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We construct all semirings with a given completely simple additive serigroup
A(G, I, A , P) by means of an associative and distributive multiplication on G,
and associative multiplications on I and A satisfying certain conditjons.

Let R be a semiring such that (R, + ) is a Rees matrix semigroup over an
(additive) group G with sandwich matrix P = (p,,;); we select elements 0 eI and
Oe A such that py ; = p,,o = Oforallieland Ae A. Our main result then shows
that, given associative multiplications on I and A, and a multiplication on G,
which together with the +, turns G into a semiring with zero satisfying the con-
ditions of Theorem 4 below, then R together with the multiplication defined by:

(,a, (U, b, i) = (ij, = Diu,ij T Pag,00 + ab — Px,,.oo,lﬂ)

for all (i,a, A, (j, b, W) € R, is a semiring. Conversely, every semiring with a com-
pletely simple additive semigroup is isomorphic to such a semiring.

Properties of semirings whose additive semigroup is completely simple are
studied in Section 1, including some preliminary results on their structure. Our
main result is proved in Section 2, while in Section 3, we give interesting particular
cases and examples.

Recall that a semiring R is a set with two associative operations + ,* such
that x(y + z) = xy + xz, (x + y)z = xz + yz for all x, y, z € R; no other assump-
tion is made. A zero element of R is an element 0 such that Ox = x0 =0, 0 + x
=x+0=xforall xeR.

1. Preliminary results

Let R be any semiring whose additive semigroup (R, + ) is completely simple.
We can represent (R, + ) as a Rees I x A — matrix semigroup #(G, I, A , P)
over an (additive) group G with sandwich matrix P = (p,,;), and thus write (R, +)
as the set of all triples (i,a, ) with ie I, Ae A and a e G, together with the addi-
tion defined by:
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(i’a’)') + (J,b,ll) = (l, a+ p).,j + bau)

foralli,jel, a,be Gand A, ue A. Furthermore we shall select elements 0e I and
0e A, and assume with no loss in generality that p,,, = py,; = 0 for all ie I and
A€ A.

Since the additive Green’s relation % and % are multiplicative congruences,
it is clear that the multiplication of R induces associative multiplications on I and
A so that, for all (i, a, A), (j, b, 1) € R, we have:

(i, a, X)(J’ b,y = (@, m, Ap)

for some m = m(i,j,a,b, A, u) eG.

The additive idempotents of R are the elements e;, = (i, — p,,;, 4), with ie 1,
Ae A. We denote by E the set of these additive idempotents; trivially, whenever
e; € E and (j, b, ) e R, we have:

ea(j,b,p) = €jau (J, b, we; 3= €itui

THEOREM 1. Let R be a semiring such that (R, +) = #(G, I, A, P). Then,
for every i,j,kel and A, u,ve A, we have:

(1) Puuki = Pausis — Pouyij + Pouks

(2 Purjk = Puwnji = Puveji + Puvijir

PrOOF. Let i,j, kel and A,u,ve A. Then
(s = Powijs Vi) = €,y = (L, DopsVe, = ((5,0,4) + (k,0,v))e;,,
= (i,0,e;,, + (k,0,V)e;, = ea, + €y,
= (U, = Paijp M) + (Kis — Py, VI)
= (i, = Dapij T Papkj — Pouij» V-

Therefore —p,,.i; = — Piuij + Pagkj — Pygij @nd (1) holds. Formula (2) is proved
similarly.

Next we study the products in R of the type (0, a, 0)(0, b,0), where a,beG.
Clearly the multiplication * defined on G by: (0, a, 0)(0, b,0) = (00, a * b, 00) fails
to be distributive with respect to the addition of G. However this can be corrected
by adding the constant pyg oo to @ * b, and our next result shows that the multipli-
tion of R induces a structure of skew-ring ( = semiring whose additive semigroup
is a group) with zero on G.

