) — $*(B, )| ~ ()| + |(Be)], and we can make integrations by parts plus a
contour deformation in y and get

(1.22) ki, B 5 B) = On(1)e™ &m0 HBD (max(|(axe)], |(Be))) ™ -

This is valid also without the assumption that d(c,, 3;) is small enough. Since H(a)
has compact support and is small, we then have the same estimate for the reduced ker-
nel: e~H@HE) /by (o, B ; h). Now look at the region: d(a, 8;) < 1/C, |ag — fB¢| <
[(Be)|/ C. If d(ctx, Bx) > 1/ Const, we can use the Gaussian behaviour of é, —¢*, to see
that k; satisfies (1.22) in this region also. Here min(|{c¢ )|, |(B¢)|) ~ max(|(ae)|, |{Be)])s
so we make contour deformation as in the method of steepest descent and obtain:

(1.23) ki(a, B 3 B) = c(a, B 5 h)eh V@D,
where modulo O(1)hN max(|{a )|, |(B¢)) ™V, c is of class %0 and where
(1.24) ¥(a, ) = v.c(#(e.y) — 6°(8,))-
For a = B, the critical point is y = a; ¥ = 0 and
dot) = (da), &) = ¢ - day,  dpp = —P¢ - dfs,
and taking the imaginary parts, we get for o = :
do(~SY)p = doaH,  dg(—SY)|p = —dsH.
1t follows that
—H(0) — Sy(e, B) + H(B) = O(1)(|{0xe)| lax — Bel” + [{oxe)| " oxg — B ).

Considering first the case A = T*X and making a small perturbation argument, we obtain
more precisely:

(1.25)  —H(@) — (e, B) + HB) ~ —({ag)| o — Bal® + [{xe)| ™" |oxe — Be[*)-
The second term of the RHS of (1.20) has a kemnel k»(a, 8 ; h) satisfying,
(1.26) ka(@, B3 h) = On(De~Fmax(({ag)l, [{Be)) ™,

for every N. Again, it is clear that the reduced kernel, e H@*HB)/hk, (o, B ; h) satisfies
the same estimates.
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In conclusion, 75T ! has a kernel,
1 i
(1.27) X BN, lae — Bel)e(ar, B s e + ks(ar, B 5 ),

where k3(, B ; h) and ei CHOHHO g (o, 3 ; h) satisfy (1.26). (Here and in the following
we become sloppy with the use of the symbol x which denotes a standard cut off func-
tion, equal to one near the diagonal or near 0, depending on the context.) Using this and
(1.25), we see that TxTy! = O(1) as an operator: LX(A ; |{a¢)|"e /" day — LX(A ;
[(ae)|e H/* dav).

‘We pause for some general considerations: Let ¢(x, y) be a smooth real (or holomor-
phic) function, defined near (xo,y0) € R™* (C™*) with k < n. Assume that ¢, is of
maximal rank, so thatJ = {(x, dL(x, y)) ;Y E neigh(yo)} is a smooth n + k-dimensional
manifold. J is involutive since it is a union of Lagrangian manifolds, and can be given
by p1(x,&) = - -+ = pa_i(x,§) = 0, where dp; are mdependent and the Poisson brackets
{pj,px} vanish on J. Let a(x,y ; h) ~ ao(x,y) + hai(x,y) + - - - be a formal classical
elliptic symbol, defined near (xo, yo). It is then straight forward to construct formal sym-
bols Pi(x,€ 5 h) ~ pj(x,€) + hpj(x,€) + - -- near (xo,&0), £o = ¢/(x0,0), such that
Py(x,hD, ; h)(€**?/*a(x,y ; h)) ~ 0 in the sense of formal asymptotic expansions. In
general, if P(x, € ; h) ~ pO(x, &) + hp'(x,£) + - - - is a formal classical symbol defined
near (xo, &), and P(x, hD, ; h)(e"d’(x*”)/ hax,y ; h)) ~ 0, then we see by an easy itera-
tion procedure, that P = 3 A4, P, for some h-pseudors 4, of order 0, (whose symbols
are formal classical symbols of order 0). In particular, we have the Lie algebra property:
[P, Pl = h APy

The manifold J = {(a, dyd(a, y))} is a complex involutive manifold of complex
codimension » and we can construct a Lie algebra L of formal analytic A-pseudors on
T*X, which for every choice of local coordinates in X has n generators

CG(a,hDy 5 h),. .., G, hDy 5 h),
such that
(1.28) G(a,hDy 5 h)TA ~ 0 in the formal asymptotic sense.

To be more precise, let a* = (af, o) denote the dual variables to a. Then, by expressing
y as a function of a, of by the implicit function theorem:

G(aa o 5 h) ~ g)(aa a*) + hC}(a, a*) +--

and
C}) = a;j —ag + O((ag)aZ)

is O((a)) in polydiscs of the form: o, — o2, ag — ozé = O(1), o — o, ag — ag =
O((ag)). After a natural dilation in the a,-variables, we see that the effective Planck’s
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constantis ki /{ag), so {f = O({ag)' ™) in the same polydiscs. The Lie algebra property
is expressed by:

(1.29) GG = z:1 QG

where (0% is a formal h-pseudor of order 0 in 4 (and a standard //(c) pseudor in the
variables ay, 3¢, where o — ag = (ag)ﬁg).

We next recall the construction of an appropriate version B, of the orthogonal pro-
jection: L2(A ; e=2H/" day — LX(A ; e 2H/" da) N Image of (T) (in the spirit of [BoS]
as in [HS]). We then want B, to be self-adjoint in L2(A ; e=21/* da) and to satisfy

(1.30) G(a,hDy 5 h)BA & 0,
in a sense to be specified. We then also get
(1.31) BAongJ‘”* R0,
where g"”’* denotes the complex adjoint of ¢; in L*(A ; e=2/* da). We get
CJ{‘;H,* — eZH/h ocj{\,* oe—ZH/h,
where ng’* is the adjoint of §; in L%(A, d) and has the leading symbol Q(a, a*), (o, ) €
T*A. (Here T*A is viewed as a subspace of the complex cotangent space of T*X in the
natural way.) These adjoints are not necessarily analytic pseudors, unless A is analytic.

The symbol of CI.A’* belongs to S&'.
We now look for B, of the form:

Bu(e) = [ Ko, B ; hu(B)e O/ dg,
Then we want
(1.32) G(a, hDqy ; hk(ct, 3 5 B) ~ 0,

and
0 ~ BACM*u = /A k(at, B 5 /MM (e 2H e 21k g

= /A Ko, B h)g.’"*(e—ZH/hu) dg
= fA “(¢**(B, hDp)) (k(at, B ; h))e /"y dp.

Here'’ ng"‘) = TI'ojol’ d=f§;‘((x, hD,, ; h), where I is the operator of complex conjugation.
€

The symbol of this operator is 7 (a, —a*) = Cj"(a, o*). Though we finally avoided
the problem of studying adjoints of A-pseudors in this setting, we still dropped out of the
frame work of analytic A-pseudors, but we can still think of the symbol é,f‘ as defined
near T™*A by means of almost analytic extensions.
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In [HS], B, was constructed with

(1.33) ka3 5 ) = e Da(a, § 5 h),

with k(3, o ; h) = k(a, B ; h), ¥(8, @) = —(a, B), a(B, @ ; h) = a(, B ; h), a € &,
9’((1, hD, N h Ly(a,B) . ~

(1.34) {Q(B,hDg;h) (e#¥®Pa(a, B ; b)) ~ 0,

leading to the eikonal equations involving the leading symbols:

(1.35) Qla,datp) =0, &(B,ds)) =0,

that should be satisfied to infinite order on diag(A X A) and a sequence of transport equa-
tions. (Actually, this is in essence the construction in [BoS].) From this we get 1y uniquely
up to a term vanishing to infinite order on the diagonal, if we add the requirement,

(1.36) Yo, @) = =2iH(a), (o), @) = 0 - dayy.

Notice that the second equation and the anti Hermitian property of ¢ imply (dgv)(a, @) =
—ag - dle| A> SO d(z/)(a, a)) = 2iQa; - day, = —2idH, and we see that the first con-
dition in (1.36) only determines an integration constant in . Also (d,SY) (o, @) =

S(og - dox)p = —daH, (dsSY)a, @) = —d.H, so if we take into account scaling
properties:

1
(13D —Sy(,) — H@) — H) = O(1rolae = Bl + (e low = ),

restricting the attention to |, — S|, |ae—B¢| /|{e)| < 1/C. By aperturbation argument,
starting with the case A = T™X, and using (1.55) (below) in that case, we see that actually,

(1.38)  —Sy(a, f) — H(a) — H(B) ~ -@lag — Bel* — o) o — Bel*.

The amplitude @ = h™" >0 aj(c, B)F is determined in the following way: We need
that ao(a, @) > 0. Examining the condition that B2 = B, by stationary phase, we get
ao(a, ). Then we get ap(, () to infinite order on a = f3, by solving the transport equa-
tions (to infinite order on a = ). The condition B = B, now gives a;(a, @) and solving
the transport equations, we get a;(c, 3) and so on. Notice that |ag| ~ 1. We define B, by
introducing a cut off near the diagonal as in (1.27).

PROPOSITION 1.1. (i) B% = By +R,, where
Ra = O(): LA ; ) e 1% doy — L2(A 3 (o) "e 2/ de)

forallme R
(i) ||Tau— BATA"“LZ(A,l(aE){"'e'ZH/"da) < O |ull rea .y-my for all m.

PROOF OF (ii). PutTl, = ThT;' (with T3! = (I + Ry)~'S) and notice that I
is a projection from L2(A ; e 2#/" da) onto the subspace L = Tx(L?). Since IT, is
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bounded, this space is closed. Using this projection we shall construct the corresponding
orthogonal projection and show that it is very close to B,. We have already studied the
asymptotics of the kernel of IT,. (Notice that the phase appearing there may be different
from the one appearing in Bj.)

For f € 8%, f > 1/C, consider IT5fIT}, where the adjoint is taken in the L? sense,
with respect to the measure e~ 2#/% da. For u € L, we have

(T Tulu).y = (TR > ()| TTxull.

Here
(Tuju) = (u|Tau) = ||ul,

50 ||lul| < ||TT;u||. Consequently,
(TAfTT3ulu) > (inff)||TTiu||*, and (inff)||u|| < |[MAMRu|, u € L.

Also notice that TTfTT}: L — L. We conclude that the spectrum o(ITfTI}) is contained
in [0, co[ and has 0 as an isolated point. L is the spectral subspace corresponding to the
non-vanishing part of the spectrum. Let ¥ be a closed positively oriented loop around the
non-vanishing part of the spectrum which has 0 at its exterior. We then get the orthogonal
projection P onto L by the formula

1

" 2mi

(1.39) Pa L (@ — IfIT) " dz.

