COHERENT PAIRS OF EXTENSIONS OF
ASSOCIATIVE ALGEBRAS

N. RAMABHADRAN

Let K be a commutative ring with identity element and let 4;, =1, 2 be
two K-projective associative algebras with identity element such that the map
k—k1 of K into 4; is a monomorphism of K onto a K-direct summand of 4;,
i=1,2. Let A=4Q®4 and A be a two sided (A, 4;)-bimodule. Let
(2) :0—>A—£>I‘—f—>A——>0 be an extension over A with kernel A (abelian).
This gives rise to a pair (1), (2:) of extensions () : 0> A - a (4 > 4; >0
over 4; with kernel 4, /=1, 2. The object of this paper is to give a characteriza-
tion of pairs of extensions ovér Ax and‘ _.Az frespectively, with kernel A which
arise in this way from an extension over A;® 4. with kernel A. This leads to
the notion of coherent pairs of extensions (Def. 3.8). The corresponding
problem for groups has been treated by F. Haimio and S. Maclane [2]. We
define bicohomology groups H"(A;, 4;,; A) of the pair (4;, 4;) and show
(Prop. 3.14) that the set ¥(4,, 4: ; A) of all coherent pairs of equivalence
classes of extensions forms a K-module which is a homomorphic image of
H*(A;, 4, ; A). The kernel of this homomorphism is also determined (Prop.
3.16). The analogous problem for Lie algebras has also been treated by us
and will appear elsewhere. @ We have followed the notation and terminology,

as in [1] and [2]. All tensor products are over K.

1. Bicohomology of a pair of associative algebras

Let K be a commutative ring with identity element 1 and 4; and 4. be two
K-projective associative algebras with identity element. Further, let the map
k-k*1 of K into 4; be monomorphism of K onto a K-direct summand of A.-:
i=1,2. Let Abe a two sided (A4, 4z)-bimodule -i.e. A is a two sided 4;-module,
i=1, 2 the operators from A; commuting with those from 4.. Let S(4;)=
Sn=0Sn(4;) be the standard complex [1] of the associative algebra A4; where
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Su(4;) = A7QR Saldi), So(Mi) =K

and S.(4;) is the tensor product (over K) of the K-module 4; taken n-times,
n>0, A being the enveloping algebra A4;® AF of 4;, i=1,2. It is known [1]
(Since 4; is K-projective) that S(4;) is a A%-projective resolution of 4;. Let
LM i, A) =Homg(S (4, A), n=0 and L™y, 4 ; A)=Homg(S,(1)®
Sm(4), A), n=0, m=0. Then the K-module

j(/’i, A):}:‘mao‘.fn(/‘[, A)

is a cochain complex [1] the coboundary operator §; being given by

@ G, L D =28, L A
+2°<‘<"“( - l)f(l‘” .. X‘”'l(t‘}-l’ ey X‘nill)
_’_ ( — 1)n+‘_f(l‘” (1)) X(”

for fe L4, A) and A", ..., € 4. The K-modules .£"(4;, A) and
L™ Ay, A2 ;3 A) can be considered as two sided (4;, 4.)-bimodules through
A and, as usual, we can identify Z*™(4,, 4 ; A) with L (4, L™(4s, A))
and -L™(4:, L"(4;, A)). Let

LM, My A)'—Eo:'rsnfr'”-r(/h, Az 5 A), 7n=>0.

We define a map & from £"(A,, 42 ; A) into Z"*'(A;, 4 ; A) (which is
a K-homomorphism) as follows. Let f&. ™4, 423 A), f=fno+ - +fon
fr,n—rEc.%,'n_r( Aly AZ N A)- Let 5f= f,:f;l+l,o+ e’ +fé,n+1 Where

(2) fronerer =01f retm-r+1+ (= 1) 62 f r.n—r.