THEOREM 2. Let R be a semiring such that (R, +) = #4(G,I, A , P). Then
the multiplication defined on G by:

(0, a, 0)(0, b: 0) = (003 ab — Poo,00s 00)

for all a,be G is associative and distributive with respect to the addition of G.
Furthermore O is a multiplicative zero, and for alliel, Ae A, ac G we have:
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(3 pa = ap,; = 0.
PrROOF. We first check the distributivity. For all a, b, c € G, we have:
(00,(a + b)c — Poo.00,00) = (0,a + b,0)0,c,0)
= (0,a,0X0,c,0) + (0,5,0)0,c,0)
= (00, ac — Poo.00,00) + (00, bc — pyo.00,00)
= (00,ac + bc — pyo,00, 00).

Thus (a + b)c = ac + bc for all a, b, c e G. Distributivity on the left is checked
similarly.

To prove that O is a multiplicative zero, let aeG. Then, since e, ,
= (0,0,0)e E, we have:

(00,"1’00,00,00) = ego,00 = (0,a,0)0,0,0) = (00,a0 — pgo,00, 00).

Thus a0 = 0 for all a e G. Similarly Oa = 0 for all a e G.
Next we show that formula (3) holds. Foralliel, Ae A and a € G, we have:

(#0, = P10,i0, A0) = €;000 = €1(0,0,0) = (e.0 + (0, —p;,:,0) + eo,x)(O, a,0)
= €,00 + (00, —P;,;a — Poo,00,00) + €q0 10
(i0, — Poo.io + P00.00 — P1,i@ — Pro.00s A0).

Thus we get:
— P20.i0= —Poosio T Po00,00— P1,i%— Pr0,00-

This formula holds in particular when a = 0, and it follows that p, ;a = p, 0= 0.
Similarly ap, ; = Op, ; = 0. Therefore (3) holds.
Finally to show the associativity, observe that, for all a, b, c€ G, we have:

((0, a,0)0, b,0))(0,c,0) = (00,ab — pyo,00,00)(0, c, 0)
= (€00.0 + (0,ab — Poo,00,0) + €0,00)(0, ¢, 0)
= €000,00 + (00,(8b — Poo.00)¢ — P00,00s00) + €90,000
= (000, — Poo,000 + Poo .00 +(ab)c — Po,00¢ — Po00,00, 000)
= (000, — poo,000 + Poo.00 + (ab)c — Pogo 00> 000),
by distributivity in G and (3). Similarly we have:
(0, a, 0)((0, b, 0)(0, ¢,0)) = (000, — poo,000 + Poo,o0 + a(bc) — Pooo. o0, 000)

By associativity in R, we therefore have a(bc) = (ab)c for all a, b, c e G, which
completes the proof.

It is now clear that, by representing any two elements (i, a, A) and (j, b, y) of
R as sums
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(#,a,4) = €0+ (0,a,0) + ¢,
(j, bsﬂ) = €0 + (O’ b’O) + e )

and using the distributivity laws in R and the relations given above, we can express
the product (i, a, )(j, b, 4) under various forms in terms of P, and products in
I, A and G. For instance, for all (i, a, 2), (j, b, ) € R, we have the following:

(,a,)(J, b, ) = (e;,0 + (0,a,0) + eo,,)(j, b, 1)
= €,0(j,b,1) + (0,a,0)(j, b, 1) + e0,(j, b, 1)
= ¢;,0, T (0,a,0)(e;,0 + (0,5,0) + e5,,) + €5ja,
= €0, t (0,0,0)e;0 + (0,a,0)(0,b,0) + (0,a,0)e,,, + €)1,
= €0, T €0j,00 + (00,ab — poo,00,00) + €00,0, + €01,
‘= (i, —Popij + Powoj — Po0.0j + Poo,00 + @b — Po,.00

+ Poy 0j = Piy.ojsD)-
From (2), we have: '

