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Abstract

The article considers systems of interacting particles on networks with adaptively coupled dynamics. Such processes
appear frequently in natural processes and applications. Relying on the notion of graph convergence, we prove that
for large systems the dynamics can be approximated by the corresponding continuum limit. Well-posedness of the
latter is also established.

1. Introduction

Models of collectively interacting particles play a crucial role in many branches of the natural sci-
ences including biological systems, industrial processes and social activities [8, 9, 20, 33, 35]. Many of
these real-world examples exhibit an underlying network structure, and consequently, there has been an
increasing interest during the last years in corresponding mathematical models both for deterministic
and stochastic situations [2—4, 7, 11, 13-15, 23, 28, 30-32, 35]. In the case of finite systems, i.e. where
finitely many particles interact, this typically leads to a large system of coupled ordinary differential
equations (ODEs):

A
qﬁk:]T];Kug(¢k,¢g) withk=1,...,N. (1

Here ¢,(¢) describes the state of the k’s particle at time ¢, the function g models the interaction between
two particles and «;, corresponds to the adjacency matrix of the underlying network. More precisely,
each particle is assumed to be located at the node of a graph consisting of N nodes which are labeled
by 1,...,N. The quantity «;, denotes the weight of the edge between the nodes k and £. One of
the most prominent examples is the classical Kuramoto model where g(¢y, ¢,) = sin (¢, — ¢;) and
K = K [25].

In many applications, the number N of involved particles is so large that the evolution of the whole
system is not tractable. Instead, one is interested in continuous limiting descriptions when N — oo
and, for systems without a network structure, i.e. ky, = const, there is a well established theory avail-
able [18]. Moreover, in recent years, based on the notion of graph convergence, it has been possible to
extend these methods to situations with an underlying network [21, 22, 24, 29]. More precisely, assum-
ing that the (stationary) graph structure has for N — oo a suitable limiting graphon, corresponding
continuum and mean-field models have been derived. One advantage of this approach is that these
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2 S. Throm

continuous limit models are often easier to analyse analytically than their discrete counterparts and
thus simplifies the study of, e.g. synchronisation phenomena, phase transitions and pattern formation
[1, 10, 16, 24, 29, 34].

1.1 Coupled oscillators on adaptive networks

However, for many systems, the network structure is not fixed, but instead, it evolves in time while
this evolution is often also coupled to the particle dynamics. A special case is given by the following
adaptively coupled Kuramoto model considered in [5]:

. 1 & ,
¢k=w—ﬁ;msm<¢z—¢k+a>, >0 o

Kie = —€ (Sin (¢ — ¢ + B) + ki)

with k,£=1,...,N and phase parameters « € [0,7/2) and S € [—m, 7). Moreover, in [19], the
synchronisation of oscillators following the slightly generalised model

R
o= D Kusin (@ — g0+ o, 1>0 3)
=1

Kie =T (e — P1) — Ve

with suitable initial data ¢;(0) and «;,(0) has been considered where 1 <k, ¢ <N, w; is the natural
frequency of the k’s oscillator, y is a non-negative constant and I" is a 2w periodic function satisfying
['(—¢) =T (¢) for ¢ € R. By means of Duhamel’s formula, one can solve the second equation explicitly
which yields k() = ki (0)e ™" + fot (o (s) — ¢i(s))e 7 9ds. Plugging this expression back into the
first equation reduces the problem again to an equation with a stationary network up to an additional
time integration. In [17], the continuum limit has been derived for this kind of graph dynamics.

1.2 A generalised model

In this work, we will consider the following generalised model where the evolution of «;, does not only
depend on its current state and the dynamics of ¢, and ¢,, but instead, it might be influenced by the
whole system. Moreover, we allow each edge/weight of the network to follow its own dynamics. In fact,
we will study the model

R
o= D kug (6600 T 9), 10 )
(=1

Kie = Npe(t, K, @).

with 1 <k, £ <N and continuous functions f;: [0, 00) x (R)Y — R4, g: [0, 00) x (R%)?> — R and
Age: [0,00) x RV x (RY)Y — R whose properties will be specified more closely later and ¢ =
(@1, ..., @) as well as k = (Kie)y ;-

