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Abstract

In this paper. using pseudo path algebras. we generalize Gabriel's Theorem on elementary algebras
to left Artinian algebras over a field k¥ when the quotient algebra can be lifted by a radical. Our particular
interest is when the dimension of the quotient algebra determined by the nth Hochschild cohomology is
less than 2 (for example. when £ is finite or char k = 0). Using generalized path algebras. a generalization
of Gabriel’s Theorem is given for finite dimensional algebras with 2-nilpotent radicals which is splitting
over its radical. As a tool. the so-called pseudo path algebra is introduced as a new generalization of path
algebras. whose quotient by ker ¢ is a generalized path algebra (see Fact 2.6).

The main result is that

(i) for a left Artinian k-algebra A and r = r(A) the radical of A, if the quotient algebra A/r can be
lifted then A = PSE(A. &, p) with J* C {p) C J for some s (Theorem 3.2);

(i) If A is a finite dimensional k-algebra with 2-nilpotent radical and the quotient by radical can be
lifted. then A = k(A, /. p) with J* C (p) C J* + J Nker & (Theorem 4.2),
where A is the quiver of A and p is a set of relations.

For all the cases we discuss in this paper, we prove the uniqueness of such quivers A and the generalized
path algebras/pseudo path algebras satisfying the isomorphisms when the ideals generated by the relations
are admissible (see Theorem 3.5 and 4.4).

2000 Mathematics subject classification: primary 16G10.

1. Introduction

In this paper, k will always denote a field and all modules will be unital. An algebra

is said to be left Artinian if it satisfies the descending chain condition on left ideals.
It is well-known that for a finite dimensional algebra A over an algebraically closed

field k and the nilpotent radical N = J(A), the quotient algebra A/N is semisimple,
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that is, there are uniquely determined positive integers n, < n; < --. < n, such that
A/N =M, (k)& ---& M, (k), where M, (k) denotes the algebra of n; x n; matrices
with entries in k, which is trivially a k-simple algebra. In the special case that A is an
elementary algebra [1], every n; = 1, that is M, = k, so that A/N, as a k algebra, is
a direct sum of some copies of k and we can write A/N =[], (k).

Obviously, every finite dimensional path algebra is elementary. Conversely, by
Gabriel’s famous theorem [1], for each elementary algebra A one can construct the
corresponding quiver I'(A) of A such that A is isomorphic to a quotient algebra of the
path algebra kI"(A). On the other hand, the module category of any algebra A is always
Morita-equivalent to that of some elementary algebra [3]. Therefore, from the point
of view of representation theory, it should be enough to consider representations of
elementary algebras, or equivalently. quotient algebras of path algebras. In particular,
this approach has provided the description of finitely generated modules over some
given algebras (see for instance [1, 5]).

However, from the point of view of the structure of algebras, finite dimensional
algebras cannot be replaced by elementary algebras. This applies, for example. if one
wishes to make a classification of finite dimensional algebras.

For this reason, Shao-xue Liu, one of the authors of [2], raised an interesting
problem, that is, how to find a generalization of path algebras so as to obtain a
generalization of Gabriel’s Theorem to arbitrary finite dimensional algebras which
would allow these algebras to be represented as quotient algebras of generalized path
algebras. The first step in this direction was taken in [2], where an appropriate concept
of generalized path algebra was introduced (see Section 2), but results of the desired
type could not be found.

In this paper, we hope to solve the Liu’s problem by using pseudo path algebras
and generalized path algebras in the sense of [2].

Some preparation is given in Section 2. In fact, we find that generalized path alge-
bras are not sufficient to characterize finite-dimensional algebras other than those with
2-nilpotent radicals. For this reason, so-called pseudo path algebras are introduced
as a new generalization of path algebras, which can cover generalized path algebras
(see Fact 2.6). In Section 3, using pseudo path algebras, we generalize Gabriel’s
Theorem on elementary algebras to cover left Artinian algebras over a field k in the
case that the quotient algebra is lifted by a radical, in particular, when the dimension
of the quotient algebra determined by the nth Hochschild cohomology is less than 2
(for example, when k is finite or char k = 0). On the other hand, in Section 4,
relying on generalized path algebras, a Generalized Gabriel’s Theorem is given for
finite dimensional algebras with 2-nilpotent radicals in the case where the quotient
algebra is lifted. In all the cases we discuss, we prove the uniqueness of the relevant
quivers A and generalized path algebras/pseudo path algebras if the ideals generated
by the relations are admissible (see Theorems 3.5 and 4.4).
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Under some conditions, the generalized forms of Gabriel’s Theorems are not de-
pendent on the ground field and this offers the possibility of an approach to modular
representations of algebras and groups.

Note that when A = k(A, &) /{p)or A = PSE (A, &)/ {p). the structure of A is
determined by the ideal {p) generated by a set of relations p. From this, one can try to
classify those associative algebras satisfying the theorems, including many important
kinds of algebras. We intend to address these questions in future papers which will
shed further light on the significance of the present work.

2. On generalized path algebras and pseudo path algebras

In this section, we first introduce the definitions of generalized path algebra [2] and
pseudo path algebra and then discuss their properties and relationship.

A quiver A is given by two sets Ag and A, together with twomapss. e : A} — A,
The elements of A, are called vertices, while the elements of A, are called ar-
rows. For an arrow a € A, the vertex s{(«) is the srarr vertex of a and the ver-
tex e(a) is the end vertex of «. and we write s(a) — e(a). A path p in A is
(ajay -+ - a,|b), where a; € Ay, fori =1....,n, and s(a;) = u. e(e;) = s(a;y4y) for
i =1....,n+1, and e(e,) = b. s(a;) and e(w,) are also called respectively the
start vertex and the end vertex of p. Write s(p) = s()) and e(p) = e(a,). The
length of a path is the number of arrows in it. To each arrow «, one can assign an
edge @ where the orientation is forgotten. A walk between two vertices a and b is
given by (ala; - - - @, |b), where a € {s(a;), e(x))}. b € {s(a,), e(a,)}, and for each
i=1....,n-1, {s(a,-),e(a,:)} N {s(aiy)), elaiz)) # 9. A quiver is said to be
connected if there exists a walk between any two vertices a and b.

In this paper, we will always assume the quiver A is finite. that is. the number [A]
of vertices and the number |A,| of arrows are both finite.

DEFINITION 2.1. For two algebras A and B, the rank of a finitely generated A-B-
bimodule M is defined as the least cardinal number of a set of generators. In particular,
if M = 0, it is said to have rank O as a finitely generated A-B-bimodule.

Clearly, every finitely generated A-B-bimodule has a uniquely determined rank.

2.1. Generalized path algebra and tensor algebra Let A = (A, A,) be a quiver
and & = {A; :i € Ay} be a family of k-algebras A; with identity e;, indexed by the
vertices of A. The elements a; of L_J,.e a, Ai are called the .7 -paths of length zero,
whose start vertex s(a;) and end vertex e(a;) are both i. Foreachn > 1. an &/ -path P
of length n is given by a;8,a28: - - - G, Bnny1, Where (s(8))|8: -+ - B.le(B,)) is a path
in A of length n and a; € Ay, fori = 1,...,nand a,y; € A.g,. The terms s(B;)
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and e(B,) are also called respectively the start vertex and the end vertex of P. Write
s(P) = s(ay) and e(P) = e(a,). Now consider the quotient R of the k-linear space
with basis the set of all &/-paths of A by the subspace generated by all the elements
of the form

ap-- ',Bj—l(a_:' +--+aP)Biajer - Bulner — Zalﬂl - .Bj—la;ﬁjajﬂ o Bl
=1

where (s(8))|81- - B.le(B,)) is a path in A of length n, a; € Ayg, for each i =
l,....,nanda,,, € Ayp,anda) € Ayy,forl=1,...,m.

Given two elements [a,B,a:8> - - - a,B,a0,41] and [byy,b2y> - - - b, Yubus1] in R, de-
fine the product [a,8,a:8: + - + @, BnGny1] - [D1Y1B2Y> - - - bpyabayii] to be equal to
fa;Braz:B; - - - a, Bl 1b)ib2ys - - - b, v,byi 1] if a,4) and by are in the same A;, and 0
otherwise.

It is easy to check that the above multiplication is well-defined and makes R into a
k-algebra, called the & -path algebra of A. Denote it by R = k(A, &). Clearly, R
is an A-bimodule, where A = @;ca,A;,- All such algebras are said to be generalized
path algebras. :

We note the following facts.

(i) R =k(A, &) has an identity if and only if Ay is finite.

(i) Any path (s(8)|B:--- B.le(B,))in A can be considered as an <7-path with
a; = e;. Hence the usual path algebra kA can be embedded into the & -path algebra
k(A, &). If A; = k forall i € Ag then k(A, &) = kA.

(iii) For R = k(A, &), dim, R < ooif and only if dimyA; < oo foreachi € Ay
and A is a finite quiver without oriented cycles.

Associated with the pair (A,, M,) for a k-algebra A and an A-bimodule M, we
write the n-fold A-tensor product M @ M ® --- ®4 M as M". Then

TAMY=AdMM'®--- M-

is an abelian group. Writing M® = A, T(A, M) becomes a k-algebra with multiplica-
tion induced by the natural A-bilinear maps M x M/ — M'*/ fori > Oand j > 0.
T(A, M) is called the rensor algebra of M over A.