Pou,00 = Poyu,0j — Poo,oj T Poo,00

hence Poo,oj Poo,00 — Poy,00 + Poy,0j>

&) (,a,0(U,b,1) = (i, = Poyij + Pog,00 + b — Poo,00 + Poo,0j = Pig0js AlD)-

A similar transformation of the product (i, a, A)(j, b, i) also gives the following
expression:

) (,a,)(J,b, 1) = (ij, —Proij + Pro,00 T @b — Poo,00 + Poo,io = Pag.ios A)-

The final result of this section is obtained by comparing these two expressions
(i, a, D), b, w) successively in the two cases when j =0, A =0and i =0, u = 0.

PROPOSITION 3. Let R be a semiring such that (R, +) = #(G, I, A , P).
Then we have

@) ab = k+ab—k
where k = — Pog,00 + Poo.io — Pou.io + Pou.00s

5) ab = k' +ab -k,
where k' = —Ppgo.00 + Poo,0j — Pro.0j T Pro,00-

2. The main result

THEOREM 4. Let R = #(G, I, A , P) be an additive Rees I x A -matrix
semigroup over the (additive) group G, and let Oel, Oc A be such that p, ,
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= po,; = O0foralliel, Ae A. Given associative multiplications on I and A, and
a structure of skew-ring with zero on G satisfying the following conditions:

1 Dk = Dawij = Pvueij T Puskj
(2 Punjk = Pur.ji — Puveji T Puviji
(3 pa=ap,,=0
4 ab = k + ab — k,

where k = —Ppoo.00 + Po0.io — Pou.io + Pou,00s
(5) ab = k' + ab - K/,
where k' = —Poo,00 + Poo 0j — Pro.0j + Pro.oos for all i,jkel, A, u,ve A and

a,be G; then R together with the multiplication defined by:

© (G,a,2(,b,) = (i, —Prwij + Prwoo + @b — Pryu00. A1)
SJor all (i,a,2), (j, b, u) € R, is a semiring.

Conversely every semiring with a completely simple additive semigroup is
isomorphic to such a semiring.

PrROOF. Let R be as in the statement of the first part of the theorem, and con-
sider on R the multiplication defined by formula (6). We first check that this
multiplication is distributive with respect to the addition. For all x = (i, a,2),
¥y = (j,b,w) and z = (k, ¢, v) belonging to R, we have:

xy + xz = (i, = Pawij + Prwoo + ab — Piy00, AH)
+(ik, = Pivsix + Pavioo T A€ = Piy.00s AV)
= (ij, —Pawij + Pawoo + @b — Prpoo + Prpik — Prwik

+ Piv.oo + A€ — Piry.00sAV),
while

x(y +2) = (G,a,0,b + pp+c,v)
= (i, = Panij + Pavioo + (b + Py + ©) — Pivicor )
= (if, = Pawij + Pavioo + ab + ac — pry.005AV),
since by (3) we have ap,,, = 0.

To prove that xy + xz = x(y + z), it is then clearly enough to show that, if

m = —Dwo0 t Panij — Pagi; T Pigoo

’
m = —Dw.0o +t DPivik = Prwik + Pawsoos

then m + ab = ab + m'. Counsider first the expression of . By (2) we have

Diviij — Papij = Pawsio = Papsios
whence :
m = —Dy.00 + Pivio = Piwio + Prgoos

Since by (1) we also have:
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—Dw,00 + Pavio = —Powoo + Povsio
~Prwio + Papoo = ~Powio T Powoos
we get:
m = —Pov,00 + Pov.io — Powio + Pou.oo-

Since this expression does not depend on j, we get at once:
m = m.
Then, using twice formula (4), we have:
m + ab = —Po,00 + Poviio — Powio + Pou00 + ab
= (—Pov.0o + Powio — Poo,io T Poo.00) T (—Poo.0o + Poo,i0

—~ Powio T Poy.00) + ab

(= Pov.00 + Povio = Poosio + Poosoo) + @b + (—Poo,00 + Poo,io
— Poy,io T Poy,00)
= ab — poy00 + Pov,io — Poo.io T Poo,o0 — Poo,00 + Poo.io
= Pogu,io + Powoo
= ab — poy 00 + Pov,io — Pouio + Powoo = ab + m’.

