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ON A CLASS OF NONPARAMETRIC TESTS FOR
INDEPENDENCE—BIVARIATE CASE(})

BY
M. S. SRIVASTAVA

1. Introduction. Let (X, Y7), (X,, Y,), ..., (X,, Y,) be n mutually independ-
ent pairs of random variables with absolutely continuous (hereafter, a.c.) pdf
given by

¢y h(x, y; p) = f2(x | »)g(y) = f(e(p)x—b(p)u(»)e(),
where f*?) denotes the conditional pdf of X given Y, g(y) the marginal pdf of Y,
e(p)—1 and b(p)—0 as p—0 and,

@ u(y) = —IgM/eWl; &G = (d/dy)(e(y)).
We wish to test the hypothesis

(3) Ho:p =0

against the alternative

) K,p=n", 0<b< o,

For the two-sided alternative we take —co<b< 0. A feature of the model (1) is
that it covers both-sided alternatives which have not been considered in the literature
so far. One-sided alternatives have been considered by Konjin [6], Farlie [4] and

Bhuchongkul [1], Hajek and Sidka [5]. However, these models seem to be far from
satisfactory as pointed out by Hajek and Sidak [5S]. We hope that the present
approach may fill at least partially one of serious gaps mentioned by Hajek and

Sidak [5] in the preface of their book.
The hypothesis H, is equivalent to testing the independence of X and 7, i.e.,

) h(x, y;0) = /(x| »)g(y) = f(x)e.

The form of 4 is not known but we shall assume that 4 € 4, where /4 denotes the
class of all absolutely continuous two-dimensional pdf’s satisfying (1) and such
that their marginals f'and g satisfy

() f LS G TS (x) dx < oo, f ['("/g»Pe(y) dy < .
we will refer to the above conditions as Condition (Cl) in the sequel.
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In this paper a class of rank-score tests for H,, is proposed in §2 and is shown to be
locally most powerful rank tests. In §3, the asymptotic non-null distribution of the
test statistics is given and, in §4 the Pitman efficiency with respect to the parametric
correlation coefficient is derived.

2. Rank score tests. Let

vt f) = [/ FOF®), 0<1<L1
where f € % with distribution function F and F! is the inverse of F. We will con-
sider only those a.c. f for which the score function (¢, f) is a nondecreasing
function of ¢. We refer to this condition in the sequel as Condition (C2). Let R, and
0, denote the ranks of X, and Y, among (X;, ..., X,)and (Y,,..., Y,) respec-
tively. Let U;”<Uf’< ce <UL"’ be an ordered sample from a uniform distri-
bution over [0, 1]. Let

Q) a(i, f) = Ep(U;, f).

We will show at the end of this section that the test with critical region

® 3 a,Ro f)an(Qs g0) 2 k

is the locally most powerful rank test for H, against K, at the respective level,
where f; and g, are known densities belonging to the class 4. Under condition (C2)
an asymptotically equivalent class of statistics is given by

) T,(fos 80) = Ewn( fo) wn( i . go)
where
(10) wn=v(Lg). <o gipm

We now turn to show that the critical region given by (8) is locally most powerful.
Let P denote that the probability is being computed under the alternative. Let

R=(Ry,..., R) and Q=(Qy, ..., 0,). Let S={(x;, ), i=1,2,...,n:R=r,
Q=q}. We assume without loss of generality that e(p)=1, and b(p)=p. Then
PR=x.Q=a} = [ [TI Uit—putrolests dx.dy,
s¥
= [ [ o) axidy,
sv 7

tofo [ [T A= puo= T 760 | TT st s
S
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= (1/n !)2+pk§ f . f [ foa— () —folx)}]
S

x [ T fx) l:[fo(xj—pu(y,-)):| TT &) dx; dys

I=I+1 J=1 =1
Following as in Hajek and Sidak [5, p. 71] it can be shown that (note that
W (1)=—8(»)/g ()

limP{R=r,Q=q}

p-0

= im+p3, [ [I=ficuftelon TTAeded) ds,dy
s =

= (1/n)*+p élEo[—fé(xk)/fo(Xk) | R = rlEo[—gi(3)/ge(v) | © = 4]

= (U3 0,(Re 0,001 40

where E, denotes that the expectation is taken under the hypothesis of independ-
ence. ||