We now define a special class of tensor aigebras so as to characterize generalized
path algebras. An &-path-type tensor algebra is defined to be a tensor algebra
T(A, M) satisfying

i A= @imo A; for a family of k-algebras & = {A; : i € Ay},
i) M= @,je, iM; for finitely generated A;-A;-bimodules ;M; for all i and j
inland Ay -;M; =0if k #iand;M; - A, _01fk;éj

A free & -path-type tensor algebra is an &/ -path-type tensor algebra T(A, M ) in
which each finitely generated A;-A ;-bimodule ;M; for i and j in / is a free bimodule
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with a basis and the rank of this basis is equal to the rank of ; M; as a finitely generated
A;-A;-bimodule.

&7 -path-type tensor algebras and generalized path algebras can be constructed from
each other as follows.

For an & -path algebra k(A, &), let A = @ier A;. For any i and j, let ,M/.’
be the free A;-A;-bimodule with basis given by the arrows from i to j. It is easy
to see that the number of free generators in the basis is the rank of ,-MjF as a finitely
generated bimodule. Define A, -;M[ = 0if k # i and ,~MjF Ay =0ifk # j. Let
M® = @,_;iM], which is clearly an A-bimodule. Then we get uniquely the free
& -path-type tensor algebras 7 (A, MF).

Conversely, assume that T (A, M) is an & -path-type tensor algebra with a family
of k-algebras & = {A; : i € I} and finitely generated A;-A;-bimodules ;M; for
i,jelsuchthat A=¢€P,_, A and M = @D, je;iM;and A, - ;M; =0if k # i and
iMj - Ay =0ifk # j. Trivially, ;M; = A;MA;. Let the rank of ;M; be r;;. Now we
can associate with T(A, M) a quiver A = (A, A}) and its generalized path algebra
R = k(A, &) in the following way. Let A, = I as the set of vertices. Fori, j € I,
let the number of arrows from i to j in A be the rank r;; of the finitely generated
Aj-Aj-bimodules ;M;. Obviously, if ;M; = 0 then there are no arrows from i to j.
Thus we get a quiver A = (A, A;) which is called the quiver of T(A, M), and its
&7 -path algebra R = k(A, &) which is called the corresponding < -path algebra of
T(A, M).

One can find two nonisomorphic finitely generated bimodules which possess the
same rank, therefore there exist two &/-path-type tensor algebras T(A, M) and
T(A, M), with nonisomorphic bimodules M, and M,, such that their induced quivers
and &/-path algebras are the same in the above way.

From the above discussion, every /-path-type tensor algebra 7 (A, M) can be

“used to construct its corresponding 27 -path algebra k(A, &7); but, from this & -path
algebra k (A, &), we can get uniquely the free o -path-type tensor algebra T (A, MF).
Thus, we have the following lemma.

LEMMA 2.2, Every &/ -path-type tensor algebra T(A, M) can be used to con-
struct uniquely the free of -path-tvpe tensor algebra T(A, MF). There is a surjective
k-algebra morphism w: T(A, M) — T(A, M) such that 7r(,-MjF) = ;M; for any
i,jel.

PROOF. We need only prove the second conclusion. For T(A, M), let the rank
of ;M; be r;;. Thus, for the corresponding & -path algebra k(A, &), the number
of arrows from i to j is r;;, and then, in T(A, MF), the rank of the free generators
of,-MjF given by the arrows is also r;;. Define 7: T(A, MF) — T(A, M) by giving
a bijection between the set of the free generators of ; M f and the set of the chosen
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generators of ; M; with cardinal number equal to the rank. Then 7 can be expanded
to become a surjective k-algebra morphism with 7 (; M].F) =;M;foranyi, jel. 0O

Next, we will show in the following Proposition 2.10 that every &/ -path-type tensor
algebra is a homomorphic image of its corresponding .o7-path algebra.

The following criterion (see [1, Lemma II1.1.2]) is useful for constructing algebra
morphisms from tensor algebras to other algebras.

LEMMA 2.3, Ler A be a k-algebraand M an A-bimodule. Let A be a k-algebra and
f:A® M — A amap such that the following two conditions are satisfied:

(i) fla:A — A isanalgebra morphism;

(ii) viewing f(M) as an A-bimodulevia fls: A > A, fly M — f(M)C A
is an A-bimodule map.
Then there is a unique algebra morphismf: T(A, M) — A suchthat fIA@M = fand
generally, f(> o omi®:--@m2) = v o f(m?) - f(m}) form|@---@m) € M".

Note that the condition that f (M) is an A-bimodule via f|4 : A — A is sufficient
for the proof of (ii) in [1].

Clearly, all & -paths of length zero, that is, the elements of |_J;. a, Ai. can generate
a subalgebra of k(A, &), which is denoted by k(Ag, &). Also, denote by k(A,, &)
the k-linear space consisting of all /-paths of length 1 and by J the ideal in an
&/ -path algebra k (A, &) generated by all elements in k(A,, &). It is easy to see that
k(A,, &) is an A-subbimodule of k(A, &).

2.2. Pseudo path algebra and pseudo tensor algebra Let A = (Aj, A;) be 2
quiver and & = {A; : i € Ay} be a family of k-algebras A; with identity e;, indexed
by the vertices of A. The elements a; of | J,. a, Ai are called the & -pseudo-paths of
length zero, whose start vertex s(a;) and the end vertex e(a;) both are i. For each
n > 1, a pure &/ -pseudo-path P of length n is given by a,8,b, - a2B:b2 - .. . - a,B,b,,
where (s(B81)!8: - -- B.le(B,)) is a path in A of length n and foreachi = 1,...,n,
bi_y € Aup_ and a; € Ay, With s(8;) = e(Bi-1). s(B1) and e(B,) are also called
respectively the start vertex and the end vertex of P. Write s(P) = s(B) and
e(P) = e(B,). A general & -pseudo-path Q of length n is given in the form

A1 +Cy Uy Cy... Ci* O of Cp -t -Cr-Q2-Co-...Cp-0 OF

o)+ CL @ Cr* v Ci O Cryy OF Co-0O-Cp-Q2-Cr... Ck-0 - Cryl
where «; is a pure & -pseudo-path of length n; and Zf;, n; = n, and the start vertex

of a;,1 is just the end vertex of ¢, that is, e(®;) = s(; 1) and ¢; € A q)y.
Let V be the k-linear space with basis the set of all general &7 -paths of A.
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Consider the quotient R of the k-linear space V by the subspace generated by all
the elements of the form

2.1 arpiby---a;B; (b, +---+67)y - Zaxﬂ\bl ca;Bbl -y

I=1

(2.2) a-(a)+-+ay) Bibr anBuby ~ Y - alBiby - a,fuby
=1

2.3) (ab) -cBd —a-(b-cBd), aBb-(cd)y— (aBb-c)-d

(2.4) aBb-1—aBb, 1-aBb— apb

where a, b, ¢, d, b, a} € | J,.,, Ai and 1 is the identity of A = @ica, A/

* j!
In R, define the following multiplication. Given two elements

[a,B\by - ar by - - - asB.b,] and  [cinid) - c2yady - - CrYimdim]

in which at least one is of length n > 1, define [a,8\b) - a28:by - - - a,B,b,] - [e1y1d, -
Cayada -+ - Chymdn] 10 beequal to [a) B0y -ax Bob: - - - @y Buby - i1y - C2y2ds - - - CuYindi]
if b, and ¢, are in the same A;, and O otherwise.

Given two elements a, b of length zero, that is, a, b € | J A;, define

i€l

b ab, if a, b are in the same A;, where ab means the product of a, b in A;,
a-b=
0, otherwise.

Itis easy to check that the above multiplication in R is well-defined and makes R into
a k-algebra, called the & -pseudo path algebra of A. Denoteitby R = PSE (A, 7).
Clearly, R is an A-bimodule.

Note the following facts.

(i) R= PSE.(A, &) has identity if and only if A is finite.

(ii) Any path (s(B8))|B,--- B.le(B,)) in A can be considered as an 2/-path with
a; = e; the identity of A;. Hence the usual path algebra kA can be embedded
into the &/-pseudo path algebra PSE. (A, ). If A; = k for each i € A, then
PSE (A, &) =kA.

(ili) For R = PSE,(A, &), dim; R < oo if and only if dim, A; is finite for each
i € Ag and A is a finite quiver without oriented cycles.

Associated with the pair (A, 4M,) for a k-algebra A and an A-bimodule M, we
write the n-fold k-tensor product M @, M ® --- ®, M as M" and we denote by
M (n) the sum ZMI_MZ_____M” M, QM ®, --- & M, where each M, is either M or A
but no two As are neighbouring and at least one M, is equal to M. Then we define
PTAM=AOGMIA)SGMQ2)®---® M(n)®--- as an abelian group. Denote
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by M(n, l) the sum of these items M, @ M, ®; --- @ M,, of M (n) in which there
arel M;s equalto M. Clearly, (n — 1)/2<l <nand M(n) =3 ,_}) 29, M1, 1).
Writing M° = A, 29 (A, M) becomes a k-algebra with multiplication induced by
the natural k-bilinear maps:

M x M/ — M fori > 1, j>1,
M xA—> M@A fori>1;
AxM — A®M forj=>1

and the natural A-bilinear map:
AXA—> AR, A= A.

The associative law of 27 (A, M) follows from (AQ, A QM = AQ®,4 (AR M).
We call (A, M) a pseudo tensor algebra.

