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1. Introduction

A mapping k: #(X) - #(X) is a quasi-closure operator (see Thron (1966)
page 44) if (i) Ox = [, and for all 4, Be #(X) we have (ii) A = Ax, and (iii)
(A UB)x = Ax U Bk; one easily deduces that such operators have the further
property: (iv) if A = B< X, then Ax € Bxk; if x also satisfies: (v) Ax? < Ax
for all 4 < X, then x is called a Kuratowski closure operator.

Birkhoff (1967) and Morgado (1960) have taken statements analogous to (ii)
(iv)and (v) as their axioms for an algberaic closure operator defined on an arbitrary
complete lattice L. One reason for doing this is to ensure that the set ¢(L) of all
such operators is itself a lattice, in fact a complete lattice, under the partial order
defined by:

') ¢ < if and only if a¢p < ay for all aeL

Morgado (1960) discusses the existence of atoms and dual atoms in ¢(L) and in
Morgado (1961) describes all the lattice automorphisms of ¢(L); in Morgado
(1961b), he generalises the latter work and determines the conditions under which
¢(L,) is lattice-isomorphic to ¢(L,).

It is well known that not all algebraic closure operators satisfy axiom (iii)
(see Example 1 below for a non-trivial instance) and that in general K(X), the set
of all Kuratowski closure operators, is not a lattice under the order defined in (1)
(see Example 5). On the other hand, if T(X) denotes the set of all topologies
defined on X and ®: K(X) —» T(X) is the 1-1 anti-order-preserving correspon-
dence defined by n® = {4 < X: A'n = A’} for all ne K(X) (see [17]), then K(X)
inherits a lattice-structure from that usually defined in T(X); however this is not
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so of Q(X), the set of all quasi-closure operators (see Example 6). In addition, the
operations induced on K(X) under ¢ are particularly cumbersome and do not
appear to simplify the analysis of K(X) as a poset.

For these reasons we now commence a study of the posets K(X) and Q(X),
modelling our approach on that of Morgado. In section 2, we determine all the
atoms of K(X) and show that the atoms of §(X) are precisely those of K(X); in
doing this we give an alternative proof of Frohlich’s resuit characterising the
maximal topologies definable on a set X (Frohlich (1964)). In section 3, we de-
scribe all the dual atoms of K(X) and Q(X) .These results are then used in section 4
to discuss the existence of order-isomorphisms between K(X) and K(Y) and
between Q(X) and Q(Y); this extends Frohlich’s work in characterising the
lattice-automorphisms of T(X) (Frohlich (1964); see also Steiner (1966)). Another
feature of Morgado’s work, the embedding of ¢(L) in the Cartesian product
(M) x ¢(N) for some lattices M and N (see Morgado (1961a), (1963), (1966)),
wili be investigated for the case of K(X) and Q(X) in Sullivan (to appear). However,
unlike Morgado, we shall restrict our attention throughout to operators defined on
the lattice #(X) rather than on an arbitrary lattice L. For otherwise it seems
that to achieve comparable results, we would have to first assume that L was
complemented and distributive, and so was uniquely complemented (Birkhoff
(1967), page 17), and that it was atomic, and so was in any case a sublattice of
P(X) for some set X (Morgado, (1963), page 85).

2. Minimal closure operators
Notation will be that of Banach (1932) and Birkhoff (1967) unless otherwise
specified. We write a for the identity mapping on Z(X) and w for the mapping
defined on #(X) by setting [Jw = [] and Aw = X for all non-empty 4 < X.
An order is defined on Q(X) by the relation:
x = n if and only if Ax € Ay for all A c X.
Under this order, Q(X) is a poset with least element o and greatest element w,

and in general we have K(X) < Q(X) and K(X) < A(X), the set of all algebraic
closure operators defined on 2(X).

ExAMPLE 1. Let X be infinite and fix some infinite C < X. Define
n: P(X) > P(X) as follows:
An = AV C if C\A is finite,
= A otherwise.

