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ON THE REGULARITY OF THE KOWALSKY
COMPLETION

EVA LOWEN-COLEBUNDERS

Cauchy spaces were introduced by Kowalsky in 1954 [9]. In that paper a
first completion method for these spaces was given. In 1968 Keller [5] has
shown that the Cauchy space axioms characterize the collections of
Cauchy filters of uniform convergence spaces in the sense of [1]. Moreover
in the completion theory of uniform convergence spaces the associated
Cauchy structures play an essential role [12]. This fact explains why in the
past ten years in the theory of Cauchy spaces, much attention has been
given to the study of completions.

In 1971 a very large and natural class of completions was constructed by
E. Reed, unifying all completion methods known up until then, including
the Kowalsky [9] and the Wyler completion [15]. Other completion
methods were developed for certain subclasses of Cauchy spaces [7], [4].

In the study of completions, properties such as strictness and regularity
play an important role. In fact in [7] Kent and Richardson have shown
that a strict regular completion, if it exists, is unique up to an
equivalence.

In [13] the same authors characterized Cauchy spaces having a regular
completion and proved that not every space with a regular completion has
a strict regular completion.

The subject of this paper is to find conditions on a space to ensure the
existence of regular completions in the collection of E. Reed. The
completions in this collection are all strict. We give an example of a
Cauchy space having a strict regular completion but having no regular
completion in the collection of E. Reed. However, if the Cauchy space is
totally bounded and pseudotopological then the property of having a
(strict) regular completion is equivalent to the existence of a regular
completion in the collection of E. Reed. In fact, then both properties are
equivalent to the uniformizability of the space.

In particular we investigate the regularity of the Kowalsky completion.
We give an internal condition which characterizes the regularity of this
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completion. In the pretopological case this condition is equivalent to the
space being relatively round. In general however, even in the totally
bounded pseudotopological case, being relatively round is not a sufficient
condition to ensure the regularity of the Kowalsky completion. A
C”\-embedded Cauchy space always has a regular completion, for instance
the natural completion [4]. The position of the natural completion with
respect to the collection of E. Reed is investigated.

The paper is subdivided in sections treating respectively: the general
case, the pretopological, topological, totally bounded and C”*-embedded
case. At the top of each section a diagram summarizes implications
holding in that particular case and in the corresponding section we prove
those results necessary to deduce the non trivial implications. In each of
the charts the only valid implications are those indicated by the arrows or
obtained from them by transitivity. In the final section we give examples
to show that all other possible implications are false.

I thank Professor D. Kent and Professor R. Fri¢ for posing some
interesting questions which initiated the investigations of this paper.

1. Preliminaries. Throughout the paper we use notations, constructions
of completions and results from [7] and [12]. From these papers we also
use basic definitions and notations on Cauchy spaces. A few changes in
the notations of [7] will be made. The closure operator will be denoted by
cl instead of I' and the set of equivalence classes in a Cauchy space (X, %)
will be denoted by X*. For a Cauchy filter % its equivalence class is
(F.

A Cauchy space is uniformizable if it is the collection of Cauchy filters in
some uniform space, totally bounded if every ultrafilter is Cauchy,
pseudotopological (full in [12] ) if a filter # is Cauchy if and only if all finer
ultrafilters are in the same equivalence class, pretopological (topological) if
it is a Cauchy subspace of a pretopological (topological) convergence
space, considered as a complete Cauchy space. Pretopological (topologi-
cal) Cauchy spaces are spaces with minima (minima with an open base) in
their equivalence classes [11]. A Cauchy space is Hausdorff if the induced
convergence structure is Hausdorff, regular if cl % is Cauchy whenever #
1s Cauchy, completely regular if it is a subspace of a completely regular
topological space.

Throughout the paper the original space (X, %) is assumed to be regular
and Hausdorff. By the term ‘“completion” is meant a Hausdorff
completion.

A subset X of Y is strictly dense in Y if cl X = Y and whenever ¢ is a
filter on Y converging to y in Y, there is a filter ¥ on Y converging to y
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such that X € Zand ¢y D ¢l 4 If (Y, 2) is a completion of (X, ¥) and X is
strictly dense in Y then (Y, @) is a strict completion [4].