Now, we define a special class of pseudo tensor algebras so as to characterize
pseudo path algebras. An & -path-type pseudo tensor algebra is defined to be the
pseudo tensor algebra £ J (A, M) satisfying '

i A= @ier A; for a family of k-algebras & = {A; :i € Ao},

(i) M= @,..je, ;M for finitely generated A;-A;-bimodules ;M; for all i and j
in/and Ay - M; =0ifk #iand;M; A, =0if k # j.

A free & -path-type pseudo tensor algebra is the & -path-type pseudo tensor algebra
P T (A, M) in which each finitely generated A;-A;-bimodule ; M; for i and j in [ is
a free bimodule with a basis and the rank of this basis is equal to the rank of ;M; as a
finitely generated A;-A;-bimodule.

&7 -path-type pseudo tensor algebras and pseudo path algebras can be constructed
from each other as follows.

Given an &/-pseudo path algebra PSE(A, &), let A = @4, A;. For any i
and j,let ;M f be the free A;-A ;-bimodule with basis given by the arrows from i to j.
It is easy to see that the number of free generators in the basis is the rank of ;M ]F as
a finitely generated bimodule. Define A, - ,-Mf = 0ifk # i and ,-MJ-F <A, =0if
k# j. Let MF = @I._,j ;MJ.F, which is clearly an A-bimodule. This gives a uniquely
defined free &/-path-type pseudo tensor algebra denoted 2.7 (A, MF).

Conversely, assume that 2 7 (A, M) is an & -path-type pseudo tensor algebra with
a family of k-algebras & = {A,; : i € I}and finitely generated A;-A ;-bimodules ; M;
forall i and jin I suchthat A = @, ,A; and M = @i‘jg, iM;and A, - M; =0
ifk #1i and ;M; - A, = 0if k # j. Trivially, ;M; = A;MA;. Let the rank of ;M;
be r;;. Now we can associate with 227 (A, M) aquiver A = (Ag, A;) and its pseudo
path algebra R = PSE, (A, &) in the following way. Let A, = I as the set of
vertices. For i, j € I, let the number of arrows from i to j in A be the rank r;; of
the finitely generated A;-A;-bimodules ;M;. Obviously, if ; M; = O then there are no
arrows from i to j. Thus, we get a quiver A = (Ay, A,;) which is called the quiver of
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P T (A, M), and its &7 -pseudo path algebra R = PSE,(A, &) which is called the
corresponding < -pseudo path algebra of 2 J (A, M).

One can find two non-isomorphic finitely generated bimodules which possess the
‘same rank, therefore there exist two & -path-type pseudo tensor algebras 2 .7 (A, M,)
and £ 9 (A, M), with non-isomorphic M, and M,, such that their induced quivers
and &/ -pseudo path algebras are the same.

From the above discussion, every & -path-type pseudo tensor algebra 22 7 (A, M)
can be used to construct its corresponding &/ -pseudo path algebra PSE; (A, &); but,
from this &7 -pseudo path algebra PSE, (A, &), we can get uniquely the free .o -path-
type pseudo tensor algebra 2.7 (A, MF). Thus, we have the following lemma.

LEMMA 2.4. Every & -path-type pseudo tensor algebra & J (A, M) can be used
to construct uniquely the free &/ -path-type pseudo tensor algebra P T (A, MF).
There is a surjective k-algebra morphism n: 2T (A, MF) - P T (A, M) such
thatw((M[) = M, foranyi, j € I.

PROOF. We need only prove the second conclusion. For £ (A, M), let the rank
of ;M be r;;. Thus, for the corresponding & -pseudo path algebra PSE, (A, &), the
number of the arrows from i to j is r;;, and then, in 27 (A, MF), the rank of the’
free generators of ; M f given by the arrows is also r;;. Define n: T (A, MF) >
P T (A, M) by giving a bijection between the set of the free generators of ; M jF and
the set of the chosen generators of ; M; with cardinal number equal to the rank. Thenr
can be expanded to become a surjective k-algebra morphism with 7 (; M jF ) =:M; for
anyi, jel. O

Next, we will show (in Proposition 2.9) that every 7 -path-type pseudo tensor
algebra is a homomorphic image of its corresponding 7-pseudo path algebra.

The following criterion for constructing algebra morphisms from pseudo tensor
algebras to other algebras is useful, which is modified from [1, Lemma II.1.2].
Contrast it with Lemma 2.3.

LEMMA 2.5. Let A be a k-algebra and M an A-bimodule. Let A be a k-algebra
and f : A®M — A ak-linear map suchthat f|4 : A > A is an algebra morphism.
Then there is a unique algebra homomorphism f~ : PT(A, M) — A such that
flaow = f and generally, (32, m] & --- @ ml) = 3020 f(m})--- f(m?) for
mi Q-+ Q m;, € M(n).

PROOF. Consider the map ¢ : M x M — A defined by ¢ (m,, m;) = f(m;) f (my)
for m, and m, in M. We have for ¢ € k that

¢(ma, my) = f(ma) f(my) = f(m,) f(amy) = ¢(m,, amy).
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Hence there is a unique group morphism f, : M &, M — A such that

falmy @ my) = f(my) f(ma).

Moreover, f. is a k-linear map. Similarly, for the map ¢ : M x A — A defined
by ¢(m,a) = f(m)f(a) form € M and a € A, one can induce the k-linear map
fr: M ®. A— Asatisfying fL(m ®, a) = f(m) f(a).

By induction, we can obtain the unique k-linear map f, : M(n) — A satisfying
JoU i -+ ®r vy) = f(vy) -+ f(vy,). Since f|, is a k-algebra homomorphism, we
define f: PT(A, M) —> Aby fl,,eMz f and

f(Zm'l' ® - @ m:) = Zf(m’l')...f(m::)
n=0 n=0

form|{®;---®m, € M(n), which can easily be seen to be a k-algebra homomorphism
uniquely determined by f.
In fact, forml R Qrm, € M(’l)and ﬂ—’l-| Q- Qi n_1, S M(l), ifm,,, n_11 €A,

then
f((ml Qi+ Qrmy) - (M) Q-+ By ’7‘1/))
=f(m Q- My Q My @am Q myQ; -+ Qmy)
=f(ml s -+ O My O Mum Qp M2 @ -+ - Ry My)
- f(ml) e f(mn-l)f(mn';ll)f(n—'ll)' . f("_ll)
= f(my) - f(m,_y) f(my) f(m) f(mz2)--- f(m)
= f(m Q- @ my) f(m & - & my).
In the other cases, it can be proved similarly. a

Comparing the definitions of generalized path algebra, tensor algebra and pseudo
path algebra, pseudo tensor algebra, the following facts hoid:

FACT 2.6. (1) There is a natural surjective homomorphism

t: PSE (A, 7y — k(A, o) with
kert = (aBb - c —aBbc, ¢ - aBb— caBb, aab - cfd — aal - bc - 18d)

foranya,b,c,d e A = &;A;,a, B € A}, where 1 is the identity of A. It follows that
PSE(A, &) kert Z k(A, &)

as algebras.
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(2) There is a natural surjective homomorphism

1: PT(A, M) — T(A, M) with
kert=(m®@c—me®1l, cQ®m—1Qcm, mbcn—mQ bc ® n)

forany b,c € A,m,n € M, where 1 is the identity of A. It follows that
PT(A, M)y/kert =T(A, M)
as algebras.

Clearly, all & -pseudo-paths of length zero (equivalently, & -paths of length zero),
that is, the elements of |, ea, Ai, can generate a subalgebra of PSE(A, &) (respec-
tively, k(A, &)). Denote this subalgebra by PSE (A, 27) (respectively, k (A, &7)).
Then, PSE (Ao, &) = k(Ag, &), 0188y, Lpsg, a,.cry = id. Denoteby PSE (A, &)
(respectively, k(A,, &7)) the k-linear space consisting of all pure &/ -pseudo-paths (re-
spectively, all &7 -paths) of length 1 and by J (respectively, Jtheidealin PSE (A, &)
(respectively, k(A, 7)) generated by all elements in PSE (A, &) (respectively,
k(A &)).

It is easy to see that PSE, (A, &) (respectively, k(A |, 7)) is an A-sub-bimodule
of PSE, (A, &) (respectively, k(A, &)), and

(@) ((PSE(A,, ) = k(A );

(i) oJ =TT =1J.

We will now show some useful properties of &7/-pseudo-path algebras which hold
similarly for o/-path algebras under the relationships in Fact 2.6.

LEMMA 2.7. Let 2T (A, MF) be the free < -path-type pseudo tensor algebra built”
by an & -pseudo path algebra PSE, (A, &). Then there is a k-algebra isomorphism
¢: PIT(A, MF) - PSE.(A, &) such that foranyt > 1,

é (@ MFn, 1)) =J.

n >t

PROOF. By the multiplication in PSE (A, &), [a;]-[a;]1 = Ofori # janda; € A,
a; € A;. Obviously, we have a k-algebra isomorphism

f;A.—;@A,- — PSE(Ag, &)
iel
by fla; +---+a,) =[a;] +--- + [a,]. Also we can define
f:MF=@,-Mf—> PSE(A, &)

i.jel
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by giving a bijection between a chosen basis for each ; M ]F and the set of arrows
from i to j, that is, f(am,,b) = aa;;b where a;; is an arrow from i to j and m,,
is the corresponding element in the basis of ,~Mj‘.r, a,b € A. Since PSE (A, &)
is a k-subalgebra of PSE,(A, &), there is, by Lemma 2.5, a k-algebra morphism
f:PT(A MF) > PSE(A, &) such that

[0}
flaeur = f and f(Zm ®- :)=Zf<m7>---f(m:>
0 n=0
form? ®---®@m? € MF(n). Thus, f((A® MF @, A)) = (A PSEL(A,, &) A)
and moreover, f( @D, 1>, MF(n, 1)) = J', in particular, f( @B MF(K)) = J. Bu,
PSE (A, &) = PSE (Ao, &)U JU---UJ'U---. Hence f is surjective.