It can be readily checked that 5 e A(X). If however we fix x, ye C, and write
C\{x,y} = AUB, where A NB = [] and both A4, B are infinite, then (4 U B)y
# An U By. Hence K(X) < A(X).

ExaMPLE 2. Let X be any set, and fix some non-empty 4 < X such that
| A’| = 2 and some x ¢ 4. Define ¢: Z(X) - 2(X) as follows:
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Cg=AUx if Cc A4, C#[]
= X ifC¢4a
= O ifcC=.

It is easy to see that g € Q(X); however since Ag*> o Aq, we find that g ¢ K(X),
and so K(X) < Q(X).

In fact, there are other more important, non-trivial examples to show that
K(X) = Q(X): for situations in analysis, see Thron (1966), page 46 and Banach
(1932), page 208; the following example arises naturally in the theory of partial
left translations of a semigroup (Sullivan (1969), Chapter 3).

EXAMPLE 3. Let S be a semigroup and fix some x € S. Define 5: 2(S) — Z(S)

as follows:
Ch=CuxCforall CcS

It is easily checked that 5 € Q(S). But

Chp=CUxCc CUxCUxC = Cp?;

if S is the positive integers under multiplication, and C = {1}, x = 2, the
containment is proper, and so in this case,  will not belong to K(S).

Although A(X) is a lattice under the partial order defined in (1), this is not
so of K(X): we choose to show this by first defining certain elements of K(X)
which will have a role of some importance in our characterisation of the atoms
of K(X) for X finite.

DEFINITION 1. For A,B < X, define k5: P(X) = P(X) as follows:
C’CAB_—' CifAﬂC=D
= C UB otherwise.

As an abbreviation we shall simply write x5 or x,, when 4 = {a} or B = {b}.
It is then easy to see that in general we have

& =Ky =Kgp = K, and @ = Kyy

In fact these are the only x5 which equal « and @ when lX l > 1: the proof of
this fact is straightforward and so shall be omitted.

LemMA 1. Suppose |X| > 1.

(i) x4p = @ if and only if either (a) A = [Jor B = [, 0r (b)) A = B = {a}
for some aeX.

(i) x,p=w if and only if A =X = B,

LemMA 2. k,p€ K(X) for all A,B< X.

https://doi.org/10.1017/51446788700031530 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700031530

324 P. J. Collyer and R. P. Sullivan [4}

Unfortunately, even for X finite, not every n e K(X) is of the form «,j for
some A, B £ X. In showing this we shall use the additional abbreviation of writing
an for {a}n.

ExAMPLE 4. Let X = {a,b,c,d} and define n: #(X)—> P(X) by setting
(n=0and an =a,dp =d, by =bVUd, cn =cVUa, and Yn = {yn: ye Y}
for Y < X. It is then readily checked that # € K(X). But suppose # = x5 for some
A,B< X. If b¢ A, we have by = bk, gz = b, a contradiction. Hence be A, and
bud=bnp=DbUB, cUa = cn=cUB: this implies deB< {c,a}, a con-
tradiction.

However this particular kind of closure operator can be used to show that
K(X) is not a lattice under £ as defined in (1). Although the infimum under < of
¢, ¥ e A(X) is the operator ¢ A ¥ defined by:

B(p ANYy) = B N By for all Bc X,
when A is restricted to K(X) we find:

ExamrLE 5. If [X [ = 3 and we choose a,b,ce X and put § = K, A K, then
by (1) we have
{b, cin = {b, i, N {b, c}x,, = {b,c,a},
but by = {b,a} Nb = b and likewise cn = ¢. Hence ({b} U {c})n # {b}n U {c}n,
and so ¢ K(X). ,
On the other hand, K(X) inherits a lattice-structure from T(X) by defining,
for all 5, ¢ e K(X),

nVé=24ifandonlyif T AT,= L and A® = L
nAE=p ifand onlyif T, A T, = M and u® = M.