Given a Cauchy space (X, €) let j:X — X~ be the map j(x) = (x) for x
€ X. In [12] a family of completions is constructed on X%, using
collections of maps that pick out a filter for each equivalence ctass. A(%)
is the set of all maps A from X* to F(X) (the set of all filters on X') such
that A(p) is contained in some filter in p for p € X~ and Aj(x) = x for x
€ X. For every I' € A(%) a completion Kj(X, %) is constructed. The
collection of completions thus obtained is called the collection of E. Reed
and will be denoted by Z(X, %) or if no confusion can arise simply Z.

In particular for

2 = {0 AN¥b)lo(p) € plorp € X¥}

the associated completion Kx(X, %) is the Kowalsky completion which we
will shortly denote K(X, €). If I' = {0} then we write K,(X, %) for the
corresponding completion. Z is a collection of strict completions. We call
R regular if it contains a regular completion.

In [7] an extension of a Cauchy space (X, %) is constructed which is not
always a completion. The construction is based on a certain X-operation:
In order to avoid confusion with the > defined above we will change the
notation of [7]. For 4 € X we have

AA = {p € X¥|4 € Gfor some ¥ € p}.

For a filter # on X we have A% the filter on X™ generated by {AF|F €
Z}. The construction (X*. €,) in [7] will be denoted by R(X, %). Every
strict completion in standard form is finer than R(X, %) and a strict
regular completion in standard form, if it exists, is unique and equal to
R(X, ). These results from [7] will be used several times in this paper
without explicit mentioning. For a Cauchy space we use the notation SCj3
from [13] to denote the property that it has a strict regular completion.

A convergence space (X, q) is w-regular if cl,, # converges whenever #
converges, where wgq is the finest completely regular topology on X coarser
than g. (X, q) is completely regular if it is regular and has the same
ultrafilter convergence as a completely regular topological space [8].
¢ -embedded spaces are introduced in [4]. They can be characterized by
the property of having an w-regular pseudotopological completion. Such a
completion can be obtained by embedding (X, %) in a function algebra
and this construction, called the natural completion, will be denoted by
N(X, b).
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2. General case. Let (X, ) be a Cauchy space.

R regular :
(X, €) relatively < K(X, %) regular = (X, ©) relatively
round | round
X regular = SCy

LEMMA 2.1. R is regular if and only if there exists a o € 2 such that
Ky (X, €) is regular, where o can be chosen to map on ultrafilters.

Proof. Let T € A(%) such that Kp(X, %) is regular. Choose y € T and
fory € X*\ j(X) an (ultra) filter 4, € y such thaty(y) C . Leto: X" —
F(X) mapping (x) to x forx € Xandy € X"\ j(X)t0 %.Theno € X
and

Ki(X, €) = KX, €) = KX, ) = R(X, ¥).
Clearly the regularity of Kp(X, %) implies the regularity of K (X, %).

For 6 € X and F and A4 subsets of X and . a filter on X let F <, 4 if
and only if for every p € X*, 4 or X \ F belongs to o(p) [12].

Let F <% A if and only if for every p € X%, if F € S#for some £ € p
then 4 € o(p).

Let

reF = {A C X|F <, A for some F € #} [12]
and
s¢F = {4 C X|F <° A for some F € F#}.
Then r,% and s,% are filters on X, s,.% C cl % and s,% C ro %

A Cauchy space is relatively round if for every ¢ € X the filter r, % € €
whenever # € €[12].

THEOREM 2.2. K(X, %) is regular if and only if for every ¢ € X the filter
soF € € whenever F € 6. R is regular if and only if there exists a 6 € 2
such that s, % € € whenever € &.

Proof. If K(X, %) is regular and # € % then A.Z converges in K(X, ¥).
For every 0 € 2 there exists ¢ € #such that ¥° ¢ A% Then we have ¥
C s5,% and s,# € %. For the converse suppose the condition is fulfilled,
that ¥ is a filter on X* converging to y in K(X, %) and that 0 € X. Choose
F e ywith#® € V. ForAd € s,Flet F € % with F <° A. For g € cl (F°)
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let #be a filter in g such that F° v J#° exists, then F v J#exists and 4 €
o(g). Then

cl (F°) € A° and (s,%)° C cl V.