Let {x;)} denote a k-basis of A. For M" (n, 1), we have a k-basis formed by some
elements of the form :

Xi, ® Xy, M1 X5, ® X3, ® x;

A.jz

MyXsp, ® -+ ® Xny ® X, My, ® -

where there is some &/ -pseudo-path

[x;\,.l . x).jlﬁlxkkl C XN, XA,-:ﬂzx;q T Xyt Xaj,ﬂxxk, <]
in PSE (A, &) suchthat, for j = 1, ..., ¢, m; is amongst the chosen basis e]ements
in s5,,M, ., for the corresponding arrow ﬂ ;. Then '
f(xx,, ® X5, Mixy, @ Xy, @ X5, MaXy, @ - - @ X, @X;, Myx;, & - )
= [xa, X0y, B, - Xy, - Xa, Baxay, - Xy < Xy Bty -+ |

This implies that distinct basis elements are mapped to distinct &/ -pseudo-paths and,
fora,+---+a, #0in A, f(a,+---+a,) = [a;]+- - -+[a,] # 0. Hence f isinjective.
Therefore ¢ = f is a k-algebra isomorphism with the desired properties. O
’ -1 -1
¢
By Lemma 2.7, PSE(A, &) = P T (A, MF). Then kert = kert. Thus a
natural induced algebra homomorphism ¢! is obtained from ¢~' so that

PSE(A, &)/ kert = 99(/4 M%)/ ker.

Moreover, by Fact 2.6, we get the following & from ¢~ as above so as to obtain the
result on &7-path algebras analogous to Lemma 2.7 for &/-pseudo-path algebras.

LEMMA 2.8. Let T(A, MF) be the free o -path-type tensor algebra built by an o -
path algebra k(A , ). There is a k-algebra isomorphism é: T(A, MF) > k(A, &)
such that forany t > 1,

$<@M-) -7

jzt
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From this, we obtain the commutative diagram

PITA,MF) =25 PSE.(A, o)

2.5) l l

T MF) =% k. )

PROPOSITION 2.9. Let 2 (A, M) be an & -path-type pseudo tensor algebra with
the corresponding <f -pseudo path algebra PSE, (A, ). Then there is a surjective
k-algebra homomorphism ¢ : PSE (A, &) —» P T (A, M) such that foranyt > 1,

e(J") =P M.

nd=>t

PROOF. Let P T (A, MF) be the free o7-path-type pseudo tensor algebra built
by the &/-pseudo path algebra PSE,(A, ). Then, by Lemma 2.7, there is a k-
algebra isomorphism ¢ : L7 (A, MF) - PSE.(A, &) such that for any ¢ > 1,
B(D, 1, MF(, 1) = I

On the other hand, by Lemma 2.4, there is a surjective k-algebra morphism
o PT(AMF) - PT(A M) such that (M) = M, forall i, j € I, so
a(MFy=M.

Therefore, ¢ = ¢~ : PSE,(A, &) - P T (A, M) is a surjective k-algebra
morphism with 9(J') = 7 (@, ,, M (1. 1)) = B, ;,, M(n, ) foranyr > 1. O

From the equation ¢ = ¢! and the description of ker: and ker 7 in Fact 2.6,
we have ¢(kert) = ker t. Then, by Proposition 2.9, we naturally induce a surjective
k-algebra homomorphism

@:PSE,(A, &)/ kert — <p(PSEk(A, d))/(p(kert) =PT(A, M)/ kerrt.
Thus the following analogue of Proposition 2.9 holds for ' -path-type tensor algebras.
PROPOSITION 2.10. Let T(A, M) be an &/ -path-rype tensor algebra with the cor-

responding <f -path algebra k(A , &). Then there is a surjective k-algebra homomor-
phism @ : k(A, &) — T(A, M) such that for any t > 1,

F(7) =P m.

jzi

Also, we obtain the commutative diagram

PSEL(A. &) —— PT(A, M)

(2.6) l l

kKA, ) —s  T(A, M).
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A relation o on an &/-pseudo path algebra PSE, (A, &) (respectively, &/-path
algebra k(A, &)) is a k-linear combination of some general & -pseudo paths (re-
spectively, some o -paths) P; with the same start vertex and the same end ver-
tex, that is, ¢ = kP, + --- + k, P, with k; € k and s(P;) = --- = s(P,) and
e(P) =...=e(P,). If p = {0,},er isaset of relations on PSE, (A, &) (respectively,
k(A, &)), the pair (PSE, (A, &), p) (respectively, (k(A, &), p)) is called an &/ -
pseudo path algebra with relations (respectively, &7 -path algebra with relations). As-
sociated with (PSE (A, &), p) (respectively, (k(A, &), p)) is the quotient k-algebra
PSE. (A, &, p) & PSE (A, &) /{p) (respectively, k(A, &, p) &f k(A, &)/ {p)),
where (p) denotes the ideal in PSE (A, &) (respectively, in k(A, o)) generated by
the set of relations p. When the length [(P;) of each P; is at least j, we have (p) C J/
(respectively, (p) C J7).

For an element x € PSE;(A, &) (respectively, € k(A, o)), we denote by x the
corresponding element in PSE, (A, &, p) (respectively, k(A, &, p)).

FACT 2.11. 8§ € k(A, &) is a relation if and only if all o € ¢~'(8) are relations on
PSE. (A, o).

This fact can easily be seen from the definition of (. Note that the lengths of paths
in a relation are not restricted here, so we have the following.

PROPOSITION 2.12. Suppose that A is a finite quiver. Then

(i) each element x in PSE, (A, &) (respectively, k(A, &)) is a sum of some
relations;

(il) everyideal I of PSE(A. &) (respectively, k(A . &/)) can be generated by a
set of relations.

PROOF. (i) Let 1 be the identity of A and e; the identity of A; for i € A,.
Then 1 = )", , ¢ is a decomposition into orthogonal idempotents ¢; and we have
x =1-x-1= 3, €-x-e; Dueto the multiplication of |A¢| = n < oo,
e; - x - ¢; can be expanded as a k-linear combination of some such & -paths which
have the same start vertex i and the same end vertex j, so ¢; - x - e; is a relation on

PSE. (A. ).
(ii) Assume [ is generated by {x; };ca. By (i), each x; is a sum of some relations
{0:.i}. Then I is generated by all {o; ;}. 0O

By the definition of J, we have
PSE(A, &, p)/J = (PSE(A, 2)/(p)/(J/(p) = PSEW(A, #)]] = Biea,Ai.

Suppose all A; are k-simple algebras and J' C (p) for some integer t. Then
PSE(A, &, p)/] = @icp,Ai is semisimple and J' = 0. It follows that
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J = rad PSE,(A, &, p). Similar reasoning holds for J of k(A, 7). Hence we
get the following.

" PROPOSITION 2.13. (i) Let (PSEx(A, &), p) be an o -pseudo path algebra
with relations where A; is simple for all i € Ay Assume that J' C (p) for
some t. Then the image J of J in PSE (A, &7, p)istad PSE (A, &, p), that is,
J =rad PSE(A, &, p);

(i) Let (k(A, &), p) bean &7 -path algebra with relations where A, is simple for
eachi € Ay. Assume thatZ’ C {p) for some 1. Then the image .70f.7in kA, &, p)
istadk(A, 7, p), that is, ] = radk(A, o, p).

Now. suppose that A is aleft Artinian algebra over k and r = r(A) is the radical of A.
Then, for all / > O, the ring r'/r'*! is an A-bimodule by a - (*'/r'*'") - b = ar'b/r'*!
fora,b € A. Fromr -r'/r'*' = 0and r'/r'*' . r = 0, we know that ¥/ /r'*! is a
semisimple left and right A-module. Forx =x +r € A/r, let

- def
X - (rl/rl+l) « X - (rl/rl-H) — xrl/rl+l‘ and

(rl/r/-H) X = (rl/rl+l) x = r’x/rI'H.
Then r'/r'*1 is also an A/r—bimodhle and a semisimple left and right A/r-module.

PROPOSITION 2.14. Let A be a left Artinian algebra over k and let r = r(A) be
the radical of A. Write A/r = @,_, A; where A; is a simple subalgebra for each i.
Then, foralll = 0,

(i) r'/r'*"is finitely generated as an A/ r-bimodule;

(i) ,-Mj(.l) LA, i+ -A; is finitely generated as A, -A ;-bimodule for each (i, j).