3. Distribution of 7,,. The following equivalent form of the statistic 7, seems
more convenient to work with. Let us rearrange all n pairs of observations accord-
ing to the magnitude of their second coordinate into the sequence (X, Y, ),
(Xap Ya)s - - - » (X, Y,) in such a way that ¥, <Y, <--- <Y, . Let R be the
rank of X, among Xy, ..., X,. Then

(11) T(for 80) = ﬁwn( R ) +1,go)

Hajek and Sidak [5, p. 168] have shown that the limiting null-distribution of the
test statistic 7,,(fy, go) is normal with mean 0 and variance y2¢%/n, where

1 1
(12) »* =J; (1, fp)dt and & =L Y(t, go) dt.

It thus remains to obtain the limiting non-null distribution of 7, (under near
alternatives); we obtain this under the following additional conditions

(1) w(-,f) satisfies conditions 4* and E of Chernoff, Gastwirth and John
[2, p. 61].

©3) (i) j Wt gt D=0 di < 03 3 = (dyldd)

(iil) = = f f W5, gV(5, (e, g/ (t, @)s(1—1) ds dit < co.

s<t
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First, we note that under condition (Cl) (see Appendix)

(13) S uw(Y)P = 0,(n) and max |u(Y,)| = o,(n'/?)
i=1 1<i<n
since u(y)=—g'(y)/g(y). Hence from Hajek and Sidak [51, we have conditionally
given yy, ..., ¥y,
(14) L(T, | yis - - - > ) = Ny, 0%,

where L denotes the distribution ““of” and

1
(15) o = g, [ (e S900, )
1 n
16 =\ l—f) 5w, , .
(16 (w (n+1 f°) v (n+1 f"))
It follows from Chernoff et al. [2] that under conditions (C1)-(C3) (see Moore(?),
[7] also).
(17) L[n"2 (E—‘ﬁ—oﬂ — N, )
n .
where
1

(18) 6= L w(t, go)w(t, g dt,  and 7° is defined in (C3).
Hence (see Appendix)
(19) L(T,) = N(&,12)

where

Q0) £, = p.f f w(t, )l fy) dt, 11?.=(7262/n)+(p372/n)[ f Wt St o) dr].

0

4. Asymptotic efficiency. The parametric test , is based on the sample corre-
lation coefficient,

n n 1/2
@1 =30t 001 B s -]
Cramér [3, pp. 359-366] shows that
(22) E(r,) = p+0m™) and Vary(r,) = 1/n

where p denotes the correlation coefficient between X and Y, and Var, denotes the

(?) Iamindebted to Y. S. Lee for pointing out this reference which led to Chernoff et al. [2].
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variance under the hypothesis. Hence, the Pitman efficiency of the rank-score tests
T, relative to the correlation coefficient r,-test is given by

T [aE(Tn)/ap,p:O]Z/VarO(’Tn)
e(T,, r,) =lim 5
ne [OE(r,)/0pl ol Vary(r,)

— ([ comt ] [ [ vt o ar) [

It follows from Chernoff-Savage [6] that e(T,, r,)>1, the equality holds only if
and g are normal.

(23)

The expression (23) has been conjectured by Hajek and Sidak [5, p. 222].
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proofs.

APPENDIX

Proof of (13). Since u(Y;),...,u(Y,) are iid random variables with finite
expectation (also finite variance), the first part of (13) follows from the Kol-
mogorov’s strong law of large numbers. The second part of (13) follows from the
following more general result; the proof parallels to that of Gnedenko and Kol-
mogorov [p. 105]: Limit distributions for sums of independent random vari-
ables; translated by K. L. Chung, Addison Wesley, Reading, Mass.

LeMMA. Let Xy, X,, ... be a sequence of random variables with distribution
Sfunctions Fy, F, . ... Then X,—0 in probability if and only if the following two
conditions are satisfied:

@) dF ,(x) — 0,
|| >1
(ii) x* dF,(x) — 0.
lzl<1
Proof of (19). Since for any two-dimensional r.v. (X, ¥,)

v
limP[X, < x, Y, <yl=lim | P[X, <x|y]dG,()
we get n—* oo n-—w — 0
Y
lim PIX, < % Y, <) = [ lim PIX, < x| 71 dG(y)
if G, (»)—G(y) for every continuity point y of G(y) and lim P[X,<x | ] exists for
all y. e
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