However under these operations Q(X) is not a lattice. To see this, let n, denote
the quasi-closure operator defined in Example 2 for the case 4 = {a}; we then

have

ExAMPLE 6. Forallae X, n,® = {[J, X} = T,, and so, if A is well defined
on Q(X), we obtain n, A 1, = w; clearly, Q(X) cannot also be a semilattice under
A

The elements k,; of K(X) introduced in Example 5 and corresponding to
distinct a, b € X prove to be extremely important. They are minimal over « in the
sense that a < x,, and if {e K(X) and o £ £ =k, then £ equals « or k,, and
they provide a ‘‘factorization’’ theory for certain n € K(X) (see Collyer (to appear)).
However before proving the former assertion we now determine the relationship
in general between those x4z which do not equal a.

LeMMA 3. Suppose k37 a for A, B= X. Then x5 < Kk¢p if and only if
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(i) A< C and B\ac D\a VaeA, or (ii) there exists acA such that
B={a} =A\CcD.

ProOF. Let Ec X and put & =k,p, n =kep. If ENA =[], then E&
= E < En. So now suppose (i) holds and EN A [J. Then A# [Jand ENC
# [J,and so forae A NE,

EE=EUB=EyUaUB\acEUuauUD\a=EUD = En.

And if (ii) holds and E N A # [, then ENC = [] will imply ENA = {a} and
so E£ = EUB = EUa = E = En. On the other hand, E N C % [] will imply
Ef=EUB=EWUagc< EyUD = En. Hence in all cases, E¢ < En and so &£ <.

Conversely, suppose £ < n. Now either A = C or A& C. In the first case,
VacA, aUB=al<an=auUD, and so (i) holds. If there exists ae 4\C,
thena UB = al S an = a,and so B = a = A\C since B # [] and fixed. Now if
ANC =[], then A =B = a and ¢ = a, contrary to assumption. So, letting
xeANC, we obtain x¢ = {a,x} < {x} UD = xn and hence aeD.

When we reduce to the special case where both A4, B are singletons, we
obtain:

LemMA 4. For all distinct a, be X, k,, is minimal over a.

PRrooOF. Suppose ée€ K(X) and a £ &<k, and let A< X. If a¢ A, then
A< Al € Ak, = A and so AE = A for all A € X not containing a. Suppose
aeA. Now a < al < {a,b}, and so a¢ equals a or {a,b}. In the first case, we
obtain Af = (A\aVa) = A\aVa = A4, and in the second case

Af = (A\a)t Ual = AUD.

Hence ¢ equals either « or «,,, and the result follows.
We now proceed to determine all minimal Kuratowski closure operators on
an arbitrary X. As a first step, we prove:

LemMA 5. If neK(X), n # « and a < an for some ae X, then x,, <5 for
some be X, ‘ :

PRrROOF. Since a < an, we can choose bean\a. Then if C< X and a ¢ C, we
have Cx,, = C< Cn,and if aeC, then bean < Cyp and so Ck,, = CUb <= Cn,
and the result follows.

This result together with Lemma 4 suffice to characterise the atoms in K(X)
for X finite. For then, if # is minimal in K(X) and a = an for all ae X, then
n = o, a contradiction. Hence, a < an for some ae X and so by Lemma 5, we
have a < k., < 5 for some b # a; the minimality of n then implies the result. The
general result however is considerably more difficult: without the assumption a < an
for some a e X, it is not always true that for each 5 € K(X), there exist x, ye X
with k,, < n. As an example, let X be infinite and consider the closure operator 7
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defined by the conditions: Cy = C for every finite subset C of X and Cp = X
otherwise. For this reason we now begin with

DEFINITION 2. & < P(X) is a prime sublattice if it is a lattice and if
CUDeX implies that Ce ¥ or De .

DEfFINITION 3. # < #(X) is a maximal prime sublattice if it is a prime
sublattice and if P(X) is the only prime sublattice properly containing A .

Our next result shows the existence of prime and maximal prime sublattices
in #(X) for every X containing more than one element; in order to state this
result, we put 8, = {C< X:xeC}.

LemMA 6. If | X|>1and xeX, then B, is a prime sublattice of Z(X) and
any proper prime sublattice containing B, is contained in a maximal prime
sublattice of P(X).