So ¢l ¥ converges to y.
Using Lemma 2.1 the second part can be shown analogously.

THEOREM 2.3. K(X, €) is regular if and only if (X, €) is relatively round
and R is regular.

Proof. If K(X, €) is regular then (X, %) is relatively round since s, % C
re% for every 6 € 2. The other implication follows from the fact that in a
relatively round space all the completions Kp(X, %) for I' € X coincide
[12].

THEOREM 2.4. If K(X, %) is regular then the structure induced on X* \
J(X) is diagonal (in the sense of [9]).

Proof. If
p XN\ J(X) = F(X*\ j(X))

and p(p) converges to p for every p € X*\ j(X) and ¥ is a filter on X™ \
J(X) converging to g in X* \ j(X)let{u(p)],p € X*\ J(X) and [¥] be the
filters generated on X* Forp € X*\ j(X) choosen(p) € p with An(p) C
[u(p)]. For x € X let n{x) = x. Choose # € g with AZ c [¥]. Then

s(F) € q and As, F C[ U N wp)l
LEeVY ped

It follows that U N p(p) converges to g in X \ j(X).
AEVY peA

3. Pretopological case. Let (X, €) be a pretopological Cauchy space.

(X, %) relatively K(X, %)
round < regular
)

(X, ¥) a strict
subspace of a
regular pretopo-
logical space

R regular = SC;

THEOREM 3.1. K(X, %) is regular if and only if (X, ¥) is relatively
round.
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Proof. In view of Theorem 2.3 we only need to prove the “if” part. Let
pX¥ = F(X), p(x) = x for x € X and u(p) = #,, the minimum element
inp, forp € X*\ j(X). Let # be a minimal Cauchy filter in €. Since (X,
%) is regular and relatively round we have rycl #) = /4 By
straightforward verification we obtain that

Sp M D 1y (cl M)

Using Theorem 2.3 and the fact that (X, %) is pretopological it follows
that K(X, %) is regular.

THEOREM 3.2. (X, %) is SCy if and only if it is a strict subspace of a
regular pretopological space.

Proof. If (X, %) is a strict subspace of a regular pretopological space
then the closure of X in this space is a strict regular completion.

If (X, €) is SC; then R(X, %) is a pretopological strict regular
completion with neighborhood filter A/, in p, where .#), is the minimum
element in p.

TueoreM 3.3. If K(X, €) is regular then the induced structure on X~ \
J(X) is topological.

Proof. 1If (X, %) is pretopological then so is K(X, ¥). If K(X, ) is
regular then X* \ j(X) is diagonal (Theorem 2.4). It follows that X* \ j(X)
is topological [9].

4. Topological Cauchy spaces. Let (X, %) be a topological Cauchy
space.

(X, %) a subspace of
K(X, ¥) regular <  a regular topologi-
cal space

(X, €) relatively
round

NI
X regular

\i%
e

THEOREM 4.1. K(X, €) is regular if and only if (X, €) is a subspace of a
regular topological space.

Proof. If (X, €) is topological then so is K(X, %) [11]. If (X, ) is a
subspace of a regular topological space Y then the closure cl X of X in Y is
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a topological regular completion of (X, ). Let ¢:cl X — X* be the map
which to y € cl X assigns (#,), where /4, is the trace on X of the
neighborhoodfilter ¥'(y) of y. Since ¥*(y) has an open base, we have
o7 (y)) D ///’f,, where p:X* — F(X) maps p € X* \ j(X) to the
minimum element in p and (x) to x for x € X. Hence

¢: cl X — K(X, ¥)

is continuous. Since K(X, ) = R(X, %) the map ¢ ' also is continuous.
It follows that K(X, ¥) is regular.