Thus distributivity on the left holds. That distributivity on right holds too is
proved similarly using formula (5) instead of formula (4).

Associativity of the multiplication of R follows then from Proposition 1.1 of
Grillet (197a), since it is easily seen that the subset E U H, o of R is a generating
subset of (R, + ) which also generates a multiplicative subsemigroup. This comple-
tes the proof of the direct part of the theorem.

For the converse, assume that R is a semiring such that (R, +)
= JM(G, I, A , P). We already have proved in section 1 that the conditions stated
in the direct part hold, and also that, for all x=(i,a, 1), y = (j, b, 1) € R, we have,
by (8):

xy = (,a,)(,b,) = (i, — Poy,ij + Pou.0o + @b — Poo.00 + Poo,0j — Pau,0js A1)
By (2), we have: —py,0; = —Pio.0; + Pro,00 — Pau,00> Whence

xy = (i, = Poi; + Pouoo + @b = Poo,00 + Poo,0; — Pr0,05 + Pr0,00 = Pawoos Al)-
From (5), it then follows that

xy = (i, = Pou,ij + Pou,00 = Poo,00 + Poo,0j — Pro,0; + Pro,00 T @b = Py, 005 A1)-
Since by (2) Pou.00 — Poo,0o + Poo,0j = Poysoj» We have:

xy = (ij, = Pouti T Pouo; — Pro,0; + Pro,00 + @b — Pru00,A)

https://doi.org/10.1017/51446788700020607 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700020607

71 Semirings 263

= (ij, = Powij + Pouoj — Pru,0j T Piuoj = Pro,0j T Pro,oo + @b — Py 005 Al).

By (1) =Pouij + Powoj = Pawoj = — Pawijp a0d by (2) Piuoj — Pro.oj + Pro.oo
= Piu.00s SO that

xy = (ij, = Pawij + Pagoo + @b — Piy 00, AlD).

Therefore (6) holds which completes the proof.
We give now alternate descriptions of the multiplication on R given in
Theorem 4, which have interest of their own.

PROPOSITION 5. Given the data in Theorem 4, the following formulae
6) xy = (ij, — Pawij + Pagsoo T+ ab — Pius005 Ap)
(M xy = (ij, = Poo.ij + Poo.oo + @b — Poo,00 + Po0.ij — Pasij» A1)
(8) xy = (ij, —Pouij + Pou.0o + @b — Poo.00 + Poo.oj = Prps0js M)
(9 xy = (iJ, = Prosij T Pro.0o + @b — Poo.00 + Poo.io — Prpsios 48
for all x = (i,a,A), y = (j,b,u) e R, define the same multiplication on R.

ProOF. By Theorem 4, we know that formula (6) defines a structure of semiring
on R. We then proved in section 1 that (8) and (9) hold, and thus clearly define the
same multiplication on R as (6). To complete the proof, we have left to show that
formula (7) holds in R. Let x = (i,a,2), y = (j, b, u) € R. Starting with (8), since
by (2) —Pouij = —Poo.ij + Poosio — Pou.io We have:

xy = (iJ, = Poo.ij + Poo.io = Powio + Powoo + @b — Poo.00

+ Poo.oj — Papojs A
By (4), it follows that

xy = (i, —Poo.ij + Poo.oo + @b — Poo,00 + Poosio — Powio
+ Pous0o — P00,00 + Po0:0j — Pauojs AH)-
Again by (2), we have: po,.00 — Poo.0o + Poo.0j = Pousoj» SO that
xy = (i, —Poo.ij + Poo.oo T @b — Poo.00 + Poosio — Powio
+ Pouoj — Papoj> ML)
= (i, = Poo.ij T Poo.0o + @b — Poo.co + Pooio — Powio
+ Popij = Pouij + Pousoj — Pawojs M)

