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PROJECTIVE DISTRIBUTIVE p-ALGEBRAS

ALASDAIR URQUHART

A characterization of finite (weak) projectives in an equational

class of distributive pseudocomplemented lattices is given. In

the class of all such lattices, a finite lattice is projective

if and only if its poset of join-irreducible elements forms a

semilattice in which the minimal elements below the join of x

and y are exactly the minimal elements below x or y . A

similar condition works for any equational subclass.

Gratzer in his book on distributive lattices poses the problem of

characterizing the projectives in the class of distributive p-algebras and

their equational subclasses ([3], Problems 53, 60, restated in [4] as

Problems II 25 and II 26). In this note a partial solution is provided by

giving a necessary condition for projectivity which is also sufficient in

the finite case.

1. Preliminaries

A distributive p-algebra is an algebra of the form

<L, A, v, 0, 1, *> where <L, A, v, 0, 1> is a bounded distributive

lattice and * the pseudocomplement operation on L . The non-trivial

equational subclasses of distributive p-algebras form a chain

B c B c ... c B c ... c B , where B is the class of all distributive
U — X — n — — (0 (l)

p-algebras, B the class of Boolean algebras, B the class of Stone

algebras. The reader is referred to [3] for details.
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270 Alasdair Urquhart

The necessary condition for projectivity is stated in terms of the

topological duality theory of Priestley for bounded distributive lattices

([6], [7], [S]). We follow the terminology of Davey [I].

A partially ordered topological space X is said to be totally order-

disconnected if for all x, y € X with x ̂  y there exists a clopen

order-ideal U of X with x € U and y ^ U . X is said to be a

p-space if it is a compact totally order-disconnected space such that for

every clopen order-ideal U , [U) is open. Let Min(X) be the set of

all minimal elements in X ; for s € X let Min«(2) be Min(^) n (s] -

we shall usually omit the subscript X . A continuous order-preserving map

between p-spaces X and Y is defined to be a p-space morphism if for

every x £ X , ()>(Min(x)J = Min(<j>(x)J , that is, the map <(> commutes with

the Min operation. Let P denote the category of all p-spaces with

maps the p-space morphisms; for 1 5 n < w let P be the full

subcategory of P consisting of the p-spaces X satisfying

|Min(x)| 5 n for all x d X . The basic duality theory states that for

1 5 k 5 to , Bj, and P, are dual categories.

An algebra A in B, is said to be projective in B* if for any

B, C in B, , Y : B •* C and 3 : A -*• C , if y is onto then there is a

homomorphism a : A -*• B satisfying oty = 8 . [Note: since in the

categories B, , epimorphisms are not necessarily onto, the definition just

given is not the definition of projective in a general category; for this

reason, the term 'weak projective' is often employed for the concept

defined above.} In the categories B, (as in any equational class) the

projectives are exactly the retracts of the free algebras in the category.

By the duality theory, to characterize the projectives in B, it is

sufficient to describe the retracts of the p-spaces of free B, algebras.

Denote the p-space of the free B, algebra on a generators by

F, (a) . A description of ^(ot) is given by Davey and Goldberg [2],

generalizing the description for the finite case in [9]. Let D be the

dual space of the free bounded distributive lattice on a generators (that

https://doi.org/10.1017/S0004972700007632 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700007632


Projective distributive p-algebras 271

is, D is the product of a copies of the ordered space on {0, 1} with

0 < 1 ). For X an ordered topological space denote by T{X) the hyper-

space topology defined on the family of all closed subsets in X (see [2],

[5], [7]). Then P (*) is defined as the ordered space

{<x, A) € X x T(/) | A c (x]} with the subspace order and topology;

F (X) , 1 < n < a) , is the subspace of pJiX) defined on

{<x, A> € FjiX) | \A\ 5 n} . Then F ^ J and ^(DJ are homeomorphic

to the spaces F (a) and F (a) .
a) n

2. A necessary condition for projectivity

If <X, +> is a join-semilattice, we say that it satisfies the

condition (*) if for any x, y € X , Min(x+zy) = Min(x) u Min(y) . (Note

that if Min(X) = 0 or X has a least element, then X automatically

satisfies (*).) If P is a poset, we say P satisfies the condition

(*n) for 1 S n < u) if for any x, y € P such that |Min(x) u Min(y)| 2 n

there is a least upper bound x + y and Min(a;+t/) = Min(x) u Min(j/) .

LEMMA, (l) The p-spaces of protective algebras in B satisfy (*).

(2) The p-spaces of projective algebras in B (l 5 n < co) satisfy

(•n) .

Proof. We prove (2) by showing that the p-spaces F (a) satisfy

(*n) and that (*n) is preserved under retracts. The proof of (l) is a

simplified version of the same argument.