5. Totally bounded pseudotopological Cauchy spaces. Let (X, %) be
totally bounded and pseudotopological.

K(X, )
regular

(X, )

4 regular = 5G uniformizable

U

(X, %) relatively
round

THEOREM 5.1. The following properties are equivalent:
(1) K(X, €) is regular

(2) Z is regular

3) (X, ) is SC3

(4) (X, €) has a regular completion

(5) (X, %) is uniformizable.

Proof. (1) = (2) = (3) = (4) are trivial implications. (4) = (5): Suppose
(X, €) has a regular completion. Then from Lemma 2.3 in [2] and
Theorem 2.2 in [7] it follows that R(X, %) is an almost topological regular
completion in the sense of [7]. If w € X maps every p € X* to an
ultrafilter w(p) then K (X, ) is compact Hausdorff and pseudotopologi-
cal [12] and therefore it is minimal Hausdorff [6]. It follows that K (X, %)
and R(X, %) coincide and that R(X, %) is topological. From the proof of
Theorem 4.1 we have that K(X, %) is equal to R(X, %) and that K(X, %) is
a compact Hausdorff topological space. Hence (X, ) is uniformizable
[10].

(5) = (1) is evident since K(X, %) preserves uniformizability [12].
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6. C"-embedded Cauchy spaces. Let (X, ) be a C’\-embedded space.

(X, €) completely
regular

()

K(X, €) completely
regular

J

K(X, %) w-regular = there is an w-regular

completion in #

) N

KX, )= N(X. %) = NX 6)“€”% = N(X %) strict

U \ U
K(X, %) regular = X regular = SC;

THEOREM 6.1. K(X, €) is a completely regular convergence space if and
only if (X, €) is a completely regular Cauchy space.

Proof. K(X, €) is pseudotopological so if it is completely regular then it
1s topological and then (X, €) is a completely regular Cauchy space.

The other implication follows from the proof of Theorem 4.1.

We use the following notations.
If o € X, F and 4 are subsets of X and % is a filter on X then we
put
F <4

if and only if for every p € X*, we have 4 € o(p) whenever for every
Cauchy continuous real valued map f on (X, %),

lim f(o¥) € f(F) for some # € p
and
t.% = {A C X|F <° A for some F € F}.

Then ¢,% is a filter on X and 1% C s,%.
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THEOREM 6.2. The following properties are equivalent.

(1) K(X, €) is w-regular.

(2) For every 6 € X the filter t,# € %whenever # € &

(3) K(X, %) is equivalent to N(X, %).

(4) K(X, €) is regular and N(X, €) is strict.

Proof. (1) = (2). If K(X, €) is w-regular, 6 € X and % € % then [#]
converges in K(X, ) and so does cl k[#]. Let ¥ € % such that ¥° C
clyx[Z1and let G € % Choose F € F satisfying cl gy F € G°. Ifp € X¥is
such that for every real valued Cauchy continuous map f on (X, %), lim
f#) € f(F) for some # € p, then p € cl g F. If not, then there would
exist a continuous function 4:K(X, ¥) — R such that

h(clyx F) = {0} and h(p) =1
and for the restriction f to X we would have

f(F) = h(F) C h(clux F) = {0} and

lim f(0¢) & f—(F—) for every # € p,

which is impossible. Since p € cl,x F we have G € o(p). Finally F <° G
and G € ° % Since ¢ C 1,% we have that 1,.% € €.

(2) = (1). If (2) 1s satisfied and ¥ is a filter on X* converging to p in
K(X, %) then we choose # € p with A% C ¥.Foro € X and 4 € 1,
let F € & such that F <% A. For p € cl xF and a real valued Cauchy
continuous map f the set (f¥) " '(f(F)) is wK-closed if /* is the extension
of fto K(X, €). Hence

(fH7IE) > elok F.
So there exists an ) € p with lim f(5¥) € f(F). It follows that p € A°
and clyg F € A°. Finally K(X, %) is w-regular since
(10.9?)0 C Clw](.;az C Clw]( v,
(1) = (3). If K(X, %) is w-regular then it is C-embedded and strict. So it
is equivalent to N(X, %) [4].
(3) = (4) = (1) are trivial implications.
With an analogous proof we also obtain the following result.
THEOREM 6.3. The following properties are equivalent.
(1) N(X, ) is equivalent to some completion in #
(2) There exists a 6 € 2 such that N(X, €) is equivalent to K (X, €).
(3) There exists a 6 € 2 such that t,.# € & whenever # € %
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7. Examples.