Using the earlier results on the structure of I, and the operators ¢; above plus stationary
phase, we see that

(1.40) ATl = / k(e B ; hyu(B)e 2 O/F dB + Ru,
where R = O(h®): L3 (A ; e~ 21/ (ae )| dor) — LA(A ; e /| (ae)|™ dcx), and where
(1.41) k(B 5 ) = i Pag(a, B ; h)

with 1 as in (1.33) and with a; having the same properties as a there (same symbol class
and same transport equations). It is then an easy exercise to construct f so thata; = a in
(1.33) and we have then found 4 = ITAfTI} so that

(1.42) A=B\+R
with R as in (1.40). In particular
(1.43)  A— 4 = Oh™):L*(A 5 e /" (ag)| ™™ do) — LX(A 5 e2/*) (o)™ dex)

We have the same estimates on the derivatives of the kernel of 4 — 4% so (1.43) also
holds in the sense of trace class operators.
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Now return to the formula (1.39). As an approximate inverse of (z — 4), we try % +
ﬁA (for z € 7) and get

1 1 B 1 o
(Z_A)(E T = 1)A) = a1

Hence

(1.44) z—A)7'= (é+ﬁA)(l+;(z—l_—ﬁ(A—A2))_l.

For z € v, we have in view of (1.43), that

1 2
(1.45) (1+Z(Z_1)(A—A)) = 1+R,

where R has the same properties as 4 — 4% in (1.43). (We let ¥ be h-independent and
choose 4 > 0 sufficiently small.) Combining (1.44), (1.45) with (1.39) and (1.42), we
get

(1.46) Py =A+R, =By +R,,

where R}, R, are as in (1.43) also in the sense of trace class operators. Since PATp = Ty,

we get (ii) of Proposition 1.3. [
We next discuss the action of A-diffors (short word for A-differential operators) in the

H(A)-spaces. By definition, an analytic A-diffor of order m is an operator of the form:

(1.47) PO, hD s By = > ai(x ; h)(hDy)F,

k| <m

with a; holomorphic and O(1) in X. The corresponding symbol (invariantly defined
mod O(1)h(€)™") is then P(x, € ; k) = Tjgy<m ar(x ; h)EX.

PROPOSITION 1.2. Let P be as above. Then,

| TaPu — PATau| jon o210 gy < Chl/znu”H(A;(ag)"')-

A very similar result was obtained in [HS] and we omit the proof. For scalar products,
we have an improved result:

PROPOSITION 1.3. Let Py, P, be analytic h-diffors of order m|, m,. Then
(PrulP2v)ry = (PyaTAUIPYATAY) 2 pse20 ey + Ol e, yony IVl 2o
if my + my = 1y + .
PROOF. Start with,

(PrulP2v)uay = (TAP\ Ty Tauy | TAPL Ty ' Tauz) 2,
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where the L2 scalar product is with respect to e 2#/# dar. Inserting B, here and there, and
using (ii) of Proposition 1.1, we get modulo O()||ul|sya,ym) 1Vl e (yys i M1 + my =
my + my:

(148) (Plulev) = (BATAPI TX]B,\TAMIBATApzTXIBATAV).
Using stationary phase and the general arguments in the construction of By, we get

(1.49) BATAPTy'Ba = BA(Pjp)Br + O(h) in
L(LXA 5 [(ae)me 21" da), LX(A 5 [(ae)|"™e /" dav)),

and (1.48) then gives

(1.50) (P1u|P2v) = (BAPyABABA(PA)BATAu|TaY).

To complete the proof'it then suffices to verify (by stationary phase) the Toeplitz calculus
property:

(1.51) BAPyABABA(Pyjn)BA = BAPyA(Pya)BA + O(h)  in

L(LAA ; [(ae)™e 2" da), LA ; [0 )™ ™ ~™e=2/* dav))
In fact, from (1.50) we then get
(1.52)  (Pru|Pv) = ((Pyya)BATAu1|(Pyp)BaTAu2) = ((Pyya)Taur|(Pya) Tat)-

The arguments above work equally well, if we use the exact orthogonal projection P,
instead of B,. ]

We end this section, by considering finite rank approximations of certain Toeplitzors
(short word for Toeplitz operators). Let g € C3°(A ; R). Then we have

(1.53) (qTAulTAu)LlA;e—ZH/hda) = (PAGPATAu|Tau).

The method of stationary phase and the fact that BygB, also satisfies (1.30), (1.31)
imply that PAqPy = Bpgz+ O(h*) in L(LZ(A ; e 2H/h da)), where B, ; has the same
form as B, except that a(a, 3 ; h) is now replaced by d(a, 8 ; h), satisfying the same
transport equations, and with d(c, ¢ ; h) = G(a ; ha(a, o ; h), §(a ; h) ~ Go(o) +
hii(@)+ -+, §o(@) = q(e). Then

(1.54) trBrG=h" /A g(@)ao(e, @) dor + O(H'™).
It is now useful to recall a different way of getting P, (cf. [HS]): Since
Tp: HA) — LA ; e 21k gy,
and since the natural dual space of H(A) for the standard L? product is H(A), we have

T5: LA e 2H/h doy) — H(A),
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when H(A) is viewed as a Banach space while L2(A ; e 2#/% da) is viewed as a Hilbert
space. Then T} Tx: H(A) — H(A) turns out to be a kind of elliptic Fourior (in short for
Fourier integral operator) with inverse (75 7))~ H(A) — H(A). Then we get,

(1.55) Pp = TA(TATA) ' T}

In the special case when A = A9 = T™X, then Tx T, and its inverse are pseudors and
we may write By, = Ty, U*T}, , where U is an elliptic pseudor with U> = (TxTx)™.
The Toeplitzor By 4 is then well approximated mod O(h*) in trace class, by Tx,U§UT}
where § is a h-pseudor with leading symbol g. Now

tr(Ta,UqUT, ) = t(UT} Ta,Ug) = tf(UU2U§) =
j = _—l_ /| I-ny — ———1 1—n
T9= Gy [ (e dac+ O = iy [a(e)da+ o™,

Combining this with (1.54), we see that

1
(1.56) ao(a, @) = e when A = T"X.
If A = A; depends smoothly on a parameter ¢, with Ag = T™ X, then for the corresponding
Bergman amplitude, we get
(1.57) aod(a, @) = (2 S+ 00,

Now let g € CP(A ; [0,1]) be equal to 1 on K C K CC A and have support in
K with vol(K \ K) < €. Put Q = PapgPx. Then 0 = Prg?Pp — R, where trR =
O.(h'™™). In view of the special properties of g, we then see that 0> = Q — R, where
trR = (O.(1)k + O(e))h™". Now 0 < Q < 1 in the sense of selfadjoint operators, so
R = Q—0?>0.Let);, )\s,...bethe decreasing sequence of non-vanishing eigenvalues
of 0, so that 0 < ); < 1. Since tr R = (O.(1)h + O(e)) ™", we get

(1.58) YN =X = (Odh) + Oe) h™".

The graph of the function f(\) = A — A2 is a vertical parabola crossing the horizontal
axis at (0,0), (1,0) and with a strictly positive maximum at A = 1/2. It follows from
(1.58) that

Hoyi ve<y <1-vap= (22 om)h—"

Consequently, using (1.54) and the fact that #{\; > 1 —

.59 #Hyin2VES oo h),, —([ ao(a,a)da+0(¢€)), h < he).

From the spectral decomposition of Q, it follows that

(1.60) Q<K+R, [R|| <,
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where K is of rank

1
(1.61) < (—z;rh—)n(/Kao(a,a)da+ O(\/E)), h < h(e).

Actually, below we shall need a refinement of this with an A-dependent symbol g (of
uniformly compact support) satisfying &q = O.(h~*/*) and with vol(K +B(0,h'/?)) =
O(h'/?), vol(K \ K) = O(eh'/?). Then stationary phase still works and we get 0> =
PAg*P, — R, where

t['R - Oe(l)hl—2/3h—n+l/3 — Oé(l)h1/3h_n+l/3,

so @ = 0 — Rwith tr(R) = (O.(1)h'/* + O(e))h=™*'/3 (actually for 0 < h < h(e) > 0).
Letting again Ay, Az,... € ]0, 1] be the decreasing sequence of non-vanishing eigenval-
ues of O, we get

(1.62) LN — N = 0()ehs™, h<h),
and

(1.63) #{N s Ve <N < 1—y/eh = OWehd™,  h < h(e).
We then have (1.60) with

(1.64) rank(K) < ao(a, ) da + O(1)/eh3 ™.

1
2mhy /K

2. Transformation of the operator. Let O C R” be strictly convex, X = 60 ana-
lytic. We shall perform the same scaling up to the boundary as in [SZ2] and in addition,
we shall apply a global FBI-transform tangentially to the boundary, when we are near
the boundary.

To start with, we need some further geometric preliminaries, valid for arbitrary com-
pact analytic manifolds X. Let G € C3°(T*X ; R) and choose a real valued extension to
C?(FX), that we also denote by G. One possibility is to take G = RG, where G is an
almost analytic extension of G. In that case, we have

2.1 dG(p)yr,rx) = 0,

for every p € T*X. In general, we assume (2.1). Here J: T, p(FX) — ,,(FX) is the map
induced by “multiplication by . In general, if f is a function on T*X and HF, H§}’ , H§}’ ,
Hg}’ R Hg", denote the various Hamilton fields that can be formed with respect to o, Ro,
So, then at any point where df exists and is C-linear:

22) H = H = HYj,
(2.3) JH] = Hy = —H% = Hyy.

Here H; is considered as real vector. See [S2] for more details.

https://doi.org/10.4153/CJM-1996-022-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-022-9

414 JOHANNES SJOSTRAND

With G as above (satisfying (2.1)), we put for £ € R, |¢| small:
2.4) As = exp(tHE)(Ao), Ao = T'X.

Then, as we saw in Section 1, A, is an I-Lagrangian manifold such that —3(¢ - dx|s,)
admits a global primitive H = H; and which coincides with Aq outside a compact set.
Let p be a holomorphic function on T*X. For p € Ag, we get,

p(exptHE" (p)) = p(p) + Hdp(p), HY (p)) + O().
Here
(dp,Hga> = (dERp’HgU> + i( dc‘\sp’Hga>
= —(Hy3,dG) — i(Hgy,dG) = —(J(H),dG) — i(H3,dG).

If p is real-valued, then (J(H,),dG) vanishes at real points (by (2.1)) and we get for
p E Ao:

@.5) p(exptHE (p)) = p(p) — it(HS,dG)(p) + O(F).

We now return to the boundary problem case and work in geodesic coordinates x =
&', xn),x' € X =00, x,, > 0 (cf [SZ2], Section 2). Let #(x,) be a smooth non-increasing
function with support close to x, = 0, equal to #%/> in a small neighborhood of that
point, and such that h~2/3¢(x,) is independent of 4. Choose G as above and let H, be the
corresponding primitive for —3(¢’ - I/ A chosen according to the recipe (1.17). For u
with support close to the boundary, we define the norm:

(2.6) |||“|||2 = /000”TAt(x,,)u("x’l)”iz(Al(X”)’e~2H,(x")/hda) dx, = F!lu(',xn)||%l(A4,"))dxn-

The function Tp,, u on {(c,x,) ; @ € Aqyx,)} Will be considered as a function on
Ao % [0, oo[, by means of the parametrization,

Q.7 Ao 3 @ > s,y = exp(txa)HE’ ) (o).