Since 4; and 6. commute and 8}=0, i=1, 2 it follows that 6>°=0. Thus the
graded K-module £ (A1, A ; A) = Dinze-Z”" (M1, A5 ; A) is a cochain complex
with ¢ as coboundary operator. Elements of (A4, 4, ; A) are called #-
bicochains of the pair (4;, 4,) with values in A, those of Z™(4;, 42 ; A) =
Kernel 48, 0 : &"—>_<""" are called #n-bicocycles and those of B"(4, 4, ; A)
=1image of 4, d : " '> " n>1 are called n-bicoboundaries. Further we
define B°(4;, 4> ; A) to be 0. Since 6 =0 we have the bicohomology module
HY( 4, 425 A =Z™My, 455 AY/B™( M, A2 ; A), n=0. Let A= A,® 4. Then
S(A4) is A°projective resolution of 4. Since 4; is K-projective, i=1, 2, it
follows [1] that, the A5® A45( = 4°)-module

S(AI) ®S(A2) = ZnaoSr(Al, Az)
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where
Sr( Ay, 4) = De=r=nSy (A1) ® Sn—r(A2)

considered as tensor product of the complexes S(.1,} and S(4,), is a A°-projective
resolution of 4. Thus H™A4, A), the »n™* cohomology module of the K-algebra
4, can also be considered as the »'* derived groups of the complex > n=cHomae
(Su(4;, A2), A). Comparing the coboundary operators in this complex and in
LAy, A2 ; A) we have

ProposiTion 1.1. H™ A, As 5 A) is isomorphic to H™ (A, A) as K-modules,

n=>0.

Let N(4;), 7 =1, 2 and N(4) denote the normalized standard complexes [1] of
the K-algebras 4; and A respectively. N(4;) = Du=eNa(4i), Nu(4:) = A QNal )
where Ny(4;) =K and N,(4;) is the tensor product (over K) of the K-
module A} = cokernel (K- 4;), taken #n-times, #>0 (Because of our assumption
on 4; and K, this cokernel is a K-direct summand of 4;). It follows that N(4;)
(resp. N(A)) is a Af-(resp. A°-) projective resolution of 4; (resp. A). ~ Let
N™4;, A) =Homg(NA(4:), A). Thus N™(4;, A) can be identified with the
submodule of " 4;, A) consisting of those elements f which take the value
0 if any one of the variables A; is 1. Such cochains are called normalized
cochains. Then N(4;, A) = 3n=N"(4,, A) is a cochain complex with the
coboundary operator, denoted again by 4, given by the formula (1). Similarly
Nid, A) =S p=0N"(4, A) is a cochain complex (normalized). Thus H"(.1;, A),
i=1,2 (resp. H*(4, A)) can also be considered as the »* derived groups
of N(4;, A) (resp. N(4, A)). Let £ be the map from N(4) into N(A;) Q@ N(4)
[1] defined by

(3)  E(A@ANMRAY, . .., A @17 T (1" @ P))
= Dhomr=ahe LAY, . o AT TR AR @A e - AP IR, L L ., A DY

for »>0, and
Moo 2, whed, i=1,2

Then it is known [1] that £ is a ‘map’ over the identity of 4. ¢ gives rise to
a K-homomorphism £&* from Homa gael > o=r=alNr(4) @ Np-r(4), A) into

Hompe(N,(4), A) for n=0. In particular for » = 2 we have the following formula
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(4) o1+ 7+ o)A @2, 1 R4")
=(Dx(l;‘), X;”)‘K{”‘Z?)-l-1(12)7’(1;”, l;ﬂ)°l;”+}.{”'A;l)mz(l;”, }.;2‘).

Where w; € Homa,egn,e(No(A)) @ A5, A) = Homg(N,(4;), A)
7 € Homa egn,e (N (A1) @ Ni(4), A) = Homg(N1(4) @ Ni(4), A)
and
w: € Homapegae( M @ No(4;), A) = Homx(No(4), A).
If w=¢%(w1+7+ @) then o is a 2-cochain (normalized) of A with values in A

and v is a 2-cocycle if and only if (i) w; is a 2-cocycle and (ii) diw;j = ( — 1V, .
ixj, i=1, 2 (The formula (4) will be used later in Prop. 3.10).