PrOOF. Since X # x, we have #, < #(X) and it is easy to see that &, is a
sublattice and prime.

Now suppose &, = &£ < Z(X) and £ is prime. Let £ be the set of all proper
prime sublattices containing . : this is non-empty since it contains &. Suppose I’
is a chain in X and put # = UT. If C,De .#, then Ce% and De 2 for some
%,2 €T, and since I is a chain, we may suppose without loss of generality that
€ = 9. Then both C,D e 2 and so both C "D, C U D e Z since P is a sublattice.
It follows that .# is a sublattice. Now suppose CUDe.#. Then CUDe#F
for some & €T, and since & is prime, we obtain C e .# or D € #; that is, A is
prime.

If # = P(X), then in particular X \xe¥ for some ¥ eI. Hence if 4 = X
and x¢ A4, then AUxeB, < ¥ implies that (X\x) N(AUx)e¥? since ¥ is
closed under N. Hence % contains every A S X not containing x, and so 9 = Z(X)
a contradiction of the fact that ¢ is a proper prime sublattice of #(X). Hence
# €X and so Zorn’s Lemma implies that & is contained in a maximal prime
sublattice of #(X) as required.

The relevance of the above is shown by the following result

LemMMA 7. Suppose xeX and let & be a maximal prime sublattice of
P(X) containing B.. Define A: P(X) —» P(X) as follows:

Cil=CuUxif C¢ZL, C#[
= C otherwise.

Then 2€ K(X) and is minimal over a.

ProoOF. From the definition, we have [JA = [] and C = CA for all C = X.
IfCcsX,Cé¢LandC # [, then CA2 = (CUx)A=CUxsinceCUXxeB, =L
in this case CA% = CA. In the other cases CA? = CA = C trivially.
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Now suppose CUD¢L and CUD#[]. If C =[], then D¢ ¥ and
D # [, and so we have (C UD)A=CUD Ux = CA U DA. Since the same result
follows if D = [], we may therefore assume that both C, D are non-empty. Now
since & is a sublattice and C U D ¢.%, we may also suppose without loss of
generality that C ¢ . We therefore have C ¢ % and C # [], and hence (C U D)4
= CUDUx and CA = CUx. But by definition DA equals D or D Ux, and
hence we obtain CA U DA = (C UD)A

If CUD = ], then C = D = [] and we have (C UD)A = CAUDA.

So, suppose CUDeZ and CUD # [, and since & is prime we may
therefore assume without loss of generality that C € . Hence we have (C U D)A
= CUDand C. = C. Now if De.Z, we also have DA = D from the definition,
and so in this case (C UD)A = CA U DA So suppose D¢. L. Then D ¢4, since
RB.< £, and so x ¢ D. Suppose we also have x¢ C. Then x¢ CUD, CUD # [
CuUDe%, a sublattice and D UxeZ, =& together imply that

D=(CuUD)Nn(D uUx)e?,
a contradiction. Hence if D ¢.% we must have xe C and so
CAUDA=CUDUx=CUD = (CUD).
This gives A e K(X).
Finally suppose that a < ¢ £ A for some £e K(X) and put
L, ={CcX:C¢ =C}.

Since £ € K(X), £, is a sublattice of Z(X), and if C UD e, with C ¢ Z,, then
C < C¢ < CA. But Ciequals C U x or C, and hence in this case C& = C U x with
x¢C. Then CUD =(CUD) = CEUDE = CU x UDE, and so xeD; that
is, De#B,<= &L and so D = D& = DA = D implies that DeZ,, and hence &£, is
also prime. In fact, if ES X and E€ %, then ECE{ <A =E and so Z;is a
prime sublattice of #(X) such that B, = £ < &, = #(X). By the maximality of
&, we therefore know that £, equals £ or #(X); that is £ equals A or «, and so 4
is minimal in K(X).

We shall now prove that conversely every atom of K(X) is of the form
described in Lemma 7. In order to do this however, we must first show that for
any 1 € K(X), there exists a £ € K(X) just a little ““smaller’” than n; we state this
result in more general terms so that it can be used in Theorem 3 to show that
the atoms of Q(X) are precisely those of K(X).