1.3 Assumptions and main result

In order to derive the continuum limit, we rely on the notion of graphons and corresponding graph
convergence ([6, 26, 27]) following the same approach developed, e.g. in [29] which has also been
exploited in [2]. For this aim, we parametrise the discrete system and the underlying graph over the sets
I=[0,1)and I x I =10, 1) x [0, 1) respectively. Precisely, denoting I, = [(k — 1)/N, k/N) we set
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N
Wt x) =Y G0 () )

k=1

KNt x,) = 030,00, ()

k=1

where x;, is the characteristic function of I,. We note that throughout this work, a graphon is a measur-
able, bounded and symmetric function W: I — R (see also [12]) and (5) thus provides a representation
of the family of graphs «;, (indexed by the time #) by means of a corresponding family of graphons.
Moreover, given A: [0,00) x I x I x L®(I x I, R) x L*(I,R?) — R and f: [0, 00) x I x L*(I,R%) —
R? satisfying the properties (8) and (9) below, we can reconstruct a corresponding discrete system via

Aw(t K, @) := N? / A, x,y, KV(t, -, ), u(t, ))dxdy

I <1y

(6)
. $):= N / £t x, (1, Ydx.
Ik
With this notation, (4) can be rewritten as the following integral equation
(INxJ+1)/N
au™(t,x) = /KN(I, x, Mgt u®(t, x), u" (t,y))dy + N f@t, &, u(t, ))dE
1 LNxI/N
(INxI+D/N p(INyJ+1)/N
0K (1,3, ) = N* / / A& 0. KN (-0, )dEdn. )
LNx)/N LNy)/N
We assume that A : [0, 00) x I x I x L*(I x I, R) x L*(I, R*) — R is continuous and satisfies
IAG, - - Ky, uy) — AL, -, - Ko, wo) |2y < LA(”KI — K2z + lluy — u2||L2<1)) 8)

A x,y, K, u)| < BA(1 + [ K|l 12)).

Moreover, we assume that g: [0, 7] x (RY)> — R? and f: [0, T] x I x L*(I, R?) — R? are continuous
and satisfy the following estimates for all £, &, &, 17, 1, 7, € R and u, uy, u, € L>(I, R?) uniformly in 7:

F(&, W) <Be(1+ lull) and || (2, -, u1) — f(&, - w)ll2gy < Lelluy — up |l 2,
Ig(taS’ 7]| SBg and |g(t’$l7 771)_8(@552, 7)2)| SLg(|'§l _$2|+|771 _’72|)

Our main result in this work is the following theorem which states that in the limit of infinitely many
particles, the discrete system (4) can be approximated by the integro-differential equation (10).

Theorem 1.1. Let f,g: [0,T] x R — R? satisfy (9) and let A: [0,00) x I x I x L*(I x I, R) x
L>*(I,RY) — R satisfy (8). Assume that K (0, -, -) has a limiting graphon W with respect to ||-|| 2 which is
uniformly bounded, i.e. limy_,, |K¥(0, -, ) — Wl 120xsy = 0 and ||W || qxp < 00. Then, as N — oo, the
parametrisation (u”, KV) given in (7) which corresponds to the discrete system (4) with (6) converges to
its continuum limit (u, K), i.e. the unique solution of

©))

Bt x) = / Kt gt u(t, ), u(t, y)dy + £t x, u(t, ) o

atK(ta X, )’) = A(t» X, Y, K(ta y ')a M(t, ))

with K(0, -, -) = W provided that the initial value u" (0, -) converges to uy = u(0, -) with respect to ||-|| 2,
i.e. limy_ o [|4V(0, -) — u(0, )|l 12, = 0. More precisely, we have

lim sup <||uN — o + 1KV ) — K, -)||§2) —0.

N=00 te(0,7)
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We note that Theorem 1.1 is restricted to the case of a dense initial graph and assumes L* convergence
of the latter towards a limiting graphon W which is a stronger notion than the one given via the cut-
norm ||W{g := max,zc| fo » W(x, y)dxdy| and the corresponding cut-distance (we refer to, e.g. [26]
for details). Similar restrictions are present in related works [17, 29] while we also note that for a con-
tinuous graphon W, if we construct a corresponding sequence of discrete graphs «}y in analogy to (6), i.e.
ke = W(k/N, £/N), then actually KV(0, -, -) — W in L*(I?) (e.g. [24, 29]).

1.4 Relation to previous results

Theorem 1.1 provides the continuum limit for a rather general class of adaptively coupled network
dynamics. In particular, it contains as a special case the following system modelling opinion dynamics
with time varying weights which has been considered in [2]:

S
¢k—]—v;me(r)w(¢e—¢k> —l N an

1y, = Wi (¢, m)
Here the opinions are described by ¢ = (¢, : [0,T] — (RY)¥ while the weights are given by
m=(m);_,: [0,T] - R". In fact, for x,, =m, for all k=1,...,N, g(t, ¢, ) = ¥ (¢, — ¢;) and

Ay(t, K, @) = Wi (@, k.) this model is a special case of (4). Moreover, Theorem 1.1 generalises the class
of graph dynamics considered in [17].

