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ISOMETRIES OF WEIGHTED BERGMAN SPACES
CLINTON J. KOLASKI

1. Introduction. In [2], [8] and [10], Forelli, Rudin and Schneider
described the isometries of the H” spaces over balls and polydiscs.
Koranyi and Vagi [6] noted that their methods could be used to describe
the isometries of the H? spaces over bounded symmetric domains. Recently
Kolaski [4] observed that the algebraic techniques used above and Rudin's
theorem on equimeasurability extended to the Bergman spaces over
bounded Runge domains. In this paper we use the same general argument
to characterize the onto linear isometries of the weighted Bergman spaces
over balls and polydiscs, (all isometries referred to are assumed to be
linear).

2. Preliminaries. Horowitz {3] first defined the weighted Bergman
space 47*(0 < p < 0,0 < a < ©) to be the space of holomorphic
functions f in the disc which satisfy

T 1
@ 1 =L [ [ ieepa = yrnis < oo,
0 0
Since the Bergman kernel for the disc is given by
B(Z, w) = [1 - <Z, w)]—2y

it was natural to define the weighted Bergman space 47:7(2) (0 < p < )
to be the class of holomorphic functions f on the domain @ C C* for which

@ Il = [ 15@FBate, 97dmee) < o

where Bg is the Bergman kernel for @, m denotes Lebesgue measure on
C* = R, and 7 is greater than some negative constant K(Q) which
depends on the domain Q. For recent papers dealing with these spaces
see [1] and [11].

In Section 3 we give a general theorem on the isometries of A?(%)
(? a bounded Runge domain). In Sections 4 and 5 we give a complete
characterization of the isometries of A?(Q) onto A?() when Qis the ball
or polydisc in C”.

3. A general theorem. For a given bounded domain @ C C*, let
Aut (Q) denote the class of biholomorphic maps of @ onto @, and, for
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appropriate r > K (), let 4?"7(Q2) denote the weighted Bergman spaces
defined in Section 2.

THEOREM 1. Let @ be @ bounded Runge domain, let 0 < p < o0, p # 2,
and letr > K(Q).
1) If T : A?7(Q) — A?7(Q) is a linear tsometry and if T1 is denoted
by g, then there is a holomorphic map ® taking Q onto a dense subset of Q
such that,

B)  (IN() =glz) - f(2(z) (€9Q)
forallf € A?7(Q); and, for every bounded Borel function h on Q,

4) f (ho ®)|gl’D "dm = f "D dm
Q Q

where D is the diagonalized Bergman kernel, D(z) = Bqo(z,3),3 € Q.

(ii) Conversely, if ® is a holomorphic map of Q into @, and if g € AP 7(Q)
satisfies (4) for every continuous function h on Q, then (3) defines an iso-
metry of A?7(Q).

(iii) If the linear isometry T is onto A?"(Q), then ® € Aut (Q). Con-
versely, if ® € Aut () and if g € A?7(Q) is related to ® by (4), then (3)
defines an isometry of A7 (Q) onto A" (Q).

Proof. In the proof of Theorem (2.1) in [4], replace the measure mq
by the measure do, = D~ "dm. The measure dv = |g|’do, clearly satisfies
v < ¢,. On the other hand, ¢ # 0 is a holomorphic function in Q so
g(z) # 0, a.e. [m]. Moreover, D(z) = Bq(z,2) > 0, for all z € Q, so
g(z) # 0, a.e. [o,]; consequently ¢, < ». The proof of Theorem (1) may
now be completed by the argument given in [4, Theorem 2.1].

For a given isometry T, it would be desirable to have a more explicit
description of the relationship between ® and g than that given by (4).
It is improbable that such a relation can be found as the situation is
extremely complicated even when r = 0 (see [4]). Thus we shall con-
sider only the isometries which are onto. Furthermore, because we shall
need an explicit description of the group Aut (?), we shall restrict our-
selves to the cases when our domain is a ball or a polydisc. The interested
reader may wish to apply the methods given here to other domains  for
which the group Aut (Q) is known.

4. The ball as our domain. Because our proofs are rather technical,
we shall now state our setting more explicitly.

Let C* denote the vector space of all ordered n-tuplesz = (21, ..., 2,)
of complex numbers, with inner product

(5) (,w) = 210 + ... + 2D,
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and norm
®) 3| = (3, 2)V2

The unit ball B of C" is then the set of all z € C* with |z| < 1. Let mp
denote Lebesgue measure on B, normalized so that mz(B) = 1. As is
well known, the Bergman kernel for B is given by

() B(zw) =[1 - @w] ™" (z€B,wec B).

In order to simplify our computations, we define, for each x > —1,
the measure ¢, on B by

8) doy(z) = (1 — |2|*)*dmp(z) (z € B).

For 0 < p < 0, let 4?(s¢,) denote the subspace of L?(s,) consisting of
the holomorphic functions on B. We note that 4?(s,) is the closure of
the analytic polynomials. By (2), (7) and (8), we see that

9)  A4(oz) = 477 (B)

by setting x = (z + 1)r. We shall determine the isometries of A?'"(B)
by describing the isometries of A?(¢s,). The following lemma follows easily
from [9, Theorem 2.2.2].

LEmMMA 2. If ® € Aut (B) with ®(a) = 0, then

10) 1- o) = LGRESED e p)

and

9

(11) 1 — (®(z), ®(0)) = Ilt%%

We recall [5] that the Hilbert space A2%(o,) possesses a reproducing
kernel C,: B X B — C given by

(z € B).