2. Stability Lie algebra

Let I be an associative K-algebra (with identity) and M a two-sided ideal
of I" and I'/M the quotient algebra.

DeriniTION 2.1. The stability Lie algebra of the chain I'> M D0 denoted by
S(IroM>0) is the set of all derivations of I which are trivial on M and which
induce the trivial derivation on I'/M. S(I'DM D0) is an abelian subalgebra of
the Lie algebra ©(I') of all derivations of I. Let 4 be a K-projective associative
algebra (with identity) and A a two sided A-module. Let (2) : 0-—>A—£—»I‘

—q—>A—>O be an extension over A with kernel A (abelian).

LemMa 2.2. There exists a K-isomorphism of S(I'>B(A)D0) onto Z'(4, A)
(the K-module of 1-cocycles of A with values in A).

Proof. Let 0 : S(ITDB(A)D0)~»Z'(4, A) be the mapping defined by the
relation B(8(s)(R)) =s(y), reT, s€S, and A=aly)e 4. Then 0 is a K-iso-

morphism.

3. Coherent pairs of extensions of associative algebras

Let .1; and A, be two K-projective associative algebras with identity such
that the map 2 —%-1 is a monomorphism of K onto a K-direct summand of 4;,
i=1,2 and A be a two sided (4;, 4;)-bimodule.

Let (3, (%)

8
) (3) : 0—>A—sTrts A—0

B2 az
(Ea) 00— A——4,—0
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be a pair of extensions over A4; and A, respectively with kernel A (abelian).
Let L(4;) (resp. R(};)), A € 4; denote the operator on A corresponding to i;
with respect to the left 4;-module (resp. right 4;-module) structure of A. i.e.
L(A)a=2di+a: R a=adi, ac A, A< 4;.

DeriniTioN 3.1. A complementary extending derivation for an element A € 4;,
i=1, 2 is an extension ¢;(1;) of the operator L(4;) — R(4;) as a derivation of

I, i=j such that ¢;(4;) induces the trivial derivation on 4;.

DeriniTiON 3.2. A pair (2), (2:) of extensions over 4; and 4. respectively
with kernel A is called a complementary pair of extensions if, for i=1, 2 there
exists a K-homomorphism ¢; : 4;>D(1}), i=j, as K-modules, such that ¢;(4;)
is a complementary extending derivation for A; and (1) =0.

Since 4; is K-projective, the exact sequence (J3;), 7 =1, 2 splits as a sequence
of K-modules. Further, as K1 is a K-direct summand of 4;, we can assume
that 4; = K-1® 4} and the splitting #; : 4;-T; can be chosen such that #;(1)
=1. Let w; be the 2-cocycle of 4; with values in A associated to the extension
(2;) by means of the splitting #;. 1i.e.

wi (A7) (A") = AP A0 = Bilwi (AP, AD)), A, A e 4.

w; is then a normalized 2-cocycle and the elements r; of I; can be expressed

uniquely in the form 7; = Bila;) + u; (), A; = aily;) for some a; € A.

Prorosition 3.3. (23)), (3%) is a complementary pair if and only if there
exists a pair of functions r., r: such that r; € Homg(N,(4) @ Ni(4:), A) satisfying
the following conditions:

(6) Bi(7i(A1, A2)) = (Ci(2:)) (w;(2;))
7 0j7i=0iwj, ixj, i=1, 2.