PROOF. (i) Since A is left Artinian, r’/r’“ is finitely generated as a left A-
module by [1, Corollary 1.3.2], so we can write r//r'*' = 3" | AX, with some
X, € r'/r'*'. But, due to the definitions of actions,

AX, = (A/r)%, and r'/r'*' =3 (A/N)X,.
p=1

Moreover,
u

PP = Al = ( <A/r)7p) (A/P) = Y (A/DE (A,
1 p=]

p=

which means that r'/r'*! is finitely generated as an A/r-bimodule.
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(ii) We note that

MP = A-r' e A = A (Zu/r)fpwr)) A=) ) AATAA
p=1 p=1 u,v=1
= Z Z,-fp.;\-j .
p=I
Hence, ;M is finitely generated as an A;-A -bimodule. O

In particular, for/ = 1, ;M; A r/r .'A; is finitely generated as an A;-A -

bimodule for each pair (i, j). Henceforth the rank of ; M; will be denoted by #;;.
For k # i, we have

Zk'iMj=Z/\~'(zi"‘/"Z'Zj)=(szi)'("/rz'zj)=0'r/r2'zj=0

and similarly, fork # j, wehave,M; “A; = 0. Thus we obtain the 2 -path-type pseudo
tensor algebra 2.7 (A/r, r/r?), the o -path-type tensor algebra T (A/r, r/r?) and the
corresponding &/-pseudo path algebra PSE,(A, &) and & -path algebra k(A, &),
with & = {A; :i € Ao}, where A is called the quiver of the left Artinian algebra A.

In what follows, A is always a left Artinian algebra. We will firstly show that
under some important conditions, a left Artinian algebra A is isomorphic to some
PSE.(A, &, p).

3. When the quotient algebra can be lifted

Firstly, we introduce the concept of the set of primitive orthogonal simple subalge-
bras of a left Artinian algebra. For a left Artinian algebra A and A/r = @;_, A; with
simple subalgebras A, for all'i, where r = r(A) is the radical of A, assume that there
are simple k-subalgebras By, --- , B, of A such that, forall i, B; = A; as k-algebras
under the canonical morphism»n : A — A/r and

B, ifi=j
B;B; = e
0, ifi #j.
Then, B = {Bi, --- , B} is said to be the set of primitive orthogonal simple subalge-
bras of A.
Obviously,

—_—— K,', ifi =_]
AiAj= P
0, ifi #j.
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By the definition, n(B;) = ‘A, for all i. Every B; is a simple k-subalgebra of A, so
B = B, + --- + B is a semisimple subalgebra of A.

Our original idea is to introduce the concept of primitive orthogonal simple subal-
gebras as a generalization of primitive orthogonal idempotents and then transplant the
method of primitive orthogonal idempotents in elementary algebras into a left Artinian
algebras.

In a left Artinian algebra A, we will show the existence of the set of primitive
orthogonal simple k-subalgebras when A /r can be lifted.

An algebra morphism &: A/r — A satisfying ne = 1 will be called a lifting of the
quotient algebra A/r. In this case, we say that A/r can be lifted. Evidently, a lifting ¢
is always a monomorphism and ime = B is a subalgebra of A which is isomorphic to
A/r. Then B is semisimple. Moreover, A = B @r as a direct sum of k-linear spaces.
Hence A/r can be lifted if and only if A is split over its radical r.

Now, we assume that A/r can be lifted such that A = B @ r as above. For the
canonical morphismn: A — A/r,imn|g = (B+r)/r = A/r,andkern|g = O since

nl
rN B =0. Thus 5(B) = A/r and B = A/r as k-algebras. Since B is semisimple,
we write B = @;_, B; with simple k-subalgebras B; for all i. Then

B, ifi=j
BiB; = e,
0, ifi#j.
Moreover, n(B) = Z',;l n(B;) where n(B;) is a simple k-subalgebra of A/r for alli.
Let A; denote n(B;). Then B = {B,, --- , B,} is the set of primitive orthogonal simple
subalgebras of A.

LEMMA 3.1. Assume that A is a left Artinian k-algebra with r = r (A) the radical
of A, and that A/r can be lifted so that A = B @ r with B = {B,,---, B} the
set of primitive orthogonal simple subalgebras of A as constructed above. Write
A/r = @_, A; where A; is a simple algebra for all i. The following statements
hold.

(i) Let {r;, : A € I} be a set of elements in r with the index set I such that
the images 7 in r/r? for all » € 1 generate r/r* as an A/r-bimodule. Then
BiU---UB,U{r, : A € 1} generates A as a k-algebra.

(i1} There is a surjective k-algebra homomorphism f : PI(Alr,r/r) —> A
with

P P M@, D) Cker f C M),

nzri(A) max{ri(A). (n—1)/2}<I<n jz2

where rl(A) denotes the Loewy length of A as a left A-module.
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PROOF. (i) Since r is nilpotent, there is aleast m such thatr™ = Obutr™~' # 0.
It is easy to see that m is just the Loewy length rl(A).

In what follows, we will prove this result by using induction on m.

When m = 1, we have r = 0 and A is semisimple. Thus B; = A;. Hence A is
generated as a k-algebra by B, U - -- U B,.

When m = 2, we have r> = 0 and, for the canonical morphism 7, we have
n(B) = A;. So,asa k-algebra, A/r canbe generated by (B, +r)U---U(B; +r).
Write A/r ={(By+r,---, B, +r)/r. We have

(B|+rv."1BS+r>/r=((Bl"”’BS)+r)/r'
Thus, A/r =((B,,---,B,)+r)/r. Hence A = (B,,---, B;) + r. But,
:ZA/%F-A=ZA/r-(rk-i-rz):Z(Ar;_-{—rz):(ZArA>+r
rel rel rel rel
Then fromr® =0 we getr = Y, _, Ar;. It follows that
A=(B.--- ,B)+r=(B BY+) ((Bi.-+- . B)+nr
ael
= (Bl B)+ ) (Bi,-+ By, =(BiU---UBU{r,: A el))

rel
as a k-algebra.

Assume now that the claim holds form = ! > 2. Then consider the claim in the
casem =1 + 1.

Let P be the k-subalgebra of A generated by By U ---U B, U {r; : » € I}. Firstly,
we will show that P/(PNrl)y = A/r'.

Since (A/r!)/(r/r') = A/r is semisimple, r (A/r') = r/r' holds. By the induction
assumption, r'*' =0and r' # O foranyi < /. Forany?t, (r/r')Y(A/r") =r'A/r =
r'/r! since r' A = r' due to the existence of the identity of A. Thus (r/r')' (A/r') =0
if and only if+ > [. (If there were t < [ such that 7' = r', then r'*! = r'*! = 0, which
contradicts rl(A) = m = [ + 1). Therefore rl(A/r') = 1.

LetZ : A — A/r' be the canonical morphism and B = Z(B;) be simple alge-
bras for all i and 7 the canonical morphism from A/r' to (A/r )/(r/r’) = A/r.
Then 7& = n. It follows that (B;) = A;. This means that B = {B,, - - , B.} is the
set of primitive radical-orthogonal simple algebras of A/r!. We have that a]l elements
in {r; : A € I}inr/r? generate r/r* as an A/r-module. But, A/r = (A/r')/(r/r")
andr/r* = (r/r )/(r/r')?. So, all elements in {7, : A € [}in (r/r')/(r/r')? generate
(r/r'y/(r/r)* asan (A/r')/(r/r')-module. Let7, = &(r;) € r/r'. Then 7 (F,) =T,
Thus, by the induction assumption, B. U-- UB U{rA rel } generates the k-algebra
A/rl.

https://doi.org/10.1017/5144678870003799X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870003799X

[19] Pseudo path algebras 403

On the other hand, B, U---U B; U {r;, : A € I} generates P. It follows that
BiU---UB,U{f:rel} generates the k-algebra P/(P Nr'). But P/(P Nr') can
be embedded into A/r'. Therefore, we deduce that P/(P Nr') = A/r'.

It will be proved below that in fact P = A, which means that A is generated by
B,U---UB;U{r, :Ael}.

Let x € A. Then there exists y e P suchthat x +r' = y + P N r'. It follows that
x —y € rl. Thus there are a; € r'~! and B; € r such that x — y = Z;’zl «;f;. But
a;+r'and B; +r'in A/r' and A/r' = P/(P Nr'). Then there are a; and b; in P
suchthata; +r' =a;+ PNrland B +r' = b, + PNr'. Sincea; e r'"'and B; e r,
we havea; € r'"'and b; € r. Leta, = a; —a; and b; = B, — b;. Thena,, b, € r'.
Hence o, 8; = (a; +a;)(bi + b)) = a;b; +a;b; +a;b; +a b; = a;b; € P forall i where

ab; € r'*' =0,a;b, € r¥~' =0, ab; € r¥ = 0. It follows that x — y € P. Hence
x e P.
(i) r/rP=A/r-r/r*-A/r = Z,, . A;i-r/r? -Zj is a direct sum decomposition

since 7412 = A; and X,-A, = 0 for i # j. Corresponding to this, in A, we let

. no—
W =3 ., BirBj, where B; = A;. W is a direct sum of B;rB; since B} = B; and
B;B; = 0fori # j. Obviously W is a subalgebra of r and then of A. Also r/r? is an
(A/r)-bimodule with the action of A/r as above.

(A/r) ® (r/r®) is a k-algebra in which the multiplication is derived from that of
A/r and r/r? and the A/r-bimodule action of r/r>.

For each pair of integers i, j with 1 < i, j < s, choose elements { ny Jueg;; in
Bir B; such that {7/} ,eq, is a k-basis for 4; - r/r? - A; where 3/ = yU + r? is the
image in r/r®. Then U] ;_,(7)/}ueq, is a basis for r/r2. It follows from (i) that
U,.'j_u {¥i/}ueq,; U By U--- U B, generates A as a k-algebra.