(12) Gz, w) = (” -:L- x) (1 = (2, w)] 1+

where the binomial coefficientis I'(n + 1 + x)/T'(n + 1) T(x + 1).
Define the kernel K, : B X B — (0, 0) by

13) K,(zw) = _lg_%%

We recall [4], if ® € Aut (B), then
(14) |Ja(2)| = Ko(z, ®71(0)) (z € B)

where Js denotes the Jacobean of ®. Letting ¢ = $-1(0), equating (12),
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(13) and (14) shows

(15) K.(za) = (”:x) [| <z|, [ﬂ] |Ja(z)| (2 € B).

LeEmMA 3. If ® € Aut (B) with ®(a) = 0, then

(16) f (fo ®)K. (-, a)de, = (" r x) fodax

for every bounded Borel function f on B, and for allx > —1.
Proof. If & € Aut (B) with ®(a) = 0, then (8) and (15) show

an [ oK., wyie,
- (T a ey [ gome| ] 1n@me

- <”+x)<1—| t>ff<>[|1 éf;‘;”M ]xde(Z)

() J @ a = epyam.

The last equality follows from Lemma (2) applied to 7!, and the fact
that |®(0)|% = |a|2. This completes the proof of Lemma (3).

THEOREM 4. Letx > —landlet0 < p < o0, p #= 2.
() If T is a linear isometry of A?(a,) onto A*(ao,), then there is a ® €
Aut (B) such that

(18) (Tf)(2) = g(z) - (fo ®)(2) (s € B)
forallf € A?(qa,). Moreover, g is related to ® by

1— o
19 (2) = 0[————-—
19) 26) =8 7= py?
where6 € G, |8] = 1 and ®(a) = 0.
(ii) Conversely, if ® € Aut (B) and if g 1s related to ® by (19), then (18)
defines an isometry of A?(a,) onto A?(o,).

Proof. To see that (ii) holds, let ® € Aut (B) and assume ¢ is defined
by (19). Then (12) and (13) imply

(n+1+2) /p
] (z € B)

-1

20) |g(z)) = (" 1’ x) K.z a) (z€ B)

where ®(a) = 0. Lemma (3) now shows that (4) holds for the pair (¥, g).
Thus (ii) follows from Theorem (1) part (iii).
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The argument given in the proof of Theorem (3.2) of [4] may now be
modified to prove (i).

5. The polydisc as our domain. As in Section 4, we shall deter-
mine the isometries of 47"(U") by describing the isometries of 4?(oy)
for an appropriate measure oy defined on the polydisc U".

Let my denote normalized Lebesgue measure on the unit disc U in G
For1 £ 14 £ n, let x; > —1 and let o; be the measure on the disc U
given by

(21) doi(w) = (1 — |w]®)%dmy(w).

For a given choice of x; with x; > —1 (1 £ 7 < n),let X = (x,...,
%), let ox = a1 X ... X @, be the product measure on the polydisc U"
and, for 0 < p < o0, let A?(ox) be the subspace of L?(oyx) consisting of
the holomorphic functions on U".

Since the Bergman kernel B, for U" is given by

22) Bu(s,w) = I_I (1—z@)™ e U we U

it is clear that

(23) AP(ox) = AP7(U")

by setting x; = ... = x, = 2r. Thus our class of spaces A?(sx) properly
contains the class of weighted Bergman spaces 47" (U").
Given X = (x4, ..., %,), define the kernels C,, and K,, on U X U by

setting # = 1 in (12) and (13), respectively. If we define the kernel
Ky on U" X U" by

n n 1 —w "y (2+z:)
(24) Kx(w) =[] KnGow) =[] 0 +x) | 5—%
i=1 Il — za,

=1
then Lemma (3) shows:

LemMA 5. If¢; € Aut (U) withy(a;) = 0 (1 <1 < n), then

(25) fU (foy)K (-, a)de; = (1 4+ xi)fvfdai
for every bounded Borel function f on U.

Werecall [7],if ® € Aut (U"), then
(26) (I)(er teey Zn) = (¢1(Zil)v vy d’n(zzn))

where @1, . . ., ¢, are biholomorphic maps of U onto U, and (34, . . ., %,)
is a permutation of (1, ..., #n).
It follows easily from (26) and Lemma (5) that:
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LemMa 6. If ® € Aut (U") with ®(a) = 0, then

27) f (fo ®)Kx(+, a)ox = [(L+22) ... (L+ )] f dfox

for every bounded Borel function f on U".

Foragiven fixed X = (xy,...,x,)andagiven ® € Aut (U") (described
by (26)) we define the function g = gx ¢ on U" by

(28) gz, .-y 20) = 0li(za) - - ¥ul(z0)]'?

where

1 - aidi

(2+21)
(29) vilw) = [_(I—_:Zi,-w)?} (we U 1=i=<mn)

and 6 € C, |6 = 1, ®(ay,...,a,) = 0.
By (24), (28) and (29)

(30) [glf = Kx(-,q)

with ¢ = (ay, ..., a,). Using (30) and Lemma (6), a slight modification
of the proof of Theorem (4) shows:

THEOREM 6. If one replaces o, by ox, and B by U" in Theorem (4), then
the resulting statement is true when g is related to ® (and X) by (28).
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