Proof. Let (31), (%) be a complementary pair. Then there exists a K-
homomorphism ¢; : 4;>D.I}), i=j (as K-modules) such that ¢;(4;) is a com-
plementary extending derivation for 1;, =1, 2 and £;(1) =0. As () induces
the trivial derivation on 4;, ixj (&i(4:;))(rj) € BjtA) for y;=TIj. In particular
for A; € 4;, (Ci(A))(uj(27)) € Bi(A). (u; is a splitting of (3;)). Let us denote
by Bi(7i(:, 2)) the element (£;(A;) Y #%;(4;)). Thus we have function 7;, i =1, 2,
7i i Ay X Ay > A such that Bj(7i(4y, A)) = (&i(A)) (w(2;)), ixj. Since §i: 4i>D()
is a K-homomorphism and ¢i(1)=0 .it follows that # € Homg(N:i(4)®
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Ni(4:), A).  As ¢(4) is a derivation of T it can be seen that the 2-cocycles
o; (normalized) corresponding to the extension (J;) satisfy the relation (7).

Conversely, we define ¢ : 4;>D(T7}), ixj as follows:

1 €15, vi = Bila) + ui(R)), 4= a;(r;)
(&) (1) = (&i(2:)) (Bi(@;)) + (§i(2:) ) (%(2;))
= Bi((L(A) — R (aj) + 7i( Ay, A2)).

The relation (7) shows that £;(4;) is a complementary extending derivation and,
as 7; € Homx(N.(4) @ Ny(4,), A), ¢ is a homomorphism of K-modules.

LemMa 3.4. Let (X)), (32) be a complementary pair and ui, u; be two split-
tings of (%) as K-modules such that ui(1) =ui(1) =1 and ri, r! be the associated
Sfunctions.  Then there exists c¢; € Homg(Ni(4;), A) such that r} =7+ dicj, i¥7,
=1, 2.

Lemma 3.5. Let (X)), (22) be a complementary pair. Any two complementary
extending derivations Gi(2;), Ci(A;)) for A€ A;i differ by an element s(};) € S([;D

Bi{A) D0) ixj and conversely.

The proofs of these two lemmas are straight forward verifications.

DerINITION 3.6. A partial cocycle z is an element z € Homx(N1(4) @ Ni(4),
A) such that z belongs to Homg(N:(4;), Z'(4;, A)) for i=1 or 2, i=j (In this

case, we denote z by z;).

ProrosiTioN 3.7. Let (X)), (3:) be a complementary pair. Then for (i)
different splittings u} of (3;) such that ui(1) =1 (ii) complementary extending
derivations of I for elements of Ai, i%xj for different homomorphisms C. : A;—
D(TI;) as K-modules, the sum r.+ r. (of the associated functions 7: as in Prop. 3.3)
gets changed into vi+ 1+ z1+ 2, where zi, i=1, 2 are partial cocycles, z; = Homg
(N(4)), Z}(4i, A)).

The proof is a straightforward verification.

DeriniTION 3.8. A complementary pair (3;), (2:) of extensions over A; and
4, respectively with kernel A is called a cokerent pair if, for some splittings u;
of (2;) such that #;(1) =1 and some K-homomorphism ¢; : 4;»D(Iy) ixj (as
K-modules) such that ¢;(1) =0 and ¢;(4) is a complementary extending deriva-

tion of I for 2;, the sum 7+, of the associated functions #; (as in Prop. 3,3)
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is equal to the sum z + z, for some partial cocycles
zi € Homu(Ni( A7), Z'(4i, A)), ixj, i=1,2.

From Prop. 3.7, we see that this property of being coherent depends only
on the extensions (21), (2,). We give a criterion for coherence in the following.

ProrosiTiON 3.9. A complementary pair (I1), (2) is a coherent pair, if and
only if, for some choice of splittings ui of (Z;) with ui(1) =1 and K-homomorphism
Ci P Ai»>D(IY), ixj (as K-modules) for i =1, 2 such that ¢i(1) =0 and Ci(4;) is
complementary extending derivation for A, the sum p,+ p: of the associated func-

tions p; (as given by Prop. 3.3) is 0.