1.5 Outline

The remainder of the article is structured as follows. In the next section, we will provide the well-
posedness of the continuous system (10). The proof relies essentially on an application of the contraction
mapping theorem but due to the relatively weak Lipschitz continuity of f and A some special care
is needed. The proof of well-posedness for (4) follows in the same way and will thus be omitted. In
Section 3, we will then provide the proof of Theorem 1.1.

2. Well-posedness
We have the following result on the well-posedness of the discrete system (4).

Proposition 2.1. Let N €N, T > 0 and let g: [0, T] x (R%)?* — R? satisfy (9). Assume that f;: [0, T] x
(RYY — R satisfies

e, )l < Bi(1+1pl)  and  |fi(t,9) —fit, )| < Lyl¢p — |

for all ¢,y € RN, Moreover, assume that Ay, : [0, 00) x RV x (RY)Y — R is uniformly Lipschitz
continuous with respect to the second and third component, ie. |Ny(t,k,d)— Nt 1, ¥)| <
LA(|x — M| + |¢ — ¥|) and satisfies the bound | A (t, k, §)| <Br(1 + |«|) forallk, £ € {1, ..., N} uni-
formly with respect to t. Then for each initial condition (¢, ko) € RN x RV*N the system (4) has a
unique solution (¢, ) on [0, T].

We note that RY, (R*)" and R¥*¥ are equipped with the usual Euclidean norm which, by abuse of
notation, will be denoted in all cases by |-|.
Proposition 2.1 can be proved similarly as Proposition 2.3 dealing with the continuous system (10).
We thus omit the proof of Proposition 2.1. However, we state the following lemma which guarantees
that the functions defined in (6) satisfy the assumptions in Proposition 2.1.

Lemma 2.2. Let N € N fixed and let f be as in (9) and A as in (8). Then Ay, and f, as defined in (6)
satisfy the assumptions of Proposition 2.1.
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Proof. According to (6) and (9), we have together with I, N I, = @ for k # £ that

< szN<1 + ‘ZN: ¢’zX1g(‘)‘Lw>2
=1

ZW(L@P:NZZ /f(t,x, Zlgv:l@xu(-))dx
k=1 k=1 Ik
2 N 1/2y 2 2
:BfN(le(g(II%)I@I) SB;N<1+<Z|¢«IZ) ) SBiN(1+|¢|).
=1

Similarly, using additionally Cauchy’s inequality we find

Y It ¢) —filt, )P =N | / £ Y00, )) = £ (6.2, X0 o () dx |
k=1 k=1 Yl

N
SN Y [ xS ) = s S v )
k=1 Y1k

< NZIY), @ = ¥y

2
= NJf (- S0 0) = £ S O)|
=Lilg — .

In the same way, we get

Z|Ake(t K, )|’ _N4Z |/ tx A et Komn Xty () Zm 1 DX, (¢ ))|

k=1 ke=1 Y lexle

2 AT2 2 AT2 2
< B N 1 + Z Kmnxlmxl,,( ) S BAN 1 + |K| .

m,n=1

w([’
Finally,

N
Do Atk ®) = At )P
4 N N N
= N Zkl:l /[;Xle A(t, X, Y, Zm,n:l Kmnlexln(')7 Zm:l ¢le,,,('))
N N 2
“ALXY. Y X () D Y, () ddy

N N
= NZ Zk( 1 ~[><1k t X, y’ —_— KmnXI/,,XI,,(')s Zm:l ¢mX1m())
N N
S CESD D ION) S 2 O]
= N2 H A (t’ XY, ZZ,n:l KmnXI,,,XI,,(')’ ZZ:I ¢mX1m())
—A(t, X, y, Z:in:l )"mnlexln(')’ ZZ:] 1ﬂmxlm(')) 2

L2(1%)
N 2
1Y @ = 00X, )

N
S NzLi <|Zm nel (Kmn - )"mn)Xl,,,xl,,('))

=12 (I — 21 +N"Plp — y1)
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The following proposition guarantees the existence of a unique solution to the continuum limit
equation (10).