It is easy to see that {y;'},cq, is k-linear independent in B;r B;. From the factthat W
is a direct sum of B;r B, it follows that | J; ;_,{y//}.cq, is a k-linear independent set
inW,

Define f : (A/r) @ (r/r*) — A by flz, = n~' and f(&/) = y’. Then

nle
flays A/r — B = f(A/r) is a k-algebra isomorphism since B = A/r, and

flyn: rfrt > f(r/rH (C W C r) is an isomorphism of k-linear spaces. Thus
f:(A/r)® (r/r2) — A is a k-linear map. Hence, by Lemma 2.5, there is a unique
algebra morphlsm f 5”9(A/r r/r*) — A such that f|(A/,)@(,/,z) = f. As sa1d
above, U:, o {y }HEQU U By U---U B, generates A as a k-algebra. Therefore f is
surjective.

By the definition of f, we have f((r/rz)f) = f@r/rd) cricriforj =2,
where (r/r?)/ denotes r/r* @, r/r’ ® - - - ®, r/r* with j copies of r/r>. Also f|a;
and f|,/,» are monomorphic. By the definition of f on A/r and r/r?, itis easy to see
that f la/meern: (A /r)®(r/r*) = Aisamonomorphism with image intersecting r’
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trivially. In the notation of Section 2, M(n) =3, 4. .. Mi @ M2 ®; - -- @ M,
where each M; is either r/r? or A/r butno two A/ r’s are neighbouring and at least
one M, equals M. Then LT (A/r,r/rH) = A/r&@M(1)BMQR)D - --d©Mn)d---.
It follows that ker f C D)s> M(j).

On the other hand, M (n.[) equals the sum of those items M, &, M, ®, --- & M,
of M(n) in which there are / M;s equalto r/r* and M(n) = Z(,,_WZS,S" M(n, ) as
in Section 2. Also f((r/r?)/) = O for j > ri(A) since r/ = 0 in this case. It follows
that f(M(n, 1)) = 0 for any n and any possible [ > rl(A). Therefore we get

&b &P M@, 1) C ker f. a

n=ri(A) max{ri(A). (n~1)/2}<i<n

THEOREM 3.2 (Generalized Gabriel’s Theorem Under Lifting). Assume that A is
a left Artinian k-algebra and A/r can be lifted. Then A = PSE, (A, &, p) with
J* C (p) C J for some s, where A is the quiver of A and p is a set of relations on
PSE (A, o).

PROOF. Let A be the associated quiver of A. By Lemma 3.1(ii), there is a surjective
k-algebra morphism f : J(A/r,r/r’) = A with

4y &P Mn,1) C ker f € @D M().

n=rl(A) max{r{(A). (n=1)/2}<I<n iz2

By Proposition 2.9, there is the surjective k-algebra homomorphism

@: PSE(A, )~ PT(Alr.r/r?)
such that for any r > 1,

o) =PMaD).

nd=>r

Then f<p : PSE,(A, &) — A is a surjective k-algebra morphism with the kernel
I = ker(fo) = ¢~ (ker f).

But, o(J"#*) = EB".,Z,,MLM(n, D) and p(J?) = D, M(n,1). So, by
Lemma 3.1(i), o(J"™) C ker f C o(J)) + M2, 1)+ M(3, 1).

One can show

Jcele(U)C I +¢ (EB P M-, 1)) N ¢ (ker )
n I<r-1 :

for t > 1. In fact, trivially, J* C ¢ '¢(J"). On the other hand, ¢ = ¢! and
¢~! = ¢mr~'. By Proposition 2.9, ¢(J") = @ M (n.1). From the definition of &

n. 1>t
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in Lemma 2.4, it can be seen that

! (@ M(n,l)) C 69 MFn, D+ (@ @ MFn, 1)) N ker .

n, 1=t n i>z1 n I<t-1

Thus, by Lemma 2.4, we have

o~ 'o(J7) = ¢! (69 Mn, 1))

n, 1>t

c¢ (@ M, 1)) +¢ (Q} P M n, 1)) N (kerm)

n, 1>t n I<i—1

=J +¢ (GB @ M @, 1)) N ¢ (ker ).

n I<i—1

Hence,

J'® ol (UM col (ker f) =1 Co o (J) + 9™ (M2, 1) + M3, 1)),
Cl+o(MFB, D+M Q2 1)+ M (1, D)Nekern) .
4T M2, D+ M3, 1)
=J'+A-PSE(A, &) - A

since p(MF (1, 1)) Np(kerm) = 0, and then

d(MFB. D+MQ,1D+M1, D)Ngkern) + o™ (M2,1) + M(3,1))
= A PSE(Ay, &) - A.

But‘ itis clear that J> + A - PSE(A,, &) CA=J. Therefore, we get:
I o (ker f)=1CJ.

Lastly, by Proposition 2.12, there is a set p of relations such that / can be generated
by p, that is, I = {p). Hence, PSE(A, &, p) = PSE (A, &)/{p) = A with
(p) = ker(fo) and J"'® c (p) C J. O

Usually, for a left Artinian algebra A, the set p of relations in Theorem 3.2 is
infinite. But when A is finite dimensional, we can show that p is finite.

In fact, suppose that A is finite dimensional, so that A; is finite dimensional for
all i. Thus the k-space consisting of all &/-pseudo paths of a certain length is finite
dimensional. It follows that J"*) is the ideal finitely generated in PSE, (A, &) by all
& -pseudo paths of length ri(A). Similarly, PSE,(A, &)/J"™ is generated finitely
as a k-space by all &/-paths of length less than r/(A4), and so also is //J"™ as a
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k-subspace. Then it is easy to see that ] is a finitely generated ideal in PSE, (A, &).
Assume {0, ..., 0,)} is a set of finite generators for the ideal /. For the 1dem1ty 1 of
A/r, we have the decomposmon into orthogonal idempotents as T=28+ - +¢,
where & is the identity of 4;. Theno, =1-0;-1 = El<, j<s € 01 < €, Where g;07€;
can be expanded as a k-linear combination of some such &/-pseudo paths which have
the same start vertex i and the same end vertex j. So o'/ =; - g, - ; is a relation on
the & -pseudo path algebra PSE (A, &/). Moreover, [ is generated by all o/ since

o = a”f Therefore we have a finite set p = {o'/ : 1'<i,j <s,1 <[ < p}
with ] = (p) such that PSEk(A &, p) = PSEk(A Y/ {p ) = A. Therefore the
following holds.

COROLLARY 3.3. Assume that A is a finite dimensional k-algebra and A/r can be
lifted. Then A = PSE(A, &, p) with J* C (p) C J for some s, where A is the
quiver of A and p is a finite set of relations on PSE (A, &).

When A is elementary, A, = A; =kand ;M; = r/r? is free as a k-linear space:
Thus 7 is an isomorphism, so kerm = 0 and ker¢ = 0. According to the classical
Gabriel Theorem, we have J" C (p) C J2, which is a special case of the results of
Theorem 3.2 and Corollary 3.3. :

By the famous Wedderburn-Malcev Theorem (see [4]), for a left Artinian k-
algebra A and its radical r, if DimA/r < 1 then A/r can be lifted. Here, Dim A is
the dimension of a k-algebra A and

Dim A = sup{n : H(A, M) #'0 for some A-bimodule M}

where H (A, M) means the nth Hochschild cohomology module of A with coefficients
in M. In particular, Dim A/r = 0 if and only if A/r is a separable k-algebra. By [4,
Corollary 10.7b], when k is a perfect field (for example, chark = 0 or k is a finite
field), A is separable. So, we have the following.

PROPOSITION 3.4. Assume that A is a left Artinian k-algebra. Then
A= PSE (A, o, p)withJ® C (p) C Jforsomes, where A is the quiver of A and p
is a set of relations of PSE, (A, &), if one of the following conditions holds:

(i) DimA/r <1, wherer is the radical of A;

(ii) A/r is separable;

(iii) k is a perfect field (for example, when chark = O or k is a finite field).

Note that in Proposition 3.4, the condition (ii) is a special case of (i), and (iii) is a
special case of (ii).

In Theorem 3.2, A = PSE;(A, &, p) holds where A is the quiver of A from
the corresponding «7-pseudo path algebra of the &/ -path-type pseudo tensor alge-
bra 2 (A/r, r/r?) by the definitions in Section 2. Moreover, in the case where
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(p) C J2, we will discuss the uniqueness of the corresponding pseudo path algebra
and quiver of a left Artinian algebra under isomorphism, that is, whether there ex-
ists another quiver and its related pseudo path algebra so that the same isomorphism
relation is satisfied. In fact, we have the following statement on the uniqueness.

THEOREM 3.5. Assume that A is a left Artinian k-algebra. Let A/r(A) = @"_, A
with simple algebras A;. Ifthere is a quiver A and a pseudo path algebra PSE, (A, B)
with a set of simple algebras 98 = {B,,-- -, B,} and p a set of relations such that
A= PSE(A, B, p)withJ, C (p) C J}forsometand J,theidealin PSE (A, B)
generated by all pure paths in PSE (A, ), then A is just the quiverof Aand p = g
and A; = B; fori = 1,..., p after reindexing.

PROOF. PSE(A, PB)/Ja = By +---+ B, by the definition of J,. Since J} C (p),
it follows that (Ja/{(p))' = J./{p) = 0. Also,

PSE (A, B. p)/(Ia/(p)) = (PSE(A, B)/(p))/(Jal(p)) = PSE(A, B)/Ja
=B +---+8B8,

is semisimple. Hence J,/(p) is the radical of PSE,(A, %.p). Thus, from
A = PSEK(A, A, p), it follows that A/r(A) = PSE.(A,RB)/Js. However,
A/r(A) = @', A and PSE,(A, B)[/Jn = B, + --- + B, where A; and B; are
simple algebras. Therefore p = g and A; = B, fori = 1,.... p after reindexing,
according to the Wedderburn-Artin Theorem.