Example 7.1. A C"*-embedded topological Cauchy space, not relatively
round, with a strict natural completion and for which Z is not regular.

On the real line we choose an irrational number « and a descending
sequence (a;);eN, of irrationals converging to a. For j > 1 we choose two
disjoint sequences of rationals (¢7,),en, and (r},),en, in lej, a; [ con-
verging to a;. For j = 1 we choose two disjoint sequences of rationals
(qn)NENO and (rn)nENo in ]alv + OO[ converging to ay.

Let X = ([a, + oo N Q) U {a} U {a;lj € Ny} and Y = [0, Q], where
Q is the set of rationals and is € the first uncountable ordinal. Z = X X Y
is equipped with the pretopological structure p defined by its neighbor-
hood filters in the following way.

B((q.y)) = (q;y)if g € Q

1
A 0) = (o e+ [0 x0% @m e N

B((e,p)) = [{F(») U {(a,y)} U {(a;y)|j = n}In € N}l
for v € 10, 9L, with F,(») = U (o) Ik € No)

B 9) = [{(G, U {a)) X Ir. QIn € Now v < @} ]

for j € Ny, with Gj,, = {rj,,, lm = n}

B((ey)) = [{loy = =y + =[N X) X {p}In € No} |

1
n
forj € Ny and y € [0, Q[.
Let
D = ([a, + oo N Q) X [0, Q.

J

S |-

On D we take the Cauchy subspace % induced by (Z, p). (D, %) is a
topological Cauchy subspace with minimal Cauchy filters

%(,\“y) = ‘@( (X» }’)) |D for (X, ,V) e Z

and (Z, p) is a strict completion of (D, %) since

My © B(x,y) forevery (x,y) € Z.

The structure p on Z is finer than the product topology 7 on X X Y of X,
with the trace of the discrete rational extension topology on R [14] and the
topology on Y, which is discrete in every y <<  and has the neighborhood
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filter [ { ]y, @]y < @} ] in Q. The topology 7 is completely regular and
%(x, y) has a 7-closed base for every (x, y) € Z. Hence (Z, p) is w-regular
and C-embedded. (D, %) is " -embedded and N(X, %) is equivalent to

(Z.p)

Next we show that (D, %) has no regular completion in %Z. Suppose on
the contrary that Z is regular. Using Lemma 2.1 we can choose 6 € X
such that Ky(D, %) is regular. Then

v:(Z, p) = Ko(D, %)
mapping z to (4.) is an isomorphism. For j € N; we have
M0y © 9(B((e, D).
There exist n; € Ny and y; < € such that
#((G, U {e}) Xy, Q) < (G X [0, Q] )°.
It follows that for every y € ly;, {],
Gh X [0, Q] € 0 (Myy))-
Since 6 (M a,y)) O Ma,y) We have
Gh X {y) € 0 (Ma,)-
Take

Yo = Sup v,
JENy

then we obtain that
(1) G X {¥o} € o( (M)

for every j € Nj.
On the other hand we also have

'/%Zx.yo) c W(g( (a, v0) ) )-

There exists an m € N such that

e(Fn(vo) U { (&, v0) } U {(a;, v0) I/ = m} C (Fi(vo))"
Then

FI(YO) Eo <‘//(01m.70)>

and using (1) we have

Fi(yp) N (Grln X{v}) €o <‘///(am.Y0)>

which in view of the disjointness of the chosen sequences is a
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contradiction. In particular K(D, %) is not regular and using Theorem 3.1,
we obtain that (D, %) is not relatively round.

Example 7.2. A C”*-embedded topological Cauchy space, with a regular
completion in %, equivalent to the natural completion, which has a
non-regular Kowalsky completion and is not relatively round.

On the real line we choose a, (@));en,; (q'f,),,eNO for j € Ny, and X as
in the previous example. X is equipped with the pretopological structure p
with neighborhood filters defined in the following way.