Proposition 2.3. Let T > 0 and assume that f: [0, T] x I x L*(I,RY) — R? and g: [0, T] x (RY)*> —
R? satisfy (9). Moreover, assume that A: [0,00) x I x I x L*(I x I, R) x L*(I, R?) — R satisfies (8).
Then for each initial condition (uy, Ky) € L*(I, R?) x L*(I*,R) the system (10) has a unique solution
(u, K) € C\([0, T], L=(I, R%)) x C([0, T], L=(I, R)).

The claim will follow from the contraction mapping theorem. Due to the properties in (8), we
can only obtain a contractive operator with respect to ||-||;2. However, by following the proof of the
contraction mapping theorem and tracking the iterating sequence, we obtain in fact the existence
of a unique solution in L*. A similar argument has been used in [2] relying on a two-step proce-
dure, while here, we proceed in one step. For (i, K;,) € L*(I, R?) x L>*(I*, R) we define the operator
A= (A, Ay): C([ty, T1, L)) x C([ty, T1, L*(I*)) — C([to, T1, L)) x C([ty, T1, L*(I*)) related to
the system (10) via:

A lu, K1(t, x) := u,,(x) + / /K(s, x, y)g(s, u(s, x), u(s, y))dyds + / f(s, x, u(s, -))ds
to 1r 0] (12)
Aslu, K1(t, x, y) := K, (x,y) + / A(s, x,y,K(s, -, ), u(s, -))ds.

T

Lemma 2.4. The operator
A: C([to, T), L*()) x C([to, T1, L*(I*)) —> C([to, T1, L=(I)) x C([t5, T1, L*(I*))

is well defined.

Proof. By definition A[u, K] is continuous in time. Thus, to show that 4 is well defined, it suffices to
show the boundedness. For (1, K) € C([ty, T1, L)) x C([ty, T], L*(I*)), we can estimate A, as

t t
IA; [u, K1(2, )l ooy < ity ooy + By / IKCs, 5 )l zooq2yds +Bf/ (1 + Nluls, )l zooqy)ds
) fo
< utgg I ooy + (Bg||K||C([t0,T],L°C) + B,(1+ ||u||c<[r0,T],L°c>)>(f — o). (13)
Thus,
||~A1 [u, K]”C([tU,T],L"O(I)) =< ||Mr0 ||L°c(1) + (Bg||K||C([t0,T],L°°) + Bf(l + ||M||C([z0,r],L°°)))(T —1).
Moreover, for A, we have
||~A2[”, K](t, ')||L°O(12) < ||K10||L°°(12) +BA f (1 + ||K(S7 ) ')||L°O)ds
o
< 1K ey + Ba (14 1K lcqomam ) ¢ = o).
Thus,

||-A2[M, K] ||C([r0,T],L°°(12)) =< ||Kz0 ||L°°(12) + BA(l + ||K||C([to,T],L°°))(T - to)-

Lemma 2.4 allows to define the sequence (v,,, J,)uen € C([to, T1, L)) x C([ty, T1, L*(I*)) via

Vs o) i = A'[uyy, K] (14)
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where A" denotes the n-th iterate of the operator .A. We have the following uniform bounds on
(Vna J n)nEN'

Lemma 2.5. Let A satisfy (8) and let u,, € L*(I,R?) and K,, € L*(I*) such that 1 + ||K,||;~ < (1 +
| Kol )eBr0. Then the sequence (v,,J,)en defined in (14) satisfies

(2, s iy < (1 11Kl )e™ T — 1< (1 + [| Koo )e™" —
G B _ _
[V, Moy < (1A ot [l )e™ 0 - = (14 ||K, [l 120) (7470 — &) — 1
for all n € Ny. In particular, we have

1l catro,rizoezy < (1 + |1 Kol o )"

B,(1 + |IK, ||L°°)( BA(T—10) _ er(T—to)) —1.

Vi (t, e rieay < (14 lluy, [l )T 4
B, — B,

Remark 2.6. Note that the estimate on v, makes sense and is also valid in the limiting case By — By =0
when it reduces to
V(s Mooy < (1 + [l ll22)e™ ™ + By(1 + 1Ky [l o)t — 1) — 1.