Proof. Let (3)), (3:) be a coherent pair. Then for some splitting #; of
(Z;) such that #;(1) =1 and homomorphism &; : 4;»>D(T}), ixj, i=1,2 the
sum 7;-+ 7, of the associated functions 7; is equal to the sum z, + 2., z; being
partial cocycle belonging to Homg(Ni(4;), Z'(4i, A)),i=1,21ie. rn+rn=2z+z.
With the same splittings #; but with the homomorphism ¢} : 4;->D([}),
¢i=¢Ci+0;'(—z;) (6; is the K-isomorphism of S(I';28;(4)>0) onto Z'(4;, A)
of Lemima 2.2), we see that the sum p,+ 0. of the associated functions p; is
equal to 71+ 72 —2,—2 =0. Conversely if p;+ p» = 0 with 2z, = z; = 0 we see that
the pair (2), (2:) is coherent.

An example of a coherent pair

Let 4= A:® 4, (with the same assumptions on 4; and K, as earlier). Then
A is a two sided 4-module. Let (J) : O—>A—'9~>I ~254—0 be an extension
over A with kernel A (abelian). Further let [ =a (4, i =1, 2 (4; is identified
as a sub-algebra of A). Then we have a pair (), (2:) of extensions,
(3 : 0->Afi—>l“,'—a‘—>A,-—>0, ai=a|liand Bi=B. Let u; : 4;—T; be a splitting
of (3;) as K-modules such that #;i(1) =1. We shall define a complementary
extending derivation ¢;(4;) for 2, =1, 2 as follows:

(8) (G () = L), 77] = i) o5 — v il A;)
ixj,1i=1,2:r;eljand A< 4.

Then ¢;(1;) is a derivation of I'j, i=j, ¢;(1) =0 and induces trivial derivation

on 4; and ¢&; @ A;-»>D([}) is a K-homomorphism. Thus (2}), (%) is a comple-

mentary pair.  Bi(7i(Ay, 42)) = (Ci(A:)) (%;(47)) = Lowi(R0), wj(1;)], ixj Hence

n+r=0ie (), (3%) is a coherent pair,
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ProposITION 3.10. Let (3}), (3,)

B

© (2 1 0—> A>T 4—>0
B

(5) : 0—>A—>Ti—> 40

be a coherent pair of extensions (with the same assumptions on A; and K, as earlier).

Then (1) there exists an extension (3)

5
(10) (5) : 0—>A—>T—54, @ A——0

over M/, @ A with kernel A

(ii) there exists operator K-isomorphisms @i : a~'(A;) =17, i =1, 2 (with respect
to operators from Aj, ixj and

(i) ai*¢i=ala™(4), i=1, 2.

Proof. Let () : O—>A~ﬁi>nﬁi>A;—>0 be a coherent pair. Let us choose
(i) splitting u; : A4;> T such that #;(1) =1 with o, as associated 2-cocycles
(normalized) and (2) K-homomorphism ¢; @ 4;>®(I}), i*j so that the sum
71+ 7 =0 (of the associated functions 7; (Prop. 3.9)). Let r=7= —#». Then
the 2-bicochain w; + 7+ w: is a 2-bicocycle and let w = £*(w; + 7+ ws) (£* given
by (4)). Then w is a 2-cocycle (normalized) of A, ® 4. with values in A. Let
I'=A® (A4 ®4) (direct sum as K-modules). We shall, as usual, denote by
the pairs (a, 2i2,i® 1) the elements of I, ac A, hi€ A, hic A. Let
B: A-TI, a: I'>4,® 4 be defined by B(a) = (a, 0) and allg, 4R i) =
241i® A2i. We define a multiplication in I, as usual, by means of the 2-cocycle w.

(11) (a1, 21 ® Aer) * (@2, A2 ® Asz)
= (a1 Azt doe + At Ao + 01 (A, Ase)dor®da
+/1217’(h1, 122)/112“}‘111'112&12(/121, 122), /111’/112®/121'122)

B

(from (4)). Then I is an associative K-algebra and (J) : 0~—>A—T ~1>A1 ®
A:—->0 is an extension over 4,® 4, with kernel A. As in the example given
above, this gives rise to a coherent pair (2}), (5}) of extensions over 4, and
4, respectively with kernel A where

N . Bi _, . al
(12) (2 0—A—a ' (4;)—> 4—>0
where aj=ala"'(4;) and B;=B. Let us define the mapping ¢; : a (4) T} as
follows.
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Case i=1:¢{a, 1Q®1)) = gi(a) + u(A)
Case i=2: ¢((a, 1®21)) = Ba) + u:(2).