Using that T, u = Tu),, with T independent of ¢, we then obtain,

D, (Th ey u(-» Xn)) (@) = Ty, (hDx, u)(cte)
(2.8) ot bay

HF T hDo(Tyu(:, xn)(01)

where (as well in the following), we sometimes write ¢ instead of #(x,). Denote the last
term by Sf\l:x”)u. %‘%‘ has compact support in a and f—: is O(h*/?) and has compact support
in x,,, away from the boundary. It follows as in Section 1 that

(2' 9) ”S(Al:xn)u”LZ(AI(xn),e_ZH'(In)/h da) = O(h2/3)”u(.’x")”H(A'(In))'
We rewrite (2.8) as
(2.10) Th e (hDs,4) = hDs, (Thy1) — S st

https://doi.org/10.4153/CJM-1996-022-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-022-9

DENSITY OF RESONANCES 415

and recall that our transformed functions are considered on Ay X [0, 00[ by means of
.7).
Differentiating (2.8) once more, we get

@11)  (ADy)(Tag ) = Tag,((hDs,Yu) + 250 (AD,u)+SD u,

where 5@ satisfies (2.9) with 42/3 replaced by #*/3, and has the same support properties
as S, and we rewrite this as

2.12) Thge ((hDx,Y'1t) = (hDx, YT, ) — 284 (AD3u) = SP u.

LetP = Y« a(x)(hD, ) be a second order h-diffor and consider for u with support
closetox, = 0:

(2.13) PP = [ 1 Tag Pl st gy @

From the results of Section 1 and the above discussion about transforms of hD, u and
(hDy,)’u, we get:

(2.14)

2
I Aven P “"LZ(A,(,,,);e-ZHn/" da)
= |\P(x, &', kD, )Th, 2.y
+om 3 (€'Y (AD, Y TayullFo..o

JHk<

+O0PP) 3 (hDgY Taggtlli RDg ) Tl
JS2k<2,j+k<3

where the last term has to be present only on the support of 5‘%. In fact,
(2.15)
2R(Th,,,aa(hD)*u| Ty, as(hDY w)p2,,.

= 2R(aa(’, X)€" Tag,, (hDx, ) u|(ag(x’, xn)e" Tay,,, (hDy, P u)pa..
+ OM(E)™ Th gy (hD2)  ull 2. I(EVP T, (WD, Yool .

Here we use (2.10), (2.12) which imply that for £ < 2:

" (élyTA,(,,,)(th,, )ku“LZ(...)
= [[(€'Y (hDs, Y T,

2
|l2¢ + ij O(n3¢* V))”TA.(,,,)(th..)V“||L2(---),
v<k—1

and using this identity once more on its own last term, we see that the last sum here can
be replaced by

> OS¢ )|(AD, Y Tag, #ll2y-

v<k—1
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using this in (2.15), we get
(2.16)
2R(Thy,,, aa(hD)*u| Tr,,, ashDYu)pa ...
= 2R (aal', X0)E" (hDx, " T, ulag(x’, xs)€" (hDy, Y T, )
Y OB T (DY Ty, ull [(ADs, Y T, ul

Jj<ank<pn,
Jrk<an+fn—1

+ O (I1(€)\hD ) Tagyll + Y- OGS\ (D5, Y Tl

Jj<a,

X ('l(ﬁl)w,l(th,.)B" Tl\«x,,)““ * k<Zﬁ O(h%(ﬂn—ﬁ)”(th,.)kTA«x,.)u")’

which can also be written as,

Zm(aa(x,, Xn )g,al (hDy, )™ TA,(,,,) u I aﬂ(xl s xn)glﬂ’ (hDx, )ﬂ" TA,(,,,) u)

+O0(h) 3 IE)NAD,Y Tag,ull I(€') 1D, Y T,
jsaﬂ’kgﬁﬂ
HOUR) 50 DY Tagyull 1Ds) -

Jjrk<an*fn—1

Here the last term, as well as all other terms containing powers of #%/3 can be suppressed
outside the support of ai—t,,' From this (2.14) follows.
Writing
Ay D (', &) = exp(t(xn)Hg )/, 1),

we introduce the Jacobian:

_dx'd¢]

~ dydy”
so that J — 1 = O(h*/3), and similarly for all derivatives of J — 1. Clearly, &L vanishes
outside the support of %’". In (2.14), we want to make a modification, namely in the
RHS, we want to express everything in terms of operators acting on J'/2e /T, u,
(t = t(x,)) and then take the corresponding ordinary L? norm over Ag for the standard
measure dy'dn’. The only problem (essentially similar to one already treated) is then the
action of 1D, . Continuing to use the parametrization (2.7), (so that a% denotes the partial
derivative for the coordinates (3, 77’, x,,)) we notice that (with ¢ = #(x,)):

J\2e  IhpD, (Tpu) = (1 2e IR pD, J-1 12y 2 il R T, u),

and that
(2.17) J\2e~Hi/hpp, J12eHM = pD, + 5O,

where S® and all its derivatives are O(h%/*). Moreover S®) has uniformly compact sup-
port in (3, n’) and vanishes outside the support of a%’. It is then clear that (2.14) can be
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rewritten as

(2.18)

2
H TAt(x,,)Pul|L2(AKX"),e—2Ht(x,,)/" dx' d¢’)

= ”P(x, gl, th”)(Jl/ze—Ht(xn)/h TAl(xn)u)”%Z(Ao,dy'dn')
+o) 3 (€'Y Dy, YT Pe e Ty ullin, vy

JHk<

+O(*?) 3 ||(hD,, Y (I 2e e /M Ty u)| 2 ||(Dy, e (idem - - )| 2,
JS2k<2,
3

where the last term can be suppressed for x,, outside the support of ;;—’".

3. Aprioriestimates near the boundary. Let O C R",n > 2, be bounded, strictly
convex with smooth boundary. In [SZ2] we constructed and injective smooth map with
injective differential, 7:R” \ O — C”, such that:

If x = x' + x,n(x"), is in a neighborhood of 60, where x’' € 80, x, > 0, and n(x") is
the exterior unit normal at x’, then Y(x) = x’ + &™/3x,n(x’).

If |x| >> 1, then Y(x) = (1 +if)x, where § > 0 is small.

The image I' = Y(R" \ O) is totally real and the scaled operator —Ar- has a principal
symbol, whose values avoid some conic neighborhood of ]0, oo[, when we restrict the
attention to points away from some given neighborhood of 60.

The resonances of —A in a conic neighborhood of [0, co[ are then the values k;, where
kf is an eigenvalue of —Ar.. (The multiplicities can also be properly identified.)

From now on, we identify I" with R" \ O, by means of v. We recall from [SZ2] that
the scaled operator near the boundary is of the form,

3.1 PJ:—f _thIT = e—%((th,.)2 +2x,0( ,th:)) +R(x,hD,)
| + O(x2(hDy)?) + O(h)hD; + O(H?),

where all the diffors have analytic coefficients. Here Q and R are positive elliptic opera-
tors of degree 2, homogeneous in the sense that Q(x', D/) = h*Q(x', D) and similarly
for R. We have R = "thlaO and the ellipticity of Q results from the strict convexity of
the boundary. Here I' is the deformed contour, which in the following will be identified
with R” \ O.

From (2.5) it follows that the operator P(x, ¢’,hD;, ; h) appearing in (2.18) can be
represented in the following form, where we write (x',£') = exp(t(x,,)Hg”)(y’ ,n):

PG, € kD, s h) = 23 ((hDy,)* + 26,00/, 1)) + RO/, )
(.2) — it(x,)HRG + O(xh(n')?) + O(h(n')) + O(h)AD,
+ O,k + O*?).

Here the last two O terms can be absorbed into the first two, when applying to a function
and taking L2 norms. We do not want to consider the x, dependence in (x,), so we write
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this as

P, €', hDy, 3 h) = €= ((hD5, ) + 2,00/, 1)) + RO/, ')
(3.3) — il PHRGY/ ') + OCey(n')> + h(n')) + O(h)hD,
+ O(c,h? %) + OH*?).
The third term of the RHS represents the effect of the FBI-distortion. We decompose it

into a real term and one of argument —27 /3:
3.4

PG €, hDy, 3 1) = €5 (WD, + 26,00/, m) +

R2/3
HrG(/', ")
cos% )

+ (R(y’, n')+ (tan;—r)hz/3HRG(y’, n’)) +0(2(n') +h(n'))
+ O(h)hD;, + O, k) + OH*/?).

Let—G,j=1,2,...with0 < {; <{ < --- be the zeros of the Airy function, and put

2
3

3.5) G0\ ") = (200/,1)%¢.
Then the eigenvalues of
H2/3
(hDx,) + 26,00/, 1)+ — HrG(', ')
COSg

on [0, oo[ with Dirichlet boundary condition at 0, are of the form 42/3(;(y’, "), where

1
s
cosg

(3.6) GO'n") = GO ) + — HrGY/, ).
When passing to (P(x,¢’,hD,, ; h) — wp) as in Section 5 in [SZ2], we may consider
these modifications as a small modification in wy. More precisely, for our new operator
P, we have the estimate (5.2) of [SZ2] (when Swy > 0, Rwy close to R(Y,7')), provided
that we replace wy to the right by Jo = wo + ik**HrG(Y,7'). Then, if we choose fi =
GO/, n')h*3 in that lemma, we get for v € C([0, &:D), v(0) = 0:
3.7

|(P&, 1, € hDy) — wo)v|

> (|20 — RO/, 1) — e~ TG0/, P — OV L) |Iv|]?
— 2R (e % (RO, ) — o) ) (@07, 1) — GO/ m)) B P, o P

1 , L
+S1(BD) +20007, MHWIP + S llv]),
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where (c¢f. [SZ2], Section 6):
(3.8) W= [ vy ) din,

with ey, being the first normalized (Dirichlet) eigenfunction of (hD,)* +2tQ(y', '). In
(3.7), we can get rid of @y, by using R, §;,j = 1,2:
3.9)

|(PG, 1,€' D7) — wo)o|”

> (lwo — RO,y — e 2 &0/, )h3 P — OQ)WLh)|v]]?
—2%(e—?(k(y ')~ wo))(cz(y )= &0 ") Ko/ W
+ 2| (D)2 + 2006/, W + S,

where we put R(Y', ') = R(/,n')+ (tanZ)h*/>*Hr G(, ), and where we also notice that
aterm O(h*/*)|Y(//,n’)v|?, which appears, can be absorbed into —O(1)v/Lh||v||2.
We recall that

|wo — R — e ¥ &hd? = Jwo — RI2 +2R(e” $ &R — @o))h? + Oh)
27

= Ruwo — R + 13 + 25R(eF (R — ao))h? + O(h),

where ro = Swy, and similarly with & replaced by ¢;. (3.9) can therefore be rewritten
as:
(3.10)

|(Pe,1,€", kD) — wo)y|”
> ([Rwo — RP? + 78 +25R(e™ ¥ ® — ao)h — OQWIh)|Iv|?
—2G — St R(eF R — @0)) (/' W2
+ 2] (0 + 2600/ O + 2 )2

= (1%e0 — R + 73+ 2036R(e™F R — @) ) (IW12 - 6/, n'WP?)
+ (|§Rw0 —RE+ R+ 28GR (e %’—’(R wo)))h(y W
—|| (D2 + 2606/, O] + |tv||2 OV LA|v|I".
Here we use that R = R+ O(h*/*) and that
R(eF R~ an))
- o(h% +R(e ¥ (R - a0)) = O(h}) + O(R — Run)) + se(e—?iro))
= O(h})+ O(|R — Ruwo|) + (cos%)ro,
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and we get from (3.10):
(3.11)

|(PC, 1,€', kD) — wo)v|*
(]R Ruo|? + 13+ 2h3 (cos )r()(z) (||v||2 - h’(y',n’)vlz)
(IR Ruo|? + 75 + 2k (°°S )rocn) o'W

+ 2 (@D + 2006/, W + S

— O()(VLh +h¥|R — Ruo)||v]>2.
Notice here that |Y(/, n")v| < ||v]|.