We first note that for a Hausdorff space P , 1 SJ; 5 u , the minimal

elements in P^(P) can be characterized as the pairs <x, {x}> for

x € P . It follows that for any <x, A> in *Y(P) ,

Min(<x, A)) = {<z, {s}> | s € A) .

Now let P be any p-space whose order-relation is a semilattice. We

claim that F (P) satisfies (»n). Thus let <x, A), <yt B) € F (P) and

|Min(<x, i4>) u Min((y, B))\ 5 n .

Now if <3, {z}) is a minimal element in Min(<x, A)) u Min(<z/, 5>) , then
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z € A u S , whence \A U B\ £ « . Thus It x + y is the suprenrum of x

and 2/ in P then < x+y, A u B> € F (P) , and is the supremum of (x, A)

and <y, B> . Finally,

Min(<x+z/, i4 u 5>) = {< s, {z}> | s € 4 u B) = Min(<x, /1>) u Min(<«/, 5>) .

Wow, the ordering of £> is isomorphic to the power set of a , so F (a)

satisfies (*n).

Let P, Q be p-spaces in P where P satisfies (*n), and § is a

retract of R , so that there are p-space morphisms f : P •* Q and

g : Q •*• P where f is surjective, g is injective and fg is the

identity map on Q . Now for any x, y € Q such that

|Min(a;) u Hin(y) \ 5 n ,

\Min(gx) v Minigy)\ = \g{Min{x)) ug[u±a(y))\ = \g[Min(x) u Uin(y))| 5n .

Thus gx + gy , the supremum of gx, gy in P , exis ts and

We claim that f(gx+gy) is the supremum of x and j/ in Q . For

x = fgx 5 f[gx+gy) , similarly y 5 f(gx+gy) . If s € G , x, y 5 3 then

£^5 gy S gz , gx + gy < gs so f(gx+gy) 2 .fas = 3 . Lastly,

= Min(x) u Min(y)

follows from the properties of p-maps.

3. Characterisation of f ini te projectives

In this section we show that the conditions (•) and (*n) are also

sufficient for projectivity in the finite case.

THEOREM, (l) A finite algebra in B is protective if and only if

its dual space satisfies (*).

(2) A finite algebra in B (l 5 n < w) is protective if and only

if its dual space satisfies (*n).

Proof. As above, we prove (2) only, as (l) is obtained by a

simplification. Let Q be any finite p-space in P satisfying (*n).

Since finitely generated algebras in B are finite, there is a p-space
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map embedding § in a f in i t e p-space F (/? ) . Thus Q i s a subspace of

a f in i t e p-space Ft sat isfying (*n), where Min_(x) = Min,,(x) for

x € Q . For Z c Q , denote the supremum of 2 in Q (where i t exis ts )

by Y. 2 • F o r x € R , l e t g be defined as follows:

g(x) =

{2 f S | 2 S i l if Min^x) c Q ,

{2 ( S | 2 5 a;} u {u} otherwise,

where U is a fixed element of Min(6) . We note first that g is

well-defined. If MinJx) <k Q then iMinJx) | < n . Thus

|Min({3 i Q | s S x} u {u})| £ n ,

so the supremum of {s € G | z < x} u {u} exists by (*n). In the other

case, g{x) is well-defined by (*n). We must show that g is a p-map,

that is, that Min^C^x) = g^MinJx)) . Assuming Min^(x) e g , we have

MinQ(gx) = Min^W (a € Q \ 2 £ x}

s) I 3 € 6, s £ x}

s) I 2 € Q, z £ x}

= g(Mino(x)) (since g is the identity on Q ).

Assuming Min_(x) ̂  Q , we have

{3 € Q | 2 £ x} u

= U{Minn(3) I 3 € «, 3 £ x} u {w}

= U{Min^(3) I 3 € Q, z £ x} u {w}

= (Min;?(x) n §) u {w}

x) n Q) U

Thus g is a p-map from R onto $ . Since g is the identity on Q ,

this shows that Q is a retract of R .
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Finite projective Stone algebras have already been characterized by

Balbes and Gratzer. The above theorem characterizes the spaces of these

algebras as posets which are disjoint unions of a family of finite

lattices. Dualising, this shows that the corresponding algebra is a

product of distributive lattices in which 1 is join-, 0 meet-

irreducible and the meet of join-irreducible elements is join-irreducible.

This is the result of Balbes and Gratzer.

In the infinite case, the p-spaces of projectives can perhaps be

characterized by conditions relating the (partial) semilattice structure to

the topology. As an example of such a condition, it can be shown that in

the p-space of a projective in B , the join operation on the semi-

lattice of prime ideals is continuous. Necessary and sufficient

conditions, though, do not appear easy to find.
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