#(q) = qforg € Q
HB(a) = [{F, U {a} U {a;]j = n}In € Ny} ] where

3 gl
Fn = /,g” {q/\ |k = N()}

1 1
Blej) = [{]ey — Pl ;[ N X|n € Ng}

Let £ = [a, + oof N Q be equipped with the Cauchy structure €
induced by (X, p). Then (E, %) is a topological Cauchy space and 4, =
B(x) | is the minimal Cauchy filter corresponding to x € X. (X, p) is a
strict completion, and p is finer than the trace of the discrete rational
extension topology 7 on X. #(x) has a 7-closed base for x € X. It follows
that (X, p) is C-embedded and (E, C) is C”-embedded.

For 6:E* — F(E), o( (x)) = x if x € E, o{My)y = M, and

o( Moy = [{{g) Ik Z m}Im € No} 1 forj € N,

we have so(x) = X, so#y = My and sy, = M,. Hence K(E, ¢) is
regular.

For M:E* — F(E), \((x)) = x if x € E, \(#,) = M, and N My =
%u/ for j € Ny we have s\ &, # M,. It follows that K(E, €) is not regular
and that (E, %) is not relatively round. The completions (X, p), N(E, ¥),
R(E, ) and K(E, %) are all equivalent.

Example 7.3. A totally bounded pseudotopological relatively round
Cauchy space with no regular completion.

Let X be an infinite set. Fix a nonprincipal ultrafilter % and let ¥be the
following Cauchy structure on X: A filter # belongs to €if and only if #
= x for some x € X or & = %, or every ultrafilter finer than % is
nonprincipal and different from %. (X, %) clearly is totally bounded,
pseudo-topological and regular. (X, %) is not pretopological since

YU O N {%\% nonprincipal, % # U}
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and in view of Theorem 5.1, (X, %) has no regular completion. However,
(X, %) is relatively round.

Example 7.4. A C"-embedded Cauchy space which is not completely
regular, for which the Kowalsky and natural completion are equivalent.

Let X be any C-embedded non completely regular topological space and
% the complete compatible Cauchy structure.

Example 1.5. [3] A C"-embedded Cauchy space with a strict regular
completion and with a non strict natural completion.

REFERENCES

1. C. Cook and H. Fischer, Uniform convergence structures, Math. Ann. 173 (1967),
290-306.
2. R. Fri¢ and D. Kent, On the natural completion functor for Cauchy spaces, Bull. Austral.
Math. Soc. 18 (1978), 335-343.
A nice completion need not be strict, Proceedings of the A Prague topology
symposium, (1981), 189-192.
4. R. Gazik and D. Kent, Regular completions of Cauchy spaces via function algebras, Bull.
Austral. Math. Soc. 11 (1974), 77-88.
5. H. Keller, Die Limes-uniformisierbarkeit der Limesrdume, Math. Ann. (1968), 334-341.
6. D. Kent and G. Richardson, Minimal convergence spaces, Trans. Amer. Math. Soc. 160
(1970), 487-499.
Regular completions of Cauchy spaces, Pacific J. Math. 51 (1974), 483-490.
Completely regular and w-regular spaces, Proc. Amer. Math. Soc. 82 (1981),
649-652.
9. H. Kowalsky, Limesrdume und Komplettierung, Math. Nachr. /2 (1954), 301-340.
10. E. Lowen-Colebunders, Uniformizable Cauchy spaces, Internat. J. Math. and Math. Sci. 5
(1982), 513-527.
11. On composition closed function classes, Acta Math. Acad. Sci. Hung., to appear.
12. E. Reed, Completions of uniform convergence spaces, Math. Ann. 194 (1971), 83-108.
13. G. Richardson and D. Kent, Cauchy spaces with regular completions, Preprint.
14. L. Steen and J. Seebach, Counterexamples in topology (Holt, Rinehart and Winston Inc,
1970).
15. O. Wyler, Ein Komplettierungsfunctor fiir uniforme Limesridume, Math. Nachr. 46 (1970),
1-12.

7
8.

Vrije Universiteit Brussel,
Brussel, Belgium

https://doi.org/10.4153/CJM-1984-005-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-005-8