For (y/, ) outside any fixed neighborhood of the energy surface R(, ") = Rwy, we
obtain from Lemma 5.2 of [SZ2]:
(.12)

|(P, 1,6, hDy) — o) > (ro+ 0(1)) IIvil®

0(1) 5epy IEDYVI + (P IRD2 + () V1),

when v € CZ°([0, 1[), v(0) =
We now combine the ODE-estimates above with the results of Section 2 (more pre-

cisely (2.18)) and obtain for u € (H* NHJ)(R™\ O) with support within the distance 1/L
from the boundary:

‘/Ooo“TAr(x,,)(P_wo)u”iz(A )"e—ZH’(xn)/hdx’dg’)dxn
> [ 156/, IRO. 1)~ Rl + 7+ 283 (cos et
x ([ e M Tyl diy — G0V e e Ty ) ! dif

fflv(}’ ﬂ)(lR(y 1) — Ruwo|* + +2h3(005 )"0(1()’ 77))
(3.13) x O W e Hen M Ty ul? dy' dnf

1
+ (’% + O——V(l)) //(1 — Iy, 7]/)) /Om |J%e—H«xn)/hTAr(xn)ul2 dx, dy' dn'
__1 - - —
+ 0(1) /:/:/000 l(th")z(J%e Hl(x")/hTA,(x")u)P dxn dyl d’I]/
1
+ 0(1—) / (1-10/, 17'))(”')“/oo \2e /R ul? dx, dy' dny'
0(1) //w Pne T I3 Ty ul? dx, dy' dy’
—0W X [[[7 (Y AD YTt My ul? dsy ' dinf

J+k=2
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_ O(h§),<u<z(///w|(hD Yt HenhT, )P dxydy’ dn)f

JHk<3
1
X ( - (hD, Y- .)f
= 003) [[[7 100, m)IRG!, ) — Rewo| |t Pion VT, uf? i, /i

Here V is some arbitrarily small but fixed neighborhood of the energy surface. Moreover
in the O term we can restrict the x,-integrals to the region (away from x, = 0) where
t # k%3, so this term can clearly be estimated by the 4-th, 5-th and 6-th terms of the RHS.
We have also used Lemma 4.3 of [SZ2]. We next try to eliminate as much as possible
from the third term from the end. First of all the contribution with £ = 1 (f = 1), can be
eliminated by interpolation. Secondly, the contribution with £ = 2 can be absorbed by
the fourth term. It then only remains the contribution with £ = 0. From this contribution,
we can absorb the integral over the complement of V. We then get the slightly simplified
version of (3.13):

_/()OollTA:(x,,)(P_wo)uHEZ(A ).e“ZHI(x,,)/"dedgl)dxn
> [, n)(lR(y )~ Runf? + 73 + 201 (cos T oy, n))
x ([7 e eV, ufds, — 06/, 0 W e e T ul?) dy d

[ 10671 1RO/ ) — Renf? 7 + 283 (cos ) res )
(3.14) x YO/ ' W 2 e /Ny ul? dy' dny!

1 't L —Hm/h 2 ! g
+('%+5V(T))/ (1= 10sm)) [ Whe Hen /Ty, ul v, dy di
1 1 _
' 6<T>///°° (DL Pt oo VT )Py
[ =10, )y [ e ton/b Ty ul? dvy dy df
(xn. h 2
0(1) //m |xne™ Hin) | J2TA )ul dx, dy’ dn’

— Ou(h) j / 10/, e Hen AT, ul? dxy dy' diy
— o) [[[7 106/, OIRG ') — R |he o/ MTy ul? dic, /iy

0(1)

In this estimate we may replace C by C o I, where I1: ¥V — Z is a smooth map with
Iy = id. Here 2 = {(//,7) ; R/, n") = Rwo}. The two last terms of the RHS will be
incorporated into the first two terms.

For 1 > 0 bounded, it will be of interest to estimate from above the volume of the set
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of all 4/, ') such that

RO/, 1) — Rwo)” + 72 + 243 (cos = ) ro(Gy o T/, )
6

(3.15) : A
— O(h) — O(h3)|R — Run| < 72+ 2rouh3.

In other words, we wish to estimate the volume of
(RO, ") — Ran)” — OBHRG/,n') — Reao] < 2r0h3 (u +0($) — (cos )i 0 n).
Here with £ = R(Y',7") — Ruwp:
£ —2Ch3|f| > (1 — hi)? — C?h,
so it is enough to estimate the volume of the larger set:
(1 — KR/, n') — Ru)” < 2r0h3 (u +0h) — (cosZ )3 o n),
which is contained in a set of the form
(RO, m') = Rwn)” < 2roh3 (u + O(3) — (cos )i o ),
or equivalently

G16)  RG/.)— Run] < v/2ruhd (4 + OHH) — (c0s7 )G o) "

+

Let Sgx be the Liouville measure on X with respect to R, so that dy'dn’ =
(1 + O(R — §Rwo|)) dRSR,z(a’H(y’,n’)) near ¥, where we parametrize points by
(R(y’, ), 116/, v )) € R x X. Then the volume of the set (3.16) is of the form

3.17) 2(1+ O(h3))v/Zroh’ /z(u + O(h?) — (cos%)&)jsx,z(d(y’, ).

In particular, (3.17) is an upper bound for the volume of the set defined by (3.15). For
every e > 0, we cannow find g € S‘z’ 3 (in the sense that a;’agfq = O(h—%(la’|+lﬂ’l))) with
values in [0, 1], equal to 1 on the set (3.16) and such that the volume of suppg minus this
setis < eh!/3.

Now choose 0 < p < éZ,min cos % — D%" where @,min = infy @ Then the sum of the
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first two and the last two terms of the RHS of (3.14) can be bounded from below by:
/ / 1o/, n)
(lR(y', 1) — Rewo2 + 72 + 283 (cos %)ro((; oIT) — O(hH)|R — Ruwo| — O(h))
x ([ Ve Tyl dv, — O/ e M Tpul)
+ / / 10/,1")
(IRO/.1) = Renf? + 72+ 283 (05 oGy o 1 — OXB)R — Ra| - O)
x Yo/ ' Wi I Tyul dy' dn'
> [[ 106/ + 2hEron)
( /000 V2e B Tpul? dx, — Y/ '\ R e/ hTA“|2) dy' dn/
+ / / O/, 1) + 23 rop)V T2 e IR Tyu? dy' dnf
— [[ owdrat/, e Tyl dy' anf
= // 12 + 2h:%r0p)/:o e HAT\ul? dx, dy’ dn’
— [[ 0ta0! O Ve Tyl dy dy'.

Let Y(x', hD,): L*(R" \ O) — L*(80) be a suitable realization of the operator valued
symbol x(v/, n'Y(/, "), where x € C3° has its support near X and is equal to 1 near that
set. Then (cf. Proposition 1.2 and [HS]):

YO, ' Wi e I Tyu — (J1eH/ ) em0 TAYCE s BD Yutl| 2 ay ity
1
— o(h%)( I/ /0"" | e BN T ul? dx, dy' dn') :

From (3.14) and the estimates above, we get:
(3.18)

2
/om 1Trve P "“"’)"”LZ(A.(,,>;e‘2”«x»>/"dvde) dxn
2 00
> (73 + 2roh ) [ | Tngy il e

— 03) [[ 40,1, o€ 0 " Tp V(' hD Yl &y dif
1 L —Hyy/h 2

+ o /IR 1D e M Py
1 1

+ o /b (= ) te e M d dy dnf

— 1 -
+ O(l) ///()00 |xne H'(x")/hTA,(x,,)ulzdx,,dyldn',
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According to Section 1, in particular (1.64), and (3.17), we have for 0 < & < h(e) >
0:
1
// q(yl’ "l)l‘lli,.=0e_Hl(o)/h TA:(0>’Y(xI’ hDX')u‘Z dyl d",
1
(3 19) S \/E// ‘J'i"=oe—Ht(0)/h TA,(O)’Y(XI, thl)u|2 dyl dn’
+ (KTh g Y&, D )u| Th g Y, DY) 0/ gy dy
where K is of rank <

(¢] f)(nh 1)2\/2_ro 3/(M+O(h§) (cos )Cl) SR’E(d(}’,,’f)I))“'O(l)\/Ehsl‘”,

So far, we have assumed that u is supported near the boundary, and we have to remove
that assumption. We notice that if the supports of # and of #(x,) are disjoint, then the

(squared) norm
F a2

is equivalent (uniformly with respect to &) to ||u||2,. Let )(x,) € C3°([0, 0] ; [0, 1]) have
small support and be equal to 1 near the support of #(x,). The global norm (equivalent
to the standard L? norm for every fixed 4, but not uniformly with respect to #) is then
defined by

G.21) |« = /‘” YO Thg¥ll 20, o2/t gery P+ J(1 = pn) luef? dx

For u supported away from some fixed neighborhood of the boundary, we have (by
the very idea of complex scaling):

(3.20)

622 1e—wul 2 o+ o) Tl oy 2, Iy,

|lal<2

where all norms are the standard ones in L2. We notice that the sum of the last three
terms in (3.18) is also equivalent (uniformly with respect to ) to ¥jq<> ||(AD)*u||?, for
u supported away from supp#(x,). It is easy to absorb the cut-off errors due to ¥(x,) and
get from (3.18), (3.22):
(3.23)

P — woull? > (73 +2uh3 ro)ul|P

— O(h%) f f q¢/ )2 ,x _o€ o/ Ty ¥, hDy)ul? dy' dn!

Here we use (3.19), with X satisfying (3.20) and get for 0 < A < h(e) > 0:
(3.24)

2
P = wo)lI? = (ro+ (u = v/eWh3 ) lullP — Oh¥) (KT Y(', ADe )| T (¢, hD ).
REMARK. When u < (fl,min(cosg), we get by the same proof:

(3.25) NP — woull® > (ro + uh3 Y ||u,

for 4 small enough.
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4. Estimates on the resonances. We shall proceed very much as in [SZ2] (and in
earlier works cited there), but we shall pay more attention to the choice of some constants.
In (3.24) we are free to choose € > 0 arbitrarily small and independent of 4. From (3.25),
we get

2
@1 |- el > (ro + (Gmincos g - 0(1));,%) N2, & — 0.

For r < ro+ (&minc0sE — b(l_l))h% , we define:

4.2) N(r) = # of eigenvalues of P — wy of modulus <r,
4.3) M(r) = # of characteristic values of P — wy of modulus < r.
(4.1) shows that N(r) = M(r) =0 forr < rp+ (Zl,mi,,cosﬁ — o(l))h§, and (3.24) shows
that
M(ro+ (1 — VOOh) < rank(K),

where rank(K) is bounded as in (3.20). Since we can let ¢ — 0, we get the following
uniform estimate, for 0 < p < { mincos% — ﬁ:

4.4) M(ro +phd) < V() +o(R3 0D, h 0,
where

2y/2r0h? )} '
4.5) V(w) = (—ZV):T‘ /z (u - (cos%){1)+SR,z(d(y ).