Now by (2) Poo.io = Powsio + Pou.ij = Poo.ij» and by (1) — Po.ij + Popeoj = Pauso;
= — Pyuij» Whence

xy = (iJ, = Poo.ij + Poo.oo + @b — Poo,00 + Poorij = Prapijs A
which proves that (7) holds.
Corresponding to the situation when (0, a, 0)(0, b,0) = (00, — po.06 + ab, 00)
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instead of (0, a, 0)(0, b,0) = (00, ab — pyo. 00, 00), we clearly have a result dual to
Theorem 4; it can be stated by replacing in Theorem 4 formulae (4), (5) and (6)

respectively by
4) ab = h+ab—-h

where h = Pyo.i0 — Powio + Pous0oo — Poo.00>

(5") ab = h' + ab — K’

where b’/ = Poo.0; — Prosoj + Poosoj — Poos005
(6" (i,a,0(j, b, ) = (i, —Poo.ij + ab + Poo.ij = Pay.ij» )

We shall give below an example showing that in general pyq., does not com-
mutes with products ab of elements a, b of G. Thus even if all conditions involved
in both statements are satisfied, these theorems usually give different semiring
structures on R. We note that, if we assume that pyq,90 commutes with all products
of elements of R, then, trivially, conditions (4") and (5’) are respectively equivalent
to (4) and (5), and in view of Proposition 5, the two multiplications defined by

formulae (6) and (6') are the same.
A last remark we can make about Theorem 4 is that, though for practical

reasons we broke our conditions as much as possible, it is possible to condense
conditions (4) and (5) into only one condition. For instance, it is easy to see that,
assuming that (2) and (3) hold, conditions (4) and (5) together are equivalent to
the following:

(10) ab =m+ab-m

where m = — Poo.00 + Pooij = Prwij + Prgsoo-

3. Examples and applications

We start this section by giving two examples showing that there is little hope
of simplifying the conditions of theorem 4. First we note that the formula

Drwij = DPagokt — Pypa + Dupij
does not need to hold in general as shown by the following:

ExampPLE 6. Let R = #(G, I, A , P), where

G = {0,a} together with the addition: 0+0=a+a=0,0+a=a+0
= a, and the trivial multiplication;

I = {0,1} with multiplication: 00 = 01 = 0, 10 = 11 = 1;

A = {0, 1} with multiplication: 00 = 10 = 0,01 = 11 = 1;

Poo = Por = P10 =0, p;, = a
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Observe that the conditions of Theorem 4 are trivially satisfied so that
formula 6 defines a structure of semiring on R. However we have: a = p;; 4

# P11.00 — Poo,00 + Poo,11 = 0.
Next example shows that in general pyq o does not commute with products

of elements of G.

ExAMpLE 7. Let R = #(G, I, A , P), where G is the skew-ring given by the
following tables:

+10 a b ¢ d e 0 a b ¢ d e
010 a b ¢ d e 00 0 0 0 0 O
ala b 0 e ¢ d a (O 0O 0 0 0 O
bbb 0 a d e ¢ b0 0 0 0 O O
clc d e 0 a b c [0 0 0 ¢ ¢ ¢
d|d e ¢ b 0 a d{0 0 0 ¢ ¢ ¢
ele ¢ d a b O e 10 0 0 ¢ ¢ ¢

I = {0,1}, A= {0, 1} with I* = {1}; A= {1}; Po,o = P10 = Po,1 = 0,
P11 = a. Then formula 6 trivially defines a structure of semiring on R. Qbserve
that

e = a+c¢ = p00,00+C2 # Cz+poo'00 = c+a = d.
An important case when the conditions of theorem 4 are trivially satisfied is
when R is a rectangular group, in which case we may assume that P = 0,

COROLLARY 8. Let R=#(G, I, A ,0) be a rectangular group. Then given
1ssociative multiplications on I and A, and a structure of skew-ring on G, R to-
jether with the multiplication defined by:

11) (i, a,)(j, b, ) = (ij, ab, ip)
orall (i,a,A), (j,b,u) € R, is a semiring. Conversely every semiring whose addi-

ive semigroup is a rectangular group is isomorphic to such a semiring.