Proof of Lemma 2.5. The bound on J, is a direct consequence of the following estimate which we obtain
by induction:

n

Bi
L4 1A T Ky Dt = (30 0= 1)) (14 1K ). (15)

=0

Similarly, it follows by induction that

1+ [1CA" [y, Ko D1 0, )||L°C<(1+||uro||L°°)Z (t—to)‘

B, <~ B
—(1+|| ||LM>Z(BA) ;ﬁ(t—to)f—B—fZZ—{a—ro)‘ (16)

with 3,2y (- )= 0=:3"_ (- ). Moreover, we note that
n BZ _BZ

n—1 n n  £—1

Bf>k Z By ¢ By ¢ Ba A5 ¢
Y)Y B =2 (2) 5 —(r—m) 3 (t— 1),
k=0 B (=1+k ¢! =1 k=0 B By — By ¢!

=1

Together with (16) we thus get

1 + ”vn(t’ ')||L°°
B B, <~ B;
< N —t—t‘ ¢ (1 ~ t—t“ Lt — 1)
(1 a1 >Z (=10 + g (L 1Ky e >Z 0) Bf;m 0)
which finishes the proof O

The next lemma shows that the operator is contractive with respect to the L? norm.

Lemma 2.7. Let K, € L*(I?) and t, € [0, T) and assume (8) and (9). For

1
0<T, <
2252 Ly(1 + | Kollieq2))eBsT + Ly + /2B, + Ly)
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the operator A is contractive on the set Sg,:= {(u,K) € C([ty, to + T.1, L) x L)) | 1 +
1K, -5 )l crorraieay < (1 + | Kollzo2))e®A "} with respect to -l o+ Tar2mxizazy for each ty < T as
long as ty + T, < T. More precisely, under these conditions we have
||~A[M1, K] — Aluy, K] ”C([tg,toJrT*],Lz(l)><L2(12))
1
< 3 <||M1 — || cqrpio+razay + 1K — Kz||c<[r0,z0+r*],L2(12>))-

Proof. Let (u, K)), (u, K>) € Sg,. For A,, we get together with Cauchy’s inequality and Fubini’s
Theorem that

”AZ[MI’ Kl](t7 '7 ) - AZ[”27 KZ](L ) ')”LZ(IZ)

' 2 1/2
= (/2 </ ACs, x, 9, Ki(s, -, ), ui(s, ) — AGs, x, y, Ko (s, -, +), un (s, -))ds) dxdy)
' 5 1/2
: (/z - t")/ | Al x, 3, Kiss s )5, 0) = A,y Kas, ), s, )| dsdxdy)

' 172
= (t - IO)I/z (/ ” []A(Sa X, Y, Kl (S’ y ')» MI(S, )) - A(S’ XY, KZ(S’ y ')s MZ(S’ '))12‘2(12)ds> .

By means of (8), we deduce

| A [uy, K12, -, ) — Aslun, Ko1(2, -, )l 22y

¢ ) 172
sLAa—ro)‘/z( [ (K=t e = st )ds)
" 22 121y
This finally yields
I A [uy, K] — As[us, Ko ||C([z0,t0+r*],L2(12)) a7
SLAT*( K](S,‘,')_Kz(s,',') + U](S, ')_uZ(S7 ) )
C([to,to+Tx].L2 (%)) Clto.to+Tx 1L (1))

For A,, we find similarly by means of Cauchy’s inequality and Fubini’s Theorem together with (9) that

| A (w1, Ki1(2, -) — Ailua, K12, iz

< ( / f / K (s, x,y)g(s, ui(s, x), u1 (s, y)) — Kx(s, x, y)g(s, uy(s, x), u5(s, y))dyds

a0 )

<10 ( [ [ (et 6000520000599 = 605650, 065,

2 1/2
o)

/ f(S, X, MI(S, )) —f(S, X, MZ(S’ ))dS

5 1/2
+Bg|Kl(s9 X, y) - KZ(S’ X, )’)|) ddedx)

' 1/2
+ L(r — to)l/z (/t llueiCs, -) — us(s, ')”iz(ndS) :
0
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Using (9) together with Young’s inequality and the properties of Sg,, we further deduce

A [, Ki (2, ) — AL, K Dz

! 2
sﬁ<r—ro>l/2[Lg<1+||Ko||Lx<,z>>eBAT< [ (6 = wssm+ s = s, 1))