Put r; = ro + (cosE)minh? andletr; < r < R < ry — gishi. f N(r) < M(R) we do
nothing. If N(r) > M(R), let \1,...,\y, N > N(r), be the eigenvalues of P — wy with
|Aj] < |Aj+1] (counted with their algebraic multiplicity) and let 1 < p2 < --- < py be
the first N characteristic values of P — wy i.e. eigenvalues of /(P — wo)*(P — wo).

As noticed above, p; > ri — 0(1)h§ , and also by definition, y; > R, forj > M(R)+1.
The Weyl inequality,

(4.6) i omy < Al e wls

then implies that

(r — oA "R¥M < ¥, N =N, M= MR),

()< (B

log(})
log(®)

i.e. with 7, = r; — o(1)h3:

or:

4.7 N < M(R).
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It is not clear in general what is the optimal choice of R for a given r > 7, but the
situation can be clarified a little bit: Write

log(£)
1= =C>1
og®) _~ 7
and assume
1
— < CL<
4.8) 1+ o < c< o).

ThenR = (%)El—lr, and (4.7) can be rewritten as,

@.9) N < CM((;) Z'l"—‘r).

r

Write r =rp + phi% and recall that 7| = ro + (Clymin(cos%) - o(l))h§. Then

1

(%)ﬁr =r+ (# + C«I- I (H —él,minCOS%) +0(1))h§a

50 (4.9) reads,

@10)  Neo+uhl) SCM(ro+ (14 g (= Gumincos) +o(1))h§),

uniformly in y, C, as long as
@11 Emincost < p <Emmcost — ——, 14 —— <C < 0(1)
. 1,min 6 = H = Q2,min 6 O(l)’ O(l) sOs s
- T 5 T 1
_ . < . -
u+ ol (p, (l,mmcos6) < (mecos6 o)

Combining this with (4.4), we get
il
6

Notice that (4.12) still holds, if we drop the lower bound on p in (4.11). Later we shall
sometimes use that

1 _
(@.12) N(ro+ph?) < CV(;L t e (u — & minCOS )) +o(HAY=0D, h— 0.

1 5 T 5 m C 5 T
+ — (1.min€05—= | = (i .minCOS— + — (1.min€OS— ).
14 C—1 (l" €1,minCOS 6) ¢1,minCOS 6 C—1 (“ ¢1,minCOS 6)
Hp, preserves the Liouville measure on Z, so Appendix A shows that G can be chosen
in (3.6), so that
(4.13) ¢ —1ng0 xp(tHr) dt = (T on T
: L= 7 Jo SO CXPUHRIGE S on &,
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2 ~
forany T > 0. LetJ = (T +(200/, 7))’ (& — 1) be the corresponding & (not obtained
by averaging (, as in (4.13)) and notice that I — ¢ is independent of .. For every fixed
T >0, (4.12) reads:

@.14)  N(o+uhd) < CVT(u +—(n— d,mmcos%)) +o(1hi=@D,

1
c-1
under the now T-dependent restriction (4.11), where the lower bound on p may be
dropped, and with V7 defined by (4.5), with §; = (7.

Consider

(@.15) 1D = [[(n—C()osT ) Ssaldp),

which appears in the definition of V7. The functions p +— (1 — ¢F (p)cos%),‘f defined on
any fixed compact interval, are uniformly continuous for p € Z, T € [0, oo[, so it follows
that the functions p +— I(u, T), (defined on some fixed compact interval) are uniformly
continuous for 7 € [0, oo[. On the other hand, by Birkhoff’s ergodic theorem, we know
that ¢7(p) — ¢°(p) a.e., so by dominated convergence,

Nl

(4.16) 141, 1) = 1(1,00) = [ (11— G®(p)e0sZ ) Sz.aldp), T — oo.

+

Because of the uniform continuity of the functions (-, T), it follows that the convergence
in (4.16) is uniform on any bounded interval and that the limiting function (1, 00) is
continuous. In Appendix A, we see that

4.17) lim ¢ i = sup¢l i < essinf (5.
T—o0 = >0

We want to pass to the limit 7 — oo in (4.14) so we replace the T-dependent assump-
tion (4.11) (without the lower bound on ), by

@.18) 1+a‘1—) <c<om, 0<p,
1

1 ™ . T T\, . T
— — . < —_ . —
o (“ (°°56) TIEEOC’-M) = (“’86) i inf G min = 1)

In view of (3.5), (3.6), we have

lim infCZT min lim Clein >0,
T—o0 7 T—00 ™

50 (4.18) is non-empty. If y satisfies (4.18), then it also satisfies (4.11) (without the lower
bound) for T large enough. Let

24/2roh3
Qmhy!

4 24/2roh3

@.19)  Voolw) = [ (1= Giocos ) Swatde) = 5y 00),
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so that according to the earlier discussion, Veo(it) — V(i) = o(1)h3~®D, T — oo,
uniformly with respect to y for u in any compact interval. We then get,

2 1 _ T\ g T I—(n-1)
Nro + uh3) < Voo (u + o (= (eos) Tlggocl,mm)) +o(Lh
(4.20) ™ . r C T
— Voo (c055) fim, o+ 2 (1= (055 Jim )
+o(1)h3 =D,
when 2 — 0.

A SLIGHTLY MORE SOPHISTICATED APPROACH. We shall make a more systematlc
use of (4 6) and as before, we will only work in a region where p; = ro + O(hi) [N ] =
ro+ O(h 3) Then,

log p; = logr0+ +O(h3), log || = logro+ ——— I/\I +O(h )
Taking the logarithm of (4.6), we then get,
@.21) ity < [l D] + OWRS) < (Aw] + OG3))N.
Recalling that M(r) is the number of p;’s that are < r, we put
M) = [ pdM(p).
—00
Then from (4.21), we get
4.22) M) < (A + O(h$))N(V), whenever M(r) < N(),

and still under the assumption, 7, A = rp + O(h§).
Let W(u) = V(p) + o(hé“(”‘l)) be a non-negative continuous function vanishing for
p< Cl,min(cos %) — o(1), strictly increasing when positive, and with the property that

1

(4.23) M(ro+ uh§) <Wpw), p< Cz,min (cos %) — _(Yﬁ

Since M(y;) > j, we have W(“fﬁ—“) > j, > (ro+ h3W-'(j)), provided that y;
satisfies the last estimate in (4.23). Hence (4.21) implies,
N
(4.24) S(ro+ W) < N-(Iawl + O)).

J=1

Comparing the LHS with an integral, we get,

.25) [ o+ B @) dT < N- (3w + OGH)).
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Introduce v = W(T) < &mincos % — (7 @S a new integration variable, so that 7 =
W):

[+ Byaww) <N- (Il + o), w(a)) =
Here we may replace |\y|by any larger number A = O(1), so we get
(4.26) /_ g)(ro +hiv)dW) < N(x+ O(h%)), W(v(N)) = N, N < NQV),

as long as W~'(N) < & mincos X % 0(1) We now want to return to the more explicit
function V. We have V(V(N)) =N+ o(l)hs—(n—l), S0

4.27) v(N) = V! (N+o(1)hi=D).
After an integration by parts, the LHS of (4.26) becomes,

[(ro + B3 )W) Y — i} / W(v)dv
4.28) N
= (ro + hﬂ/(N))N—— h? [m V(V)dl/ +0(1)hl_(n'—l),

Using this in (4.26), we get for N < N(\):

(4.29) (ro + hiv(N))N — A} / Vw)dv < N-\+o(1)h=0-D.

Here we also used that N = O(1)h3 D ([SZ2]). To get explicit bounds on N from this,
we need some convenient upper bounds on the integral in (4.29). From the definition of
V,weseethatfor0 <k <1,t>0:

(4.30) (cl mmcos + kt) Ky (cl i €08 7 L t) :

Hence,

[ vwyar = [ (G cos % +1) de

(N)—3,min c08 § t
< V(v(V)) - —dt
4.31) k (V) — &y min c0s £

V(@) (" (N) — &) min cOs %)
(V(N) Ci.min COS E) +o(1)h}=0=D

b=

WINWIN

Using this in (4.29), we get

o(l)hl——(rx—l)

2 o T
@30 o+ k@) — B3 (V) Gimincos ) < A+ T
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If we write A = ro + ph?/? with

~ i
(4.32) 0<p<QmincOS — — =
we get:

2 5 T o()h3 =D
v(N) — 3 (V(N) — (1,min COS E) <p+ —(—)N—-

N o(l)hé‘(”").

. T
V(N) < 3p — 2() min COS 3 N

Applying ¥ and using (4.27), we get

pi—(=1)
N

where 0 < w(h) — 0, h — 0. Distinguishing the two cases N < /w(h)h3~"~D and
N > /w(h)hi~@=D, we get in both cases:

4.34) N< V(Cl,min cos % +3 (N — Cl,miu cos %)) + 0(1)h§—(n—1)_
By induction over N, we see that N(ro + uh%) is bounded by the RHS of (4.34), provided
that |

* 7f > by -

C1,min €OS 5 +3 (;L — {1, min COS E) < &min — 5_(1_)

As before, we can take & = ¢, & = ¢ = T+ (200/,1)) (G — ¢:) and let T tend to
infinity. Then under the assumption:

(4.35)
1
> im T cosE+3(u— lim T cosX) < ™ timinf? . — —
H= Os }_ngOCI,mm Cos 6 3(/1' T!LmooCI,mm Cos 6) = (COS 6) hﬁgfg,mm O(l),
we get
(4.36)

2 ™ . ™ . 1 _(n—
N(ro + ph3) < Voo<(cos 3) %_u&g{min +3(/,L — (cos E) Tlll,nood,min)) +o(1)h3~" D,

Let us now compare (4.12) with (4.34) (or the corresponding limiting estimates for
T = +o00). Of particular interest is the case % = 3,ie.whenC = % For1 < C<3/2,
we have C/(C — 1) > 3, and since there is no prefactor, it is clear that (4.34) is sharper
than (4.12) for these values of C. It cannot be excluded however, that (4.12) is sometimes
sharper, when C > 3 /2.

Let us compare the two estimates (or the corresponding analogues for T = +00) in the
possibly theoretical case, when V(Zl min €O £+2) = Cot*, for some o > 0. For simplicity,
we skip the remainder terms in the following discussion. With t= p — { min cOs %, the
RHS of (4.12) is C(Ef—l)"Cot", so the loss factor is C(C—E-T)"‘. It attains its infimum for
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C=1l+a:(1+a)l+ %)"‘ < (a + 1)e. For « large enough, this is clearly smaller than
the corresponding loss factor 3% resulting from (4.34), so in this case (4.12) is sharper
than (4.34). However, if we examine the proof of (4.34) in this special case, we see that
(4.31) improves to

(V) 1 " T 1
- _ . — —(n-1)
[ Vwydy £ —=N(v@) —imincos T) +o(hd =00,

and then the factor 3 in (4.34) can be replaced by (1 + é). We then get a loss factor in
(4.34) of the form (1 + ﬁ)" which is smaller than (1 + )(1 + -}_;)"‘.

In Appendix B, explain why (4.29) gives improved estimates on N, when we replace
G, by ¢F andlet T — oo.