On the other hand, A/r(A)? = PSE;(A, %)/J?. Thus the quivers of A/r(A)’
and PSE (A, %B)/J; are the same.

But

PSE(A, B)/J} = (PSE(A, B)/(p))/(J2](p)) = PSE(A, B, p)/(J3/(p))

and the radical of PSE (A, &, p) is Jo/{p). Then the radical of PSE. (A, %)/J,i
is (Ja/{P))/(J2/{p)) = Ja/J}. So, the quivers of PSE(A, %)/ J; are that of the
&7 -path-type pseudo tensor algebra

PI((PSE(A, B)]IDUslID), (UalID/IE1ID)
= yf(PSEk(A, B/ ], JA/Jj).

Now, we consider the quiver T' of T (PSE(A, B)/Ja, Ja/J3). From the defini-
tion of the quiver associated to an &7 -path-type pseudo tensor algebra in Section 2, we
know that g = {1.--- ,q} = Aq. Forany i, j € 'y, the number of arrows from i to j
in T is the rank r;; of ;M; = B; - Jo/J} - B; as a finitely generated B;-B;-bimodule.
However, by the definition of Ja, B; - Ja/J § - B; can be constructed as an B;- B;-linear
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expansion of all &-pseudo-paths of length 1 from i to j in PSE,(A,, ). It means
that r;; is equal to the number of arrows from i to j in A. Thus the number of arrows
from i to j in I is equal to the number of arrows from i to j in A, Then I’y = A,.
Therefore I' = A.

The above discussion implies that the quiver of A/r(A)? is just A. Moreover,

A/r(A) = (A/r(A)*)/(r(A)/r(A)?) and
r(A)/r(A) = (r(A)/r(A?)/(r(A)/r(A?)",

where r(A)/r(A)? is the radical of A/r(A)>. So the quiver A of A/r(A)? is also that
of

2T ((A/rAP)/ (r(A)/r(AY), (r(A)/r(AF) [ (r(A)/r(4))).
But
PT (Alr(A). r(A)/r(A))

= 27 ((A/r(AP) ] (r(A)r(A), (r(AY/r(AY) / (r(A)/r(AY)).
It follows that A is the quiver of A. g

According to this theorem, we see that for a left Artinian algebra A, the existence
of the pseudo path algebra such that A is isomorphic to its quotient algebra (see
Theorem 3.2) can imply its uniqueness. That is, such pseudo path algebra, whose
guotient is isomorphic to A, is uniquely determined by the quiver and the semisimple
decomposition of A.

Our main result, Theorem 3.2, means that when the quotient algebra of a left
Artinian algebra is lifted, the algebra can be covered by a pseudo path algebra under
an algebra homomorphism. We know that a generalized path algebra must be a
homomorphic image of a pseudo path algebra and its definition seems to be more
concise than that of pseudo path algebra. So it is natural to ask why we do not look for
a generalized path algebra to cover a left Artinian algebra. In fact, this is our original
idea. However, unfortunately, in general, as shown by the following counter-example,
a left Artinian algebra with lifted quotient may not be a homomorphic image of its
corresponding & -path-type tensor algebra. Thus one cannot use the above method
(that is, through Proposition 2.10) to gain a generalized path algebra in order to cover
the left Artinian algebra. The following counter-example was given by W. Crawley-
Boevey.

EXAMPLE 1. There is an example of a finite dimensional algebra A over a field k
such that

(a) A is split over its radical r, that is, A/r can be lifted;

https://doi.org/10.1017/5144678870003799X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870003799X

[25] Pseudo path algebras 409

(b) there is no surjective algebra homomorphism from T(A/r, r/ r?) to A, that is, A
cannot be equivalent to some quotient of T(A/r,r/r?).

Concretely, we describe A in the following eight steps.

(1) Let F/k be a finite field extension, and let § : F — F be a nonzero k-derivation.
For example, one can take k = Z,(t), F = Z,(/1) and §(p + q+/1) = q for
P, q € Z,(t) where Z, denotes the prime field of characteristic 2. It is easy to check
that § is a k-derivation since chark = 2.

(2) Define E = F & F and consider it as an F-F-bimodule with the actions:

Fx. ) =Ux fy), @ 0Nf=&f+y5(f),yf)

forx,y, f € F. Let 8 and ¢ be F-F-bimodule homomorphisms respectively from F
to £ and from E to F satisfying

f(x) =(x,0), o(x,y)=y
for x, y € F. Then we have a nonsplitting extension of F-F-bimodules:

0> FSESFS0

In fact, if there were an F - F-bimodule homomorphism ¢ : E — F withy -6 = 1¢
then for all f € F we would have

() =v00@(MN =vE().0=v¢6, f)—-vO =¥ DS -¥v(O 1)
=y, Df - f¢¥©0,1) =0,

and hence § = 0, which contradicts the assumption on §.
(3) Define A = F @ F & E with multiplication given by

(v, @) (x, ¥, €) = (xx', xy' + yx', xe' + 0(yy) + ex').

Let S = {(x,0,0) : x € F}. Then S is a subalgebra of A isomorphic to F.
Letr ={(0,y,e):y € F,e € E}. Then r is an ideal in A with

r’={(0,0,¢e):e € im@)} and r*=0.

Thus r is the radical of A,and A = S @ r, 50 A is split over r.

(4) As an F-F-module, r/r? is isomorphic to F & F due to the surjective F-F-
module homomorphism 7 : r — F & F satisfying 7(0, y, ) = (y, ¢(e)) with
kerm =r2.

(5) By (3) and (4), the o/ -path-type tensor algebra T(A/r,r/r*) = T(F, F & F).
Lets =(1,0)andt = (0, 1),sothat F@® F = Fs @ Ft. Thus T(F, F & F) (equiv-
alently, say T(A/r, r/r*)) can be considered as the free associative algebra F(s, 1)
generated by two variables s, ¢ over F. It follows that the centre Z(T (A/r, r/r?)) of

T(A/r,r/r?) isequalto F.
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(6) If (x,y,e) € Z(A) the centre of A, then for all ¢’ € E, (x, y, ¢) commutes
with (0, 0, ¢'), thus (0, 0, xe’) = (0, 0, €'x), so xe’ = ¢'x. Taking ¢’ = (0, 1), we get
x(0,1) = (0, )x. But by (2), x(0, 1) = (0, x) and (0, )x = (§(x), x). It follows
that § (x) = 0. Therefore, we have

Z(A) C{(x,y,e):x,ye F,ee E,§(x) =0}.

(7) If L is a subalgebra of Z(A) and isa field, then dim; L ;é dim, F.

In fact, the composition
L Z(A)—>{(x,v,e):x,veF,ec E,§(x)=0}— {x:5(x)=0}

is an algebra homomorphism. Assume that I = (x, y,e) € L is in the kernel of
this composition. Then x = O and ! = (0, y. e), so ! € r the radical of A. By (3),
[? = 0. But L is a field, so ! = 0 which means that this composition is a one-one map.
Therefore,

dim, L < dim, {x : §(x) = 0} dim, F

where “5” is from § # 0.

(8) If there were a surjective algebra homomorphism A : T(A/r,r/r?) — A, it
would induce a homomorphism of the centre Z(T(A/r,r/r*)) of T(A/r,r/r?) into
the centre Z(A) of A. By (5), Z(T(A/r, r/rz)) = F. Thus, L = A(F) would be

a field and a subalgebra of Z(A). By (7), we have dim, L ;é dim; F. On the other
hand, if there is an x satisfying O # x € ker A|r, that is, A(x) = O, then, since F is
a field, we get A(1) = A(1/x)A(x) = 0, which implies A = O since A is an algebra
homomorphism. This is impossible since A is surjective. Hence ker A|r = O, that is,
Alr is injective, so F ~ L which contradicts dimy L 1 dimy F.

This completes the description of Example 1. Due to this example, we know
that a general left Artinian algebra with lifted quotient cannot be covered by its
corresponding 2/ -path-type tensor algebra. This is the reason that we introduce
pseudo path algebras and & -path-type pseudo tensor algebras to replace generalized
path algebras and & -path-type tensor algebras in order to cover left Artinian algebras
with lifted quotients.

However, there still exist some special classes of left Artinian algebras which can
be covered by the corresponding &/ -path-type tensor algebras and moreover by a
generalized path algebra. This point can be seen in the next section, but we will have
to restrict a left Artinian algebra to be finite dimensional.
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4. When the radical is 2-nilpotent

In this section, we will always assume that the radical r of a finite dimensional
algebra A is 2-nilpotent, that is, r # Obut r> = 0. Also, suppose that A is split over its
radical r such that A = B @ r with B = {B,, ..., B} the set of primitive orthogonal
simple subalgebras of A as constructed in Section 3. Forx = x +r € A/r, let

rE xrandr-% =rx. Thenrisa finitely generated A/r-bimodule. If
A/r = ;_, A; where A, is a simple subalgebra for each i, then, for each pair (i, j),

r is a finitely generated _/T,--Zj-bimodule whose rank is written as /;;. Now

r=Afr-r-Alr= Z'Z,- -r-Z, = Z’Mf
ij=1 ij=1
where ;M A -'A;. Then, fork # i,
Zk ','Mj =Zk' (Z, < r Zj) = BkB,-rBj =0,

SO Ay -iM; = 0; similarly, for k # j, M; - A, = 0. Hence, we get the &7 -path-
type tensor algebra T (A/r, r) and the corresponding 27-path algebra k(A, &) with
& = {A; i € Ag). A is called the quiver of A. In a manner similar to the proof of
Lemma 3.1, we obtain the following results.