' 172
+Bg( / f / IKl(s,x,y)—Kz(s,x,y)lzdydst> }
1Jty JI

' 12
—G—Lf(t—to)l/Z(/ ||u](s,-)—uz(s,~)||iz(1)ds> :
o

12

Cauchy’s inequality together with Fubini’s Theorem then implies

A [y, Ko, ) — AL, K 2

t 1/2
<V2(1—1,)"? [4Lg(1 + ||K0||L°°<12>)eBAT< / [l (s, ) — us(s, -)||iz<,>dS)
]

t 12
+Bg</ ||K1(s,.,.)_Kz(s,.,.)”zz(lz)ds) ]
fo

1/2
Lt — 1) </ lits(s, ) — (s, .)||§2(,)ds> "
0

This yields

A [y, Ky 1 — Ay [z, Kol e 71220y

= T (2L + DKol )™ + Ly ) s = e
+ ﬁT*Bg||K| = Kslleqarmaizazy-

Together with (17) we deduce

| ALy, Ki1 — Alutz, Kol cug so+rerr2mxr2ay
= ||~A1 [, K] — Al [u2, K> ] ||C([r0,t0+T*],L2(1)) + ||A2[u1, K- »Az[uz, K] ||C([zo.xo+m,L2(12))

< T.(2°L,(1 + | Kolli2)e™T + Ly + /2B, + Ly ) x
X (”’/il - M2||C([r0,ro+r*],L2(1)) + ||K1 - Kz||C([t0,ro+T*]i,L2(12)))~

Thus, for

T, < !
2252L(1 + [|Kolliw2))ePsT + Ly + /2B, + Ly)

the claim follows. O
Moreover, we have the following a priori estimate on solutions of the system (10).

Lemma 2.8. Assume that f: [0,T] x I x L*(I,RY) — R and g: [0,T] x (RY)* — RY satisfy (9).

Moreover, assume that A: [0,00) X I x I x L*(I x I,R) x L*(I,R?) — R satisfies (8). Let (u,, K,)
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e L*(I,RY x L*(I*,R). Let (u,K) solve (10) on [ty, T\] with 0 <ty <T, <T and initial condition
(u(ty, ), K(ty, -, -)) = (uy,, Ky,). Then, we have the estimates

B
e, Mz = (14 Nt i ) 4 o (14 Kol (77 — &5 7) — 1
AT Df

1K, -, ey < (1 + ||Kzo||Lw(12>)eBA(tit0) -1

In particular, we have the bounds

i B
sup lut, ey < (1+ Nl )e®™ + ﬁ(l + 1Kol ) (e — %) — 1

telto.T1] A — Dy

sup [|K(t, -, )l peqzy < (1 + ||Kr0||LDC(12))eBAT1 -1

1€l19,T1]

Proof. We start with the estimate on K. Since (u, K) solves (10), we have
Kt x,y)=K,(x,y) + /O‘t A(s, x,y, K(s, -, -), u(s, -))ds.
By means of (8), we get
K, -5 o2y < 1Koy a2y + Ba [ (I + K, -5 )llzoeqe))ds.
Gronwall’s inequality then implies 0
LK@, - Ml < (1 (1Kl )™ (18)
With this, the estimate on u follows similarly noting first that
u(t, x) =u, + /[ fK(s, x, Y)g(t, u(s, x), u(s, y))dyds + /rf(s, x, u(s, -))ds.

w0 JI i

Thus, using again (8), we get toogether with (18) that 0

ety Yoo < Nty |l oo +Bg/ ((1 + ||K/0||L°C(12))63A(S4°) — 1>ds —I—Bf/ (1 4+ [lu(s, )|l~)ds.
to fo

By means of Gronwall’s inequality one deduces that

L+ ludz, )l
By (t—19) Bg B (t—tg) By (t—to) BA’ By (t—19)
< (14 Ny llz=)e + ———(1+ 1K, ll) (e —eH) — (e -1 (19
B, — B, By
from which the claim follows. O

We can now give the proof of Proposition 2.3.

Proof of Proposition 2.3. As announced earlier, we argue along the lines of the proof of the classical
contraction mapping theorem. However, since the operator A is only contractive with respect to the L*
topology, some adjustments are needed. First, we fix T, < T according to Lemma 2.]. Next, we set ty =0
and define the corresponding sequence (v,, J,) as in (14) which is well defined according to Lemma 2.4.
Moreover, due to Lemma 2.5, the sequence (J,),cy is uniformly bounded in C([0, T,], L>°(I*)) with

L+ |2, -5 Mleqorareay < (1 + ||K0||L°°)eBAT* <1+ ||K0||L°°)eBAT for all n € N,.