Note that, if (G, -) has no divisor of zero, then formula (3) trivially implies
hat P = 0. Another example where (R, + ) must be a rectangular group is given
y the following.

PROPOSITION 9. Let R be a semiring whose additive semigroup is a com-
letely simple semigroup, and such that R = R?. If there exist a Z-class and a
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Z-class of R which are left (right) ideals of (R -), then (R, + ) is a rectangular
group.

PrOOF. Let (R, + )= #(G, I, A , P), and assume for instance that R con-
tains a #-class L and a #-class S which are left ideals of (R, - ). We may assume
that L and S contain (0,0,0), so that L = {(i,a,0); aeG,iel} and
S ={(0,a,1); aeG, Ae A}. Thenclearly LR = Land SR < S imply that 0i =0,
0L =0foralliel and A€ A. By (1) we have:

Pauwij = Pau,0j — Powoj + Pouij = Pawo — Po,o t+ Poij = 0

for all i,jel and A,pe A. Since R = R%, we have I = I> and A = A?, and it
follows that p, ; = O for all ie I and Ae A, which completes the proof.

The assumptions of the theorem hold in particular in case all #-classes and
all Z-classes of R are left (right) ideals of (R, - ), i.e. when I and A are left (right)
zero-semigroups. An interesting particular case of Theorem 4 is also obtained in

case [ is a left (right) zero-semigroup and A is a right (left) zero-semigroup. For
instance, we have:

COROLLARY 10. Let R = #(G, I, A , P) be an additive I x A-matrix semi-
group over the (additive) group G, OcI and 0e A be such that p,o = po.; =0

foralliel, Ae A. Given a structure of skew-ring with zero on G satisfying the
conditions

i) i@ = ap, ; = 0
) a+p;i=p,+a

forallaeG* ieland le A. Then R together with the multiplication defined by:
(i’ a, ,1)(_], b, ﬂ) = (l’ —Drj + ab, l‘)

Sor all (i,a, %), (j, b, ) R is a semiring such that all ¥-classes (#-classes) of R
are left (right) ideals of (R, ). Conversely every semiring with a completely
simple additive semigroup whose £-classes (Z-classes) are left (right) ideals of
(R, +) is isomorphic to such a semiring.

PRrOOF. Trivially under the further assumption that all #-classes (%-classes)
of R are left (right) ideals of (R, - ), the conditions of Theorem 4 reduce to the two
above conditions. The result then follows

Our last result restates Theorem 4 in case G is an abelian group. Then condi-

tions (4) and (5) are trivially satisfied, and formula (6) takes a simpler form. We
then have the following:

COROLLARY 11, Let R = #(G, I, A , P) be an additive Rees I x A -matrix
semigroup over an (additive) abelian group G, Ol and Oe A be such that
Pro = Do;= Oforalliel and € A. Given associative multiplications on I and
A, and g structure of ring on G satisfying the following conditions.
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@ Dawkj = Papij = Pupyij t Popukj
¥)] Purjk = Pur.ji = Puvji T Puv.jx
©)] pa = ap,; =0

foralli,jel, A,ue A and ac G, then R together with the multiplication defined
by:

(i’ a, 2’)(]’ b’ ﬂ) = (l]’ _pku-ij + abs '1”)

for all (i,a, ), (j,b,p) € R, is a semiring. Conversely every semiring whose addi-
tive semigroup is a Rees I x A -matrix semigroup over an abelian group is
isomorphic to such a semiring.
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