S. End of the proof. We start from (4.36), where N(rp + uh§) is the number of
eigenvalues of —h2A|1- in the disc |z — wp| < rp + uhg, wo = Rwp + irg, Rwo,ro > 0.
Choose Rwy = 1 from now on. For kg >> 1,putky = 1/h,z = k2h* = (%, { = kh,
Rk > 0. Then —h?Aru = zu is equivalent to —Ajru = ku, so z is an eigenvalue of
—hZA,r iff k is a resonance, and there is no problem to identify the multiplicities (see
[SZ1,2] and the references cited there). Consider the image of |z — wy| < ro + uh,
Qz < 0 in the ¢-plane. Since Rz = (RC)? — (I¢), Sz = 2R(IC, this image is given by
¢ < 0and

(RO — (S0P —1)° + @REI( — ro)? <73 +2uroh? + O(h).
Using that ¢ = O(h3), R¢— 1 = O(h?), we get

()" = 12+ @S¢ ro)” <7+ 2urah? + Oh),
AR; — 1) — 4roSC < 2uroh3 + O(h),

so the image in the ¢-plane becomes
G.1) L e — 12— 5 (u+ Ok} < <0,
ro 2
and modulo the O-term this is the region below the real axis and above the parabola,

symmetric around ¢ = 1, which passes through 1 — i‘zihg, 1+ ,/’—g‘ih’.}. The image in
the k-plane then becomes

®k—k)? (1t 0&")
T~k <SSk <0,

which modulo the O-term is precisely the region described in the theorem. It is also clear
that the region in the theorem has an image in the z-plane which is contained in

(5.2)

|z — wol <ro+ (u+O@H))AE, Sz <0.
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We can then apply (4.36) since a substitution, p — p + O(h%) does not change the right
hand side there, nor the validity of the condition (4.35).

To identify the other quantities, we make explicit computations at some fixed point
of the boundary (as in [SZ2]). After a Euclidean change of coordinates, we may assume
that the fixed point is y = 0 and that the exterior unit normal is (0, 1). Then 00 is of the
form y, + /(') = 0, where /(') = 1(Fy,y’) + O(), and where (F)/,)’) is the second
fundamental form at 0, if we identify the ’-plane with To0O. The exterior unit normal
at a neighboring point (x’ ,— (' )) € 00 is given by

(Vr), 1)
(V) +1

so the geodesic coordinates (x', x,) (with x’ parametrizing the boundary) are given by

nx’) = = (Fx, 1)+ O(x"),

V' =X +x,Fx' + Ox?), yn=x,+ Ox?).
Hence

& (I+x,F 0 ,
a— 0 1 +O(|X |)a

ox I—x,F 0O
("7 1)+ o1+

Oy
and the principal symbol of —A, becomes

t 2
7= ((5)e) =&+ —2ure.) + O + P eP
At the pointx’ = 0 we recognize £ = R(0, ¢') as the symbol of the tangential Laplacian,
and Q(0,¢") = (F¢/,¢') as the second fundamental form, after identifying 7500 with
To00 by means of the induced Riemannian metric. Finally the Liouville measure Sy z
associated to £ becomes under the same identification, the Liouville measure on S60 ~
{g = 1} associated to the metric g and the natural volume density on 700, obtained by

pulling over the symplectic volume. This is % times the natural measure on S60. The
theorem follows.

Appendix A. We collect here some simple facts concerning averaging along inte-
gral curves of a vector field.

Consider first on R the problem, for a given v € L*(R), to find a bounded function
u, such that % = v+ a slowly varying function. We solve this by putting u = kr * v,
where kr(f) = k() and where k is a fixed function with compact support and uniformly
Lipschitz, except for a jump discontinuity of height 1 at 0. More precisely:

(A 1) k[:tt>0 € Llpcomp([os :i:OO[), k(+0) - k(—O) =1
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Then % = &, — ¢, where £ € L, [ £dt = 1, and with u = kr x v, we get,

‘comp>
du 1 t
(A.2) =v—glrv, ()= z(?).
If we choose k(1) = —1 — ¢ for —1 < ¢ < 0 and 0 elsewhere, we get £ = 1) and
(A.2) becomes,
(A. 3) ‘jl_ltl =V— 7_,1[__7"0] * V.

Now let X be a compact smooth manifold, equipped with a strictly positive smooth
density w, and let v be a smooth real vectorfield on £ which preserves w: £,w = 0, where
L, denotes the Lie derivation with respect to v. Let g be a realvalued smooth function
on X. Consider

(A.4) Gr=— / kr(—s)q o exp(sv)ds € C(Z).
By a change of variables, we see that this is a convolution of ¢ and —kr along the trajec-
tories:
Groexp(v) = — / kr(t — s)q o exp(sv)ds,
and consequently,
1
(A.5) Gr)=—q+ [ £1(—s)q o exp(sv)ds.

Choose k as prior to (A.3). Then

A6 +0(Gr) = = [ qoexp(sv)ds =g

(A.6) q+v r)—T/Oq explsv)ds =4,

so up to an element of the image of the diffor v, we may replace g by its time average q”.
Put

(A.7) QT = igf q".

LEMMA A.l.  supr.oq” = limr_ug”.
PROOF. Adding a constant to g, we may assume that ¢ > 0. For T > 0, letk €
{1,2,...},0 € [0, 1, and consider

1 k+O)T
g*oOT = T o7 /: q o exp(sv)ds

=1 +1)T 1 k+6)T
(;} (k+0)T/j(Tl qoexp(su)ds) + T DT Jer q o exp(sv)ds
j=

k
k+ol-

v
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Taking the infimum over Z, we get

()T ~, T
" =i+l

Letting S = (k + 6)T tend to infinity, we see that
.. > T
hsnl. ggf QS >q,
for every T > 0. It follows that
supg’ < liminf¢® < limsupg’ < supgq’,
T = §—00 = S—00 T~

where the last two inequalities are obvious. Hence, we have equality everywhere, and
the lemma follows. u

According to Birkhoff’s ergodic theorem, (and here is where we use that v is measure
preserving), the limit

(A.8) g* = lim g"

T—o00

exists almost everywhere. We have clearly,
(A.9) lim ¢7 < g™, ae.
T—o00=
Appendix B. Let M be a smooth compact manifold equipped with some smooth

density dm > 0, which is v-invariant, where v is some smooth vectorfield. It will be
more convenient to average by means of the heat kernel along the trajectories. Put

ET,s) = e/ T>0,teR,

1
V2rT
so that E(T+S) = E(T)* E(S), where * indicates ordinary convolution. Let  be a smooth
realvalued function on M, and put

ul = / E(T,—s)u o exp(sv)ds.
As in Appendix A, this is a convolution along trajectories:
u’ o exp(wv) = / E(T,t — s)u o exp(sv)ds.

Noticing that E(1,s) can be approximated in L! by linear combinations with positive
coefficients of functions of the form 1{_g z), we see that u7 — 4> a.e. where u* is the
same Birkhoff limit as in the preceding section. For simplicity, we shall assume,

(B.1) f . dm=0, VI,C

or in other words that all the level surfaces of all the functions #” are of zero measure.
Put

Mip) = M(T,p) = [, dm, () = B(Tp) = [, o dm.

Thanks to (B.1), the inverse M7 ! is defined: [0, m(M)] — [inf «, supu”].
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PROPOSITION B.1.  The function My o My" increases when T increases.
PROOF. We first examine the properties of u(T,N) = M7'(N). Let N € [0, m(M)],
and fix Ty. Then for T close to Ty, we have the implications

u’(p) < (To, N) M ||Lw|T To| - CIT — Tof* = u"(p)

oulo
< w(To,N) = u"(p) < u(To, Ny + |IW||D»|T— Tol + CIT ~ Tol*.

It follows that,

w(To, N) IT—To| - T~ T < u(T,N) < w(To,N)

a s

Hence T +— u(T,N) is locally Lipschitz and the correspondmg a.e. defined derivative
satisfies:

0] < ],.

We shall next see that T +— My o M; é:fF(T ,N) is locally Lipschitz in T, and that the
C]

corresponding (a.e. defined) derivative is > 0. Indeed, we have F(T,N) = [q, u"dm,
where Q7 = Q(T, u(T,N)) (with N fixed) is the set defined by u” < u(T,N). With
HT = II’(T,N), we get

_ — T+5 _ T
F(T +6,N) — F(T,N) /Qmu dm /mu dm
(B.2) = [ @™ —uNydm+ [u™(1q,, — 1a,)dm
T
= [, @™ —u"ydm+ [@"™ — pr)(ia,, — lo,)dm,

where we used that [(lg,,, — lg,)dm = 0. On the support of 1o, — 1q, there are two
possibilities:

1) u™(p) < prss, u¥(p) > pir.

2) uT™(p) > prss, uT(p) < pr.
Using that pr.s = pr + O©), u™® = uT + O(6), we see in each case that u”*(p) — ur =
O(6). Hence

[ — up)ia,, — 1) dm = 0@)|1ay, — lalle = 0G),
locally uniformly in 7. Hence F{(-, N) is locally Lipschitz. For every fixed T, we also have

B.3) HIQN - IQT"LI —0, 6§—0,
by (B.1), and the fact that ur.s — pr. Then,

(B.4) [ — ur)ia,, — 10)dm = 0@®), §—0,
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for every fixed T. We now look at the sign of | (uT"‘5 u")dm when § > 0. Since the heat
kernels form a convolution semi-group, we have «”* = (u”)’. Put

.. |u'(p) ifpeQr
“(”)‘{w ifp € M\ Qr.

Using that [, f’dm = [y fdm and that i — pr = (i — pr)® <0, we get
™ g s [ B dm— [ 7 dm — =5
/QTu dm_/gru‘sdm /Mu dm /M\QTu dm

=/Mﬁdm——/M\QTﬁ5dm

— T _ ~b > T
u dm /M\m(u uT)dm_/Qru dm

Qr
Combining this with (B.2) and (B.4), we get
F(T+6,N)— F(T,N) > or(§), 6\,0.

Combining this with the local Lipschitz property, we see that T +— F(T, N) is an increas-
ing function. n
We now return to (4.27), (4.29) (leading to (4.36)). From these equations, we get

v(N)
®.5) [P0+ By av@) < Nl +om! =D,
—00
(B-6) V(v(N)) =N,
where we have changed the definition of ¥(N) by a term o(1). In these relations, we take
(1 T, the heat kernel regularization along the Hg-trajectories with parameter 7, of

the latter being defined as in Section 4. Notice that if we pass to the hmlt T = oo,
weget§T°°°—§°°ae onZ. Put p = ro + h3v, M(, T) = V(v), with §, = ,

M= [ o+ 0)ave)= [ paM(,T).

We shall check that M(u, T), M(u, T) can also be defined as in this appendix, so that
Proposition B.1 applies. Then for a fixed N the integral to the left in (B.S) increases with
T, and consequently (B.5,6) becomes a more severe restriction on N when we keep | \y|
fixed and increase 7. This then justifies the averaging procedure.