LEMMA 4.1. Assume that A is a finite dimensional k-algebra with 2-nilpotent
radical r = r(A) and A is split over the radical r. Let B = {By, :.., B} be the set
of primitive radical-orthogonal simple subalgebras of A as constructed above. Write
Alr=p,_, A;, where A; are simple algebras for all i. Then the following statements
hold.

(i) Ifi{r, ..., n}isasetof generators of the A/r-bimodule r then B, U---U B, U
{ri,---,r) generates A as a k-algebra;

(ii) There is a surjective k-algebra homomorphism f~ : T(A/r,r) — A with
ker f = D;5.(r), where (r)! denotesr @x;r r ®ayr - -+ ®ayr r with j copies of r.

PROOF. It is easy to see that r is an (A/r)-bimodule with the action given
by A; - r = B;r. Note that A;A; - r =0 -r = 0 and, on the other hand,

AA;-r=(BB;+r)-r= B;Bjr Crr =0,

so that this action is well-defined. The proof of (i) can be given in a manner similar to
the proof of Lemma 3.1(i) in the case ri(A) = 2.

Next, we prove (il). r = A/r-r-A/r =3, A -r-A;=3,,_, BrB;isa
direct sum decomposition since B} = B; and B;B; = 0 fori # j.
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(A/r)@r is a k-algebra in which the multiplication is derived from the A /r-module
action of r and the multiplication of A/r and r.

For each pair of integers i, j with 1 < i, j < s, choose elements {y;’} to form a
k-basis in B;r B;. Then U, = vy is a basis for r.

Define f : (A/r) ®r — A by fl. = id,, thatis, f(y”) = y, and flz =n".

nl
Then, fla;r : A/r = B = f(A/r) is ak-algebra isomorphism since B ;" A/r,and
flrir— f(r) =r C Aisan embedded homomorphism of A/r-bimodules. Hence,
by Lemma 2. 3, there is a umque algebra morphism f T(A/r.,r) — A such that

f|(A/r)ear =f. N
Firstly, U, ; u{v"’} - f(r) and By U---U B, C f(A/r). From (i), it follows that
U, ; A¥HYU B, U-- U B, generates A as a k- algebra and then fis surjective. On

the other hand, f|A/, and f|, are monomorphic, so fl(A/,)@, (A/r)®dr > Aisa
monomorphism. Then ker f C D). Moreover, f((r)f) = 0 for j > 2 since
r/ = 0 in this case. Therefore, @,>z(")’ C kerf Thus, kerf &b, >,(r) O

In the proof of this lemma, since f|, = id,, it is naturally aA/r= homomorphlsm
So, the condition of Lemma 2.2 is satisfied by T(A/r, r). In general, this is not true
for T(A/r, r) in the case that r> # 0.

THEOREM 4.2 (Generalized Gabriel's Theorem With 2-Nilpotent'Radical). Assume
that A is a finite dimensional k-algebra with 2- mlpotent radical r = r(A) and A is
split over the radical r. Then, A = k{A, &, p) with 72 c C (p) C TP+ Jn ker ¢
where A is the quiver of A and p is a set of relations of k(X , &), ¢ is defined as in
Proposition 2.10.

PROOF. Let A be the associated quiver of A. By Lemma 4.1(ii), we have the
surjective k-algebra -homomorphism f T(A/r,r) — A.. By Proposition 2.10,
there is a surjective k-algebra homomorphism ¢ : k(A, &) = T(A/r, r) such that
g = @, (r)/ forallz > 1. Then {7 k(A, &) — A is a surjective k-algebra
morphism where / = ker (fgo) = ¢ (;5,(r)?) since ker f = B, ) = o).

As a special case of the corresponding part of the proof of Theorem 3.2, we have

cp'\g(J) T+ ¢ (@(r)”) N @ (ker )
j=i—1
fort > 1. Hence,

Pcyg'g()=¢"(kerf)=Icl+¢ (@(r)”) N (ker )

j=l

C 2+7n $(kerrr).
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But, p(ker ) = ¢(m ' (0)) = 3-1(0) = ker$. Thenwe get J> C I C J?+ JNker @.

The ideal J? is finitely generated in k(A, &) by all &/-paths of length 2, while the
k-linear space k(A )T J?is finitely generated by all &/-paths of length less than 2,
asis I/J? as a k- subspace. Then / is a finitely generated ideal in k(A , &). Assume
that {0, ..., 0,} is its finite set of generators. Moreover, ; = 3, _, ;. &0,€; where
€;0,¢; is a relation on the &/ -path algebra k£ (A, 7). Therefore, for

p={g0oE;:1<i,j<s1=<I<p},

we get | = (B) Hence k(A, &, p) = k(A, &) /{p) = A with {p) = ker (f&) and
JC()C.I—+—Jﬂkergo O

COROLLARY 4.3. Assume that A is a finite dimensional k-algebra with 2-nilpotent
radical r = r(A). Then, A = k(A, &, p), with J2 C (p) C J where A is the
quiver of A and p is a set of relations of k (A, &), if one of the following conditions
hold:

(i) DimA/r <1 forthe radical r of A;

(ii) A/r is separable;

(iii) k is a perfect field (for example, when chark = 0 or k is a finite field).

As in the case of Theorem 3.5, in the case that (p) € J2, we have the uniqueness
of the corresponding &7-path algebra and quiver of a finite dimensional algebra. That
is, we have the following statement.

THEOREM 4.4, Assume that A is a finite dimensional k-algebra. Let A/r(A) =

" | ‘A, where each A, is a simple algebra. If there is a quiver A and a generalized
path algebra k(A , 9B) with a set of simple algebras % = {B,, ..., B,} and a set p
of relations such that A = k(A, B. p) with J, C (p) C J} for some t and J, the
ideal in k(A, B) generated by all elements in k(A,, B), then A is the quiver of A
and p = q such that A; = B; fori = 1, ..., p after reindexing.

This theorem can be proved in the same way as Theorem 3.5: we only need
to replace &7-path-type tensor algebra and 27 -path with &/ -path-type pseudo tensor
algebra and &7 -pseudo path respectively.

By Fact 2.6, an &/ -path-type tensor algebra or an &/-path algebra can be covered
respectively by &7 -path-type pseudo tensor algebra or &/ -pseudo path algebra. Thus
we can also state a Generalized Gabriel’s Theorem With 2-Nilpotent Radical for
&/ -pseudo path algebras. As a corollary of Theorem 4.2, one has the following.

PROPOSITION 4.5. Assume that A is a finite dimensional k-algebra with 2-nilpotent
radical r = r(A) and A/r can be lifted. Then

A= PSE(A, o, p) with J C(p)C J +JNkerg
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where A is the quiver of A, p is a set of relations on PSE (A, &) and ¢ is defined
as in Proposition 2.9.

PROOF. We have the composition of surjective homomorphisms:

PSEW(A, o) > k(A ) 22 A

Then A = PSE (A, o7)/ ker (f@t). where ker (f@t) = =" (ker(£@)).
By Theorem 4.2, J? C ker(f@) C J* + J Nker@. Thus,

I ot (ker (f&)) c (.72) + (T Nkerd).

But. since ' (J) = J, it follows that = (J2) = J and F'(.Tﬂ kerg) = J Nkerg.
Thus we get

JP Cker (f@) C J*+ J Nkerg.

By Proposition 2.12(ii), there is a set p of relations on PSE((A. &) such that
ker (f@t) = (p). Then

~
'~

A= PSE(A. o)/ ker (F@1) = PSEL(A. &) /{p) = PSEx(A. &7, p)

and J? C {p) C J* + J Nkero. O

So far, in Section 3 and this section, we have established isomorphisms between
an algebra and its &-pseudo path algebra or /-path algebra with relations (see
Theorem 3.2 and Proposition 4.5) in the cases where this algebra is left Artinian
with splitting over its radical or moreover, is finite-dimensional with 2-nilpotent
radical. However. it seems to be difficult to discuss the same question for an arbitrary
algebra. Our question is whether it would be possible to characterize an arbitrary
finite-dimensional algebra which is split over its radical through the combination
of the two methods for a left Artinian algebra with splitting over its radical and a
finite-dimensional algebra with 2-nilpotent radical.

In fact, for such a finite-dimensional algebra A, we can start from B = A/r’
where r = r(A) is the radical of A. Consider r(A/r?) = r/r?, denoted by 7. Then
72 = r*/r* = 0. By Lemma 4.1(ii). there is a surjective homomorphism of algebras
FoTWAI(r/r). /1Y) = A/r.

But we have (A/r?)/(r/r?) = A/r,s0

fT(AIrrir}) — AP

is a surjective homomorphism of algebras.
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On the other hand, according to the method in Section 3, in order to obtain the cor-
responding Gabriel Theorem for this A, the key is to find an algebra homomorphism «
corresponding to f in Lemma 3.1. Therefore, this problem may be regarded as the
problem of finding a surjective homomorphism of algebras « such that the following
diagram commutes

T(A/r,r/r?)

]

n

A O’

A/r2

where 7 denotes the natural homomorphism. If such an o exists, the generalized
Gabriel Theorem should hold for this finite-dimensional algebra A.
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