Then ¢;, i=1, 2 is an isomorphism of K-algebras. @ We shall verify here only
that the multiplication is preserved and this is operator isomorphism.

Case i=1, j=2:

¢:((a, in®@1) (@, H2®1))
= Bi(ai* Az + divaz + 01(An, Ai2)) + #1(AnAe)
=¢((a, 2 @1))¢1((as, 12®1))

Let o€ 4z

@ ([0, 1®42), (a, LR®1)])
=¢:((L(4) — R(22))(a) = 7(24, 2), 0)
= Bi((L(2) = R(A)) (@) — r(As, A2))
=C(2) ¢1((a, 1,®1)).

i.e. ¢ ¢ a”'(4,) > T} is operator isomorphism with operators from 4,. Similarly
for =2 we show ¢, is operator isomorphism of a”'(4) onto I:. Further
(a9 (@, 4QD)) = A1 =alla, 1®1)) i.e. ar¢r=ala”'(4). Similarly a-¢.
=ala"'(4:). We summarize together the Prop. 3.10 and the example given

earlier in

Tueorem 3.11. Let (2): O—>A—ﬁ—>I‘j—>Ar———>0 be an extension over A= A1 Q A»
with kernel A, A; being K-projective associative algebra with identity such that
the map k—>k-1 is a monomorphism of K onto a K-direct summand of Ai, i=1, 2
and A a two sided (A, As)-bimodule. Then (3}) : 0> A->a H(4)>4;>0i=1,2
is a coherent pair of extensions over A; with kernel A, the complementary extending
derivations on o '(A;) for A€ Ai, ixj being given by inner derivation of coset
representatives ui(2;) of elements of Aiin a (A, wi @ Ai->a ' (A;) being a splitting
of (2}) as K-modules with ui(1) =1. Conversely if (%) : OﬁAﬁ>F;ﬁi>A.~>0
(=1, 2) is a coherent pair of extensions over A; with kernel A then (1) there
exists an extension (X) : O—>A—is—>1"—a->A1®Az~>0 over A4, Q@ Az with kernel A
(2) there exists a pair of operator isomorpkisms ©; from a”'(4) onto T}, i=1, 2 (as
K-algebras) and (3) ai*¢i=ala™(4), i=1, 2.

Let € (4;, 42 ; A) denote the set of all coherent pairs of equivalence classes
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of extensions over A; and 4. with kernel A (with the same assumptions on 4;,
A and K, as earlier). A coherent pair (2)), (2;) of extensions determines at
least one quadruple {ws, 71, 72, w:} Where w; € Z*(4;, A) (normalized 2-cocycle)
and 7 € Homgx(N:(4;) @ Ni(A4:), A) such that (1) Siwj =07, ixj, i=1, 2 and
(2) 7.4+ 7 =2 +2 where z is a partial cocycle, zi € Homg(N,(4;), Z'(4;, A)),
i% 7 we shall call such a quadruple a starndard quadruple. Conversely, any

standard quadruple {w;, 7, 72, @} determines a coherent pair of extensions.

DermviTioN 3.12. Two standard quadruples {wi, 71, 72, we} {w}, 71, 71, w3}
are called equivalent if (1) there exists a 1-cochain ¢; (normalized) such that
wi—wi=0ic; for i=1, 2 and (2) there exists partial cocycle z such that
rt— 7 =d8ic;+2z. A standard quadruple of the form {8.c;, 6ics+ 22, 801 + 21, 0262}
is called a trivial quadruple.