To see that the earlier discussion applies, we work on M zf): X R equipped with the

measure
V2ro

m(d(p,s)) = Gy

7Srx(dp) ds.
On X x R, we consider
u(p,s) =ro +h§ ]T" cos % +s2, v = Hp,

so that s is constant along the integral curves of v and with the notation of the present
appendix:
™
ul =rg+ h§C1T°’T cos 3 + 52,
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Then
M1 = [, m(dp.s)).
M(u,T) = /u res u"m(d(p, s)),

as in Proposition B.1. The assumption (B.1) is obviously satisfied. M is not compact but
¥ is and it is easy to see that Proposition B.1 applies.

G

—S¢ = Co RO/ + CRQ)' /P~

FIGURE C.1. Counting poles in a neighbourhood of the pole free region.

Appendix C (by Maciej Zworski). The purpose of this appendix is to present a
simple application of the proof of the main theorem stated in the introduction to scattering
by obstacles of revolution in R?. Thus we let 0 be a strictly convex analytic surface of
revolution in R® which we normalize so that the x3-axis is its axis of revolution and the
maximal radius of an orbit of the rotation action is one. With that normalization 6O can
be parametrized as follows
C.1
00 = {(x1,x2,x3) : x; = sinrcosf,x, = sinrsinf,x; = z(r),0 <r < m,0 < 6 < 2}

THEOREM C. Let O C R3 be strictly convex and such that 00 is an analytic surface
of revolution. If for the parametrization (C.1) of the normalized 80, |z'(w /2)| # 1, then
forany 0 < e < % and C > (0 there exists a > 0 such that
(C.2)
#{( : { is a scattering pole of O,|R{ < r,—(¢ < Co,am(lé + C|§€(|%“} = O %),
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where Cy 4 is as (0.3).

The geometric definition of « is given by (C.21) below and in some cases a can be
easily computed—see Example C.2.

Before proceeding with the proof we shall make a few remarks. For an arbitrary C*°
strictly convex obstacle an upper bound for the left hand side in (C.2) is O(+*) (see Corol-
lary 1.1 of [SZ2]) and it cannot be improved for the sphere. It is very likely that the im-
proved estimate (C.2) holds for any non-spherical analytic surface of revolution and its
validity depends only on a simple geometric statement which we suspect to be true for
any such surface (see Proposition C.1). In particular, as we will point out in the discus-
sion of the geometry, (C.2) also holds when the meridians (§ = const) are assumed to
have the same length as the equator (» = 7/2) (so in particular for any strictly convex
analytic Zoll surface of revolution). That provides many examples where z/(7/2) = 1.
However it seems unlikely that (C.2) holds for any non-spherical strictly convex analytic
surface.

We start the proof of Theorem C by recalling some simple facts about convex surfaces
of revolution (see [Be], Section 4B from where we borrow some notation). If we put
h(cosr)? = cos? r + z/(r)? then 80 is strictly convex and analytic if and only if
(C.3)

hec’(-1,1), hED =1, hx?>x* hx)—xh'x)>0, xec[-1,1].
The first inequality for 4 guarantees embeddability in R*> and the second one the strict
convexity. In the coordinates (r, §), the metric on 90 is given by g = h(cosr)* dr? +
sin? rd®* and the second fundamental form is

h(cos r) sin r—h'(cos r) cos rsin r 0
(C 4) | = (h(cos r)2—cos? r) 3
0 (h(cos r)*—cos? r!% sinr

h(cosr)
To study the geodesics flow we use (C.1) to write

(C.5) T*(ao \ {(0,0,2(0)), (0,0,z(m)) }) ~ T*((0,m), X Sp).

The dual form to the metric is R(r, 8 ; p, £) = h(cos r)~2p? + (sin7) "2 and the geodesics
are the integral curves of the Hamilton vector field H . Thus on §*60 = {R =1} we
obtain, with e = %1,
(C.6) t=const, p=eh(cosr)(l —(sin r)“ztz)%

0= (sinr)2t, #=h(cosr) 2p= eh(cosr) (1 — (sinr)2A)1.
This is of course a well known example of a completely integrable system with the in-
variant tori given by R = const and ¢ = const. Geometrically, the torus for a given ¢
(and R = 1, say) consists of geodesics contained between and intersecting tangentially
the parallels sinr = |¢|, # € (—1, 1) \ 0 with the sign of ¢ determining the orientation. In
(C.6) the sign of e changes at each contact with a limiting parallel. For ¢ = 0 the parallels
degenerate into the two poles and we obtain a family of meridians. The cases of ¢t = +1
are degenerate and correspond to the equator r = 7 /2 with two different orientations.

We will be interested in functions which are invariant under the flow and the action
of rotations. For that case the discussion above is summarized in

https://doi.org/10.4153/CJM-1996-022-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-022-9

DENSITY OF RESONANCES 439

LEMMAC.1. Letf € C*°(T*60\0) be homogeneous of degree 0 and invariant under
the geodesic flow and the S' rotational action. Then f can be identified with a smooth
function on the circle which is the fibre of S*00 over a point on the equator. If that circle
is parametrized by t| V'R in the coordinates (C.5) then
t

() 16,000 =g(5). geC(-11.

If f does not depend on the orientation of geodesics then g is even and if f is analytic
thensois g.

The specific function we want to study is discussed in greater generality in Appen-
dix A:

(C.8) 500 3 m s fr(m) = % fo " 03} o expsHg(m) ds.

Here Q is a quadratic form on 700 dual to the second fundamental form. From the
expression for the second fundamental form (C.4) (or simply from the obvious rotational
invariance properties) and from the discussion of the flow we note that the behaviour as
T — oo is very simple in this case:

©9) fitm) = fm+O(F). fom) = o5 [ 0F o exp(s-+s0m)) Hyatmp s,

where d(m) is the distance covered by a geodesic through m as it moves between the two
limiting parallels (or poles when #(m) = 0) and s(mm) is chosen so that 7r(exp s(m)H 1 R('”))
lies on a limiting parallel. We should note here that this is an explicit description of f(m)
which could also be defined as the integral of Q§ over the invariant torus containing m.
When #(m) = %1 then any choice of d(m) in (C.9) gives the same answer f(m) = 1 (60
is normalized as in (C.1)).

We will now describe Q o expsH 1 r(m) explicitly. To do that we observe that if we
put y(s) = 1r(expsH 1 R(m)) then Q o expsH 1 rm) = Ly (j)(s), y(s)). In fact, under the
identification of cotangent and tangent bundles using the metric, the fibre variable, 7, of
expsHp goes 10 j(s): J(s) = 104R, (n,3(5)) = R(y,n). Hence using (C.4) and (C.6) we
obtain at expsH 1R = r,0;p,0

QoexpsH 3 z(m)
B (h(cosr)sinr — H'(cosr)cosrsinr)(sin>r — %) N (h(cosr)? — cos?r) ! sinrs?

Py
(h(cos r)? — cos? r)%h(cos r)? sin’ r h(cosr)sin” r

When ¢ € (—1, 1) we parametrize the geodesic between the limiting parallels by

re(sin!e,m —sin'|f]), sin7:[—1,1]—[-7/2,7/2],
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with ds = 7! dr = sinrh(cos r)(sin® r — t2)_% dr. Hence with t = #(m), m € S*00

_ /T—sm" 1 sinrh(cosr) r) / k)
- sin IM (Sln r— t2)2 Vi-£ (1 — t2 _x2)2

11—,

(C.10)

where I;(h,6) is analytic (respectively C*°) in § for analytic (respectively C*°) h. We
conclude that d is an analytic function on $*00. We note that the geometric definition
after (C.9) did not specify the value of d(m) for #(m) = +1 which is now given by (C.10)
and is not related in general to the length of the equator.

Similarly we obtain

fod (M)Q§ o exp(s + s(m))H 1x(m)ds

/ (h() — xH' ())(1 — 2 — x2)(1 — %)+ (h(x)? — xz)h(x)tzr
.11 vi-e (hep —2) (1 — @) he?
e
(1—2—x2):

X 1 -A),

where again for analytic (respectively C™) h, I;(h, ) is analytic (respectively C*) in 6.
A straightforward but tedious computation gives

LEMMA C.2. Iffor x near 0, h = hg + hix + hox? + O(x>) then for § near 0
(C.12) Li(h,8) = 7r(ho + %hzé + 0(52))

L(h,6) = I(h,6) + %(hgl - ho)é + 0@).

This lemma gives one half of the following

PROPOSITION C.1. Let 80 be a strictly convex C™ surface of revolution and f €
C>°($*00) be defined by (C.9). If, in the parametrization (C.1), |z'(w/2)| # 1 or if the
equator has the same length as the meridians and 00 is not a sphere, then f is not iden-
tically constant.

PROOF. The first part is immediate from Lemma C.2: f(m) =
Iz(h,l - t(m)2) /I (h, 1-— t(m)z) and |z'(m/2)| = ho. For the second one we use the

following elementary observation!: if v is a closed convex planar curve of length d and
K(s) is the curvature of ¥ with s the length parameter then

(C.13) ‘1-1 /Odn(s)% ds < (%”f

1- I owe it to a conversation with Bernard Helffer and Bernard Shiffman.
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with equality only if ¥ is a circle. To see this we parametrize Y by the angle § made by
the tangent to Y with a fixed axis. Then k = df/ds,0 < 8 < 2 and (C.13) follows from
Hoélder’s inequality, with equality only if K = const. The meridians are planar curves
and if they have the same length as the equator and if f is constant then the value of the
left hand side of (C.13) for them is the same as for the circle of the same length. Hence
they have to be circles and the surface a sphere. =

In view of Lemma C.1 f can be considered as a function on a circle and if it is analytic
then its minima cannot be flat. A nice case where the minima are actually non-degenerate
and can be easily described is given in the following

EXAMPLE C.1. Putz(r) = Bcosrin (C.1). This gives a family of spheroids (ellip-
soids of revolution): for 3 = 1 we get the sphere, for 3 < 1 oblate spheroids and for
B3 > 1 prolate spheroids—see Figure C.2. As suggested by the picture the minimum of
f is achieved on the meridians (a codimension one submanifold of $*00) for 8 > 1 and
on the equator (a codimension two submanifold of $*00) for 8 < 1. This is supported
by an explicit computation based on (C.10) and (C.11):

et o o KA =A1-87)
flmy = B73[(1 = (1 — £)+§*)5 (=P —p2)

where K and F are the elliptic integrals of the first and second type:
! 1
O = [[1-SHa-edtds, KO = [A-Ha—edtas

-1 1 Um 1

-1 1 t(m)

FIGURE C.2. The function f in a simple case; for G given by (C.14), Ci(m) = 2§(J(m).

We can now apply this geometric discussion to the results of Section 4. The main
observation is that by choosing G in a more specific way than in Appendix A we can
obtain Cp, as a minimum of a fixed function of $*00 (without taking the supremum
over T for T dependent functions as is needed in the general case). To construct G we
use the notation of Appendix A and in (A.4) we put £ = §*00, v = (cos w/6)~' Hg and
q= (2Q)§. We then define

(C.14) Gm) == Ggg 3 domy/2(m),
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where, since d(m) is constant on geodesics, the definition makes sense and G €
C*(S5*00). Using the invariance of d(m) again we apply (A.5) and (A.6) to obtain

cos £T/2 — 23fT(m)

(zgﬁ(m) + —HaG = 24f(m),

6
where G7 is defined as in (A.4) and fr and f are given by (C.8) and (C.9) respectively.
Hence in the notation of Section 4, {T(m) = 2’C1f2r / cos £ and in the notation of Section 3

(with G given by (C.14)), (i(m) = 23¢,f(m). By (C.9)
11m 41 (m) = &i(m),

Coa = 2“ i H 4
(C.15) 3°°S6 Jim  min Tf 03 o exp sHy(m) ds

1
=273 — 1 = 2——3 — i
cos = mgggoﬁ (m) cos 641,mm
The semi-classical and local version of Theorem C is given by

PROPOSITIONC.2. Let O be a strictly convex analytic surface of revolution for which
f given by (C.9) is not identically constant. If N(¥) is defined by (4.2) and {; and Cimin
are given by (C.15) then for any 0 < € < 1/3 and C > 0 there exists a > 0 (given by
(C.21) below) such that

2

(C. 16) N(ro + (gl min 05 & L Ch‘) s) = O(DAS*3he2, ash— 0.