Consequently, (v,, J,) € Sk, for all n € Ny with Sy, defined in Lemma 2.7. Thus, according to this result,
we have

n — Vn Ty ],L2 n n , Ty ],
||V +1 1% ”C([OT 1,L2(I)) + ||J +1 J, ”C([OT 1,L2(12))

1
< 3 <||v,, = Vaoilleqorazzay + 1o — Jue ||C([0,T*1,L2(12))>
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which yields by iteration that (v,, J,)en is a Cauchy sequence in C([0, T,], L*(I) x L*(I?)). Consequently,
there exists (u, K) € C([0, T, ], L*(I) x L*(I*)) such that

vy — ullcqo.razay + 10 — Kllcqor 202y — 0 asn— Q. (20)
For each t € [0, T.], we then have
vu(t, )= u(t,) and J,(t,-,-)— K(,-,-) pointwise almost everywhere as n — 00.

Thus, by means of Lemma 2.5, we have

B
llu(t, ey < (1 llugll)e™" + ——(1 + ||K0||L°0)(CBAI - er:) -1
By — B 1)

1K, -, e < (1 + [[Kollz)e® — 1.

Moreover, as a consequence of (20) ,we have (u, K) = Alu, K] and the structure of A thus immediately
implies (u, K) € C'([0, T..], L*(I) x L*(I*)) and (u, K) is a solution of (10) on [0, T.]. Due to (21) we
have in particular (u, K) € Sk, and according to Lemma 2.8 any solution (i1, k) to (10) satisfies (i, k) €
Sk,- Thus, uniqueness follows again from the contractivity in Lemma 2.7 analogously to the classical
contraction mapping theorem. To finish the proof;, it remains to extend the solution to [0, T, which can be
done, as usual, by iterating the above procedure while we note that Lemma 2.5 ensures that the condition
in the definition of Sk, is preserved. O

3. The continuum limit
In this section, we will give the proof of Theorem 1.1 using similar arguments as [2, 29].

Proof of Theorem 1.1. By means of (7) and (10), we have

1
EB,HuN - u||i2(1) = /81 (uN(t, x) — ult, x)) (uN(t, x) — u(t, x))dx

= /2 [KN(t, x, y)g(t, u" (t,x), u"(t,y)) — K(t, x, y)g(t, u(t, x), u(t, y))] (u" (2, x) — u(t, x))dydx

I

(Nx]+1)/N
+ /[N/ F@,E,u"(t, ) — f(t, x, u(t, '))d§:| (" (2, %) — u(t, x))dx.

L) /N

Rewriting, we get
1 N 2 N N N
EBTHM - MHLZ([) = ‘/I;[(K (t,x»)’) - K(tsxsy))g(t’ u (l9-x)a u (tsy))
+ K(t, x, y) (g(t, u" (2, x), u" (2, y)) — g(t, u(t, x), u(t, y)))] (" (2, x) — u(t, x))dydx

(INx]+1)/N
+f|:N/ f(t,%‘,MN(t, )) _f(t7§7u(t7 ))
1 L

Nx|/N

+f(t’ E? l/l(t, )) _f(t’ X, M(t, ))d€:| (uN(t’ x) - u(t’ x))dx
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Using the bounds on f and g from (9) together with Cauchy’s inequality, we can estimate the right-hand
side to get

1/2

1 N _ o2 N _ 2 N _

5 Oullu” = ullpg) < B, (K™ (t,x,y) = K(t,x, y))"dy | [u (2, x) — u(t, x)|dx
1\J1

+ LlIK(, -, lzeq2) / (1" ) = w)] + () — u™ ) [ (2, %) — u(t, x)|dyde
2

“((
.

Applying Cauchy’s inequality again, we further deduce together with Fubini’s Theorem that

(LNx]+1)/N 5 1/2
V[ ) — g e dx)

|Nx]/N

(INx]+1)/N 2 1/2
N/ J(t, &, ut, ) — f(t, x, ut, -))dé‘ dx) )IluN(t, ) —u(t, )l2a)-

[NxI/N

1 N N _ N _
Eat”u u”LZ([) = B ”K (ts s ) K(t5 i) ~)||L2(12)”I,t (tv ) M(t, ')”Lz(l)

+ 2L IK(, - ey (2, ) — ult, )7z,

(INEJ+1/N 5 172
+ ((/N/ lf(t’ ;;-" MN(t’ )) _f(t’ g:’ bt(t, ))| dde)
1

IN§J/N
/
1

LNx) /N

(LNxJ+1)/N . \12
N/ f@ &, u,-) —f x, ult, -))dé‘ dx) )IIMN(L )= ult, ).