Let &#(4;, 42 ; A) denote the set of all equivalence classes of standard
quadruples. Then (4, 42 ; A) is a K-module under componentwise addition
and scalar multiplication of representatives. It is also clear that there exists
a bijection of F (4, Az ; A) onto & (A, As ; A). Hereafter we shall identify
% with .&¥. ¥ is not empty because the pair (5)), (2;) where (3;) is the
inessential extension over A; with kernel A, is a coherent pair. Let us now

define the following maps

Qi P HX(Ay, A2 5 A)>H*4;, A), i=1,2

2 P H¥X4y, Ay ; A > H (A, A D H (4, A)
I : H (M, A5 A) > F (4, A5 A)

4 LM, M5 A)» H (4, A)D H (M, A).

(13)

Let wi+7+w. be a representative 2-bicocycle of an element of

Hz(Ax, A3 A)

2i(w:1+ 7+ »,) = the cohomology class of ; in H*(4;, A)
-Q(wl + 7+ wz) = .Q](wl + 7+ a)z) + .Qz(w1+ 7+ (Dz).
(w1 + 7+ w2) = equivalence class of the standard quadruple {w;, 7, — 7, w2}

Al w1, 71, 72, we}) =(class of wy, class of w:).

These are well defined K-homomorphisms. Let &; be the kernel of @; and &
the kernel of 2. Then & = R;N K.
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ProrositioN 3.13. R consists of the classes of elements of the form (0, 7, 0)
where v = Homg( Ni(A4) @ Ni(A), A) such that dir=0, i=1, 2.

The proof is straightforward verification.
ProrosiTion 3.14. 1T is an epimorphism.

Proof: Let {wi, 1, 7, vz} be a representative of an element in .. As this
standard quadruple corresponds to a coherent pair of extensions, we can assume
that 7y =7= —7. Then w;+ 7+ w: is a 2-bicocycle and the image under I7 of
the bicohomology class of w;+ 7+ w: is the element in . which we started
with.

ProrosiTioN 3.15. 4 is a monomorphism.

Proof. Enough to verify that kernel 4 is 0. Let {wy, 71, 72, w2} be a re-
presentative of an element in Ker 4. Then

A((w;, 71, 72, wz)) =OEH2(A1, A)@Hz(Ag, A)

i.e. there exists a 1-cochain c;i e Homx(Ni(4:), A) such that w;=dici, i=1, 2.
Hence the equivalence class of {wi, 71, 72, w2} corresponds to the coherent pair

of inessential extensions and this is the zero of ¥ i.e. Ker 4=0.
ProrosiTioN 3.16. The kernel of I is & (the kernel of 2).

Proof. Let o+ 7+ w: be a representative of an element in Ker 77. Then
IMw,+ 7+ ws) =class of {w;, 7, =7, @} =0 in &~. {wi, 7, — 7, w2} is equivalent
to a quadruple {dic;, 01¢: + 22, 8:61 + 21, 0:¢2} for a (normalized) 1-chainc, i=1, 2
and partial cocycle z;, i=1,2. Thus wi=dic; and r=7r= —r=01c+2=
—0:;¢: — z1. Hence (@, + 7 + ws) is bicohomologous to (0, 7', 0) where 7' = 8¢, + 22
= — 012 — 21.

017! =0' =0ie. Ker TC Q. Let v+ 7+ w: be a representative of an element
in & Then w,+ 7+ . is bicohomologous to a bicocycle of the form (0, 7/, 0)
where 6i7' =0, =1, 2. Then (w4 7+ we) = I(class of (0, 7!, 0)) =class of
{0, 7, —¢'", 0}=0€ .~ i.e. RCKer II. Hence Ker I = R.

We summarize these together in the following:

THEOREM 3.17. Let A, and A, be two associative K-algebras (with all assump-
tions as earlier) and let A be a two sided (Ay, As)-bimodule. Then we have the

Sfollowing commutative diagram in which rows and columns are exact:
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0
!
o v
0—f—>H (M, A3 A)—>F (A, A2 ; A)—>0

] I,

0—f-—H* (41, 4 5 A)—H" (M1, A)® H* (4, A).
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