PROOF. We will apply the estimates of Section 3 in a way similar to that in Section 6
of [SZ2]. We start by observing that (3.14) and the discussion following (3.15) give a
slightly stronger version of (3.23):

P — wolull* > (ro+ kY ||ull?
T~
(C.17) — Coh?/? (H +4h'/? — cos g(l,min) /AO g0(v', ")
‘J% |xn=Oe—H'(0)/h TA40)7(XI’ hDy )“IZ dyl dn’,

where g € Lcomp(AO) is the characteristic function of the set (3.16) and Cy > 0.
The last term in (C.17) can be written as —(QT,, Y(x', ADy), Ta, Y(x', hDy)) where

s
0= C0h2/3 (u +Ahl/3 — COS gCl,min>PA40)‘IOPA«0)

with P, defined by (1.55). We now apply a variant of Lemma 6.1 of [SZ2]: if O > 0 is
a trace class operator then for every e > 0 there exists a finite rank operator K, such that
|0 — K| < e andrank K, < trQ/e. As in the proof of Lemma 6.2 of [SZ2] this gives

(C.18) =)l > (rortysh®*)2 =81 (1= i cos % — OR)) P — (K ),
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with
C

rank K5 < -
" = 8(u+ AW — & i cos(n/6)

) tr Q.
From (1.46),(1.33) and (1.38) we conclude that
—(n— e
Q< Ch D+ Ah'P? — c0s L) [ qo(e)der

which by (3.17) then gives

C 41 s 3 ’ ot
(C.19)  rankKs < <h 0 [ (u+ O'%) — G cosin/6)) } Saz(d0/, m)-

We now specialize to the case n = 3 and use (C.19) to obtain (see Section 7 of [SZ2]
or Section 4 above):
(C.20)

N(ro+ (Gimin cos %+Ch‘)h§) = O [ (C = (M)~ min) cos %)f dSgx(m),

where, as in (C.19), dSgx(m) is the Liouville measure on £ = {m : R(m) = Rwp} ~
S§*00.

The function {;(m) = 2§C1f (m) is not constant and by Lemma C.1 it can be identified
with an analytic function, g, on S! ~ S:00, r(z) = m/2. We will denote the finite set
of the necessarily non-flat absolute minima of g by ¢,,...,¢,. If cos¢; # 0 then the
minimum is achieved on an embedded submanifold of codimension one (corresponding
to the non-degenerate invariant torus) and if cos ¢; = 0 then on an embedded submani-
fold of codimension two (corresponding to the equator). These submanifolds are clearly
isolated. Let us denote them by M; C X. Then near M; we can parametrize X by (z/,z"),
Z' € M;, 2" € Rk, k = 1,2 (depending on codimension) and with M; given by z” = 0.
Since () is not flat, we can use Lemma C.1 to see that (2, z") — i min ~ |2"|?" for some
N.

In fact, when k = 1 this is clear from rotational symmetry. When £ = 2 we consider
the coordinates (r, 8 ; p,?) on 7900 \ 0 near the homogeneous extension of M; which is
givenby r = 7/2, p=0and ¢/+/R = +1, say +1. Then

gt/ VR — g(1) ~ (ﬁ —1)'~ %(@,ﬁ +(r- §)2)N ~ 2P,

Hence the first term on the right hand side of (C.20) is bounded by Cy (k€)1 *#h3h~2.
We can now put
(C.21)

o= min{ %(—Y—) . Y a submanifold of §*30, &i(m) — &y min = O(dist(¥, m)ZN)},
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which gives (C.16). -

ooy

1IN

Ng(h)l/2h1/3 g(h)h2/3

FIGURE C.3. The covering argument with g(h) = Ch.

The estimate (C.16) is uniform with respect to wy if Swy = ry is fixed and 1/2 <
Rwo < 5/2. Hence by covering the rectangle 1 < Rz < 2, —Sz < ) min cos(/6) + Ch¢
by Coh—3*5 discs (see Figure C.3) we obtain from (C.16)

#{z : z is an eigenvalue of P, 1 < Rz < 2, —Sz < {j min cos(n/6) + Ch} = O(1)h*2,

The scaling and covering argument as in the proof of Theorem 2 in [SZ2] give Theo-
rem C.

EXAMPLE C.2. We can apply Theorem C with o given by (C.21) to the surfaces in
Example C.1 (see Figure C.2). Hence for oblate spheroids, 3 < 1, « = 1 and for the
prolate ones, 3 > 1, « = 1/2. Hence in O(ﬂi(ﬁ)’!‘”‘) neighbourhoods of the critical
curve (as in (C.2)) we obtain the bounds O(>~¢) and O(r*>~ %) respectively.

Appendix D (with M. Zworski). In this appendix we will apply some of the meth-
ods of Sections 1 and 4 to restate and slightly improve the results of [SZ2]. We start by
recalling briefly the notation used in that paper (some of which appeared already in Sec-
tion 3). We put {;(x’, {') = (2Q(x’ & ))2/3§j, where —( < —(; < 0 are the first two zeros
of the Airy function and Q is the dual second fundamental form on 7*00. For a coordi-
nate patch Q of 0, identified with a subset of R, we let Y(x', hDy/): L? (Q x [0, oo)) —
L*(R"!) be an h-pseudodifferential operator (of class SJ ;) corresponding to the projec-
tion onto the first eigenspace of (AD,)*+2tQ(x’, ¢') with the fibre variables, ¢/, cut-offto a
compact region. We denote by T the standard FBI transform from L>(R"~") — LZ(C" 1),
with the phase i(z—x)? /2, ®(z) = |Sz|? /2 (in Section 6 of [SZ2], by a slight abuse of no-
tation, T is used also for I® T: ([0, 00) x R*~') — L*([0, 00), L3,(C""))), z = x' —i¢/,
&', &) e T00.
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The bound (6.3) of [SZ2] gave the local C* analogue of (3.23) above: for u €
C3([0, 00) x Q), uls0 = 0 and p < ming, { cos(m/6) —1/C,
1P — woyul|? > ((ro + ph®Y — O(h) llul?

= foqes &NV D Y€V 1" ! a,

I, €) = 20EVR((RK, €) —w)e )

(D.1)

( i (RE,€) — Rwo)’
cos(m/6) (2r0 cos(m/ 6))

where Lo = {a € T*00 : R(a) = Rwp}, x2 € CPR*,[0,1]), with support in
1/2C) < |¢] < 2Candequalto 1in 1/C < |¢/| < C, and where we used (6.7) of
[SZ2].

Replacing T by a global FBI-transformation given by (1.9) with the phase (1.5), map-
ping L*(90) to L*(T*30), and Y by an h-pseudodifferential operator in ¥J o(90) obtained
from using the globally defined symbol Y(x', £’), produces an error O(h)||u||?>. Thus we
obtain a global version of (D.1) which is the needed analogue of (3.23):

©.2) ||P—wolull* 2 ((ro Y — Ol [ d(@|T (W', hD )@ de.

Proceeding in the spirit of Section 4 above but still by the methods of [SZ2] we obtain a
more precise version of the estimate (7.8) there:
(D.3)

#{z : z an eigenvalue of P, % <Rz < %, Oz < 2C0,c,0(§Rz)2/3‘h2/3 + %“(%2)2/3},2/3}

— GO e+ 0<h))

’
+

<cn @ [ (11— costr/6)u7 G — Gimin)) . dS,

B3 < p < cos(m/6)(&min — Cimin) — 1/C, and where Gmin = Ming,0¢; and dS
the Liouville measure on S*00. To see (D.3) we use Lemma 6.1 and (D.1) (formula
(6.3) of that paper) as in the proof of Lemma 6.2 of [SZ2] to obtain, for #'/?> <« i —
C],min COS(”/ 6)(%“’0)2/39 i< CZ,min COS(7I'/ 6)(%‘-')0)2/3 -1 / C,

)@ ol 2 (o + 7Y +6(7 — G min @)/ cosr/€)) 1/ — Oh))
Jull* ~ (s
rank(09) < h O [ (=i costr/6))." .,

(

where dSgy,, is the Liouville measure on X, as defined before (3.17). This gives an
estimate for the number of eigenvalues of P in the region

|z — wo| < 70+ C1.minRewo)?/? cos(m/ 6)h** + %(ﬁ

— Gmin(Ruwo)?/ cos(n/6)) /3, ro < %%wo,
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— GminRwo)? cos(n/6) > B3, i < G min(Ruwo)?/> cos(/6) — (1:

by
D.95) 1/2
Ch D% (i — Gy inRu0 )/ cos(/6))' [
L-Io

(1 G G0 )5 s
i/ cos(n/6) — Gauin@wo)?3 ).
The estimate (D.3) follows by putting i = ¢ min(Rwo)?/> cos(r/6)+Ruwo )?/? 1, a cover-

ing argument (see Figure 2 of [SZ2] and Figure C.3 above) and noticing that Rwy scales
out of the integral in (D.5). We can now state a generalization of Theorem 2 of [SZ2]:

THEOREM D.1. The number of scattering poles of 00 in

1<R(<r
(D. 6) {_%(S Co,oo(molﬁ(l +c(%o_g)’ 0 S,B < %
is bounded by
(D 7) / .[S“ao Q mln Q))I den._

where Q is the dual second fundamental form on T*00 and C depends only on O.
PROOF. We apply the dyadic decomposition argument of the proof of Theorem 2 in
[SZ2] and the estimate (D.5). Then (D.7) follows as for m > 0, K = [log, r] we have
1
SK (@ k=1 (1 — @*9Pm)? < C (1 — xPm)ixn2 dv and Q¥ — ming.p0 O ~
Q — ming.50 Q. .
We can also use (D.2) exactly as in Section 4 above and that gives

THEOREM D.2. Let Cy > 0, rg > 0. For u > 0 with
cos gCl,min +3 (IJ' — Cos ggl,min) < cos —6'C2,min - l/Co,

and kg > ko(C,rg) > 0, the number of resonances k with Sk > fi, ,, ,(Rk), is less than
or equal to
(D.8)

\2ro n—1-1 Ly T T 1
@y ko /5,,60(3 (N — cos ECI,mm) - (COS g(l — cos g(l,mm))+ ds+o(1) |,

as kg — oo, uniformly with respect to i and fy, r, ,. is the unique quadratic polynomial,
2
such that the parabola Sk = fy, », ,(Rk) passes through the three points ko + \/52k;,
1
ko — i5k;.

The estimate (D.8) is much more accurate than (D.7) when p is independent of 4.
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