We set

(LNx]+1)/N

Iy = N f(ts E? M(t, )) _f(t’ X, M(L ))dg
LNx) /N
such that Young’s inequality together with (9) then implies
1 B
Eal”uN - u||12‘2(1) = ?X ”KN(t’ ) ) - K(ta ) ')”iZ(IZ)
(ALK, M+ 22 )6 =t
+ (Hf(ts S (8, ) = f(t - ut, Dlzg + ||VN||L2(1)) (2, ) — u(t, 2w (22)
B N
7”1( ([» s ) - K(t’ B )”L2(12

1 N 2 1 2
+ (LKl DI () = My + 5 Il

Similarly, we deduce from (7) and (10) that

1
§B,||KN(t, o) =Kt ) =/2 3 (K (t, x,y) — K(t,x, »)) (K" (t, x,y) — K(t, x, y))dydx
I
|Nx|+1 [Ny]+1

/[W /Im [N” A&, 0, KV (-, ), u" (1, ) — At x, y, K(2, -, ), ult, ))dédn]x

x (K(t,x,y) — K(1, x, y))dydx.

https://doi.org/10.1017/50956792524000354 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792524000354

European Journal of Applied Mathematics 13

Together with Cauchy’s inequality we can estimate the right-hand side as

1
EafIIKN(t, ) = K@)l

5[(/ (NZ/J [J A&, 0, KV (1, -, ), u (1, )
2 UVTX %
2 1/2
s R -))dédn> dXdy) (23)

LNx]+1 [NyJ+1
N N

* (./; <N2 .KNXJ LNy) A(t’ é’ n’ K(t’ N .)’ U(t’ -))dédn

2 172
—A(t, x,y,K(t,-, ), u(t, ))) dxdy) ] X

(G CRDES (R A
=:[IOx 12 + IR Il JICK™)E, -, ) = K2, -, )22

To estimate the integral given by Q) further, we apply once more Cauchy’s inequality and use Fubini’s
Theorem to deduce together with (8) that

||QN||L2
(INx]+1)/N (INy|+1)/N
< (f N / / (A(t, £.0,K¥(t, -, ), " (2, )
7 [Nx]/N [Ny|/N
) 12
(IN&J+1)/N ([Nn]+1)/N
- ( [~ [ (Awean ke e 24)
2 INEJ/N [Nn]/N

) 12
- A(t’ E’ n, K(t7 ) ')’ M([, ))) dXdydEdn>

) 12
= ( / (A& K01 ) = A £ K ), ut, ) dEdn)
= ’A(L Kl '7KN(ta K] ')’ MN(t7 )) - A(t’ KR K(t$ ) ')’ u(t7 .))‘LZ
= La(IKY () = Kt )l + (1) = e, )l2)-

Summarising (23) and (24), we obtain together with Young’s inequality that

1 N 2
Eat”K (t7"')_K(t"")”L2
< [La(IK (-, ) = K (1, iz 4 1 (1, ) — ult, Hlz) + [ Ryl ] INKY (@, -, ) = K (@, - )22

§3LA+1

L 1
> K, -, ) = K (5, -, )l + 7/\ (2, ) — uz, Iz + EHRN”;‘
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Together with (22) this yields
1
Sl = ullf + 1K) = KGOl )

B,+1Ly+1

= (2Ll ey + Ly + =

Yl e, = e,

3Ly +B,+1 1
AT IR ) = K ey + 5 (Il + IR )
3Ly +B,+1
< (2Ll i+ L+ == ) (1) = e, gy + 1KY () = K )

1
+ E(HrNH[ZJ + IRy 172)-
Integrating this inequality, we find
i = wllyzy + NK (-, ) = K-, )l

2 2 1 ; .
< (10, ) = (0, Y, + KV, ) = WG, [ e 1Rttt

t
+/ (1w ()12 + [[R(s) 12 ) e o 1K S ool = g
0

On a fixed time interval [0, T, we can estimate the right-hand side uniformly as

I = ullZag, + IKV G - ) — Kt )

=< (HMN(O’ ) - M(O, ')”if‘.(l) + “KN(O’ ) ) - W(’ )”iz + /0‘ (”rN(s)”iZ + ”RN(S)”ig)dS) X

« e*le T K0l o0 g2 s+ 2Ly +3Ln+Bg+DT (25)

From Lebesgue’s differentiation theorem together with dominated convergence, we deduce
lrxllizy — 0 and ||Ryll;2 — 0 as N — oo.

Thus, by dominated convergence, for N — 0o the term in parenthesis in (25) converges to zero which
finishes the proof. O
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