LemMA 8. Let ne Q(X) and x € X. Define 6.: P(X) - P(X) as follows:
Co,=Cn\x if x¢C
= Cn if xeC,
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Then o, € Q(X) and o, < n. Moreover, if ne K(X) then o, € K(X).

PrOOF. From the definition we have (o, = [OJn\x = [, and if C £ X with
x ¢ C, then C < Cn and so C = Cn\x. Hence C < Co, for all C = X.
Now if x¢ C U D, then x¢ C and x ¢ D, and so

(CUD)s, = (CUDy\x = (CnuDp)\x = Co, U Do,.

If xeCuUD, then without loss of generality, we may suppose xeC. Then
(CUD),=(CuUDyy=CnUDn and xeCn. If xeD, we have Co, UDo,
= Cn YDy, and if x¢ D, we have Co, U Dg, = Cn UDnp\x = Cn U Dy since
x e Cn. Hence o, € §(X).

Now let C< X. If xeC, we have Co, = Cp, and if x¢ C, we have Co,
= Cn\x = Cn, and so o, = 1.

Finally suppose 7 € K(X) and let C = X with x ¢ C. Then CoZ = (Cn\x)a,=
(Cn\x)n\x since x ¢ Cn\x. But Cy\x < Cn implies (Cn\x)n < Cn? = Cn and so
(Cn\x)m\x < Cy\x = (Cn\x)n. But x ¢ Cn\x implies that Cnp\x = (Cp\x)n\x,
and so in case x¢ C we have Co?= Cn\x = Co,. If xeC, then xeCn and
so Co? = Cno, = Cy? = Cy = Co,.

LeMMA 9. If ne K(X) is minimal over o and if as before &£, denotes the
set {C < X:Cn = C}, then there exists xe X such that B, =L, and £, is a
maximal prime sublattice of #(X).

PrOOF. Since 7 # «, there exists A < X such that 4 < An. Let xe An\ A.
Then Lemma 7 implies that « <o, <7n, and since Ao, = An\x < An, then
minimality of 5 implies o, = a. We therefore have 4 = Ao, = An\x, and so
using x€ An, we obtain Ay = A Ux.

Now suppose B< X and B < By. As above we will have Bp = BU y for
some y ¢ B and o, = a. If x € B, then from the definition of ¢, and the fact that
o, = a, we obtain B = Bg, = By = B Uy, and so y € B, a contradiction. Hence
x¢ B and similarly y¢ 4. So if D = A UB (which is non-empty) we have
D N {x,y} = [ and hence again using the definition of o, and o,, we have
D = Do, = Dn\x and D = Do, = Dn\y. Therefore if x # y,

Dn = (Dp\x) U (Dn\y) = D.

But Dn = Ay UByp = AUxUBU Yy, and so xe A UB, a contradiction. Hence
we may fix some 4 < X such that 4 < Asn, and then if x € Ay\ A, we obtain
By = B Ux for all B = X such that B < By. Moreover for such xe X, 6, = a and
so Cn = C for all C containing x. Hence, we have #, = &, and the fact that
1 € K(X) implies &, is a sublattice.

Since 5 # o, £, < P(X). To show &£, is prime, suppose C UDeZ, and
C¢Z, Then CUD =(CUD)y = CnUDnp = CUXx\UDy since C< Cy, and
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so xe C UD. But x ¢ C (otherwise C = C and so CeZ,, a contradiction), and
so xeD. Then D = Dnand so DeZ,.
By Lemma 6 we may choose a maximal prime % such that

B, L, L < PX).

Let Ae K(X) be defined as in Lemma 7. Then if C < X and Ce %, we have
Cl=CcC(Cn, and if C¢L, then C¢Z, and so Cy = CUx = CA. Hence
o < A =1, and so A = 5 by minimality of #. Therefore £, = £ and is a maximal
prime sublattice of Z(X).

If we write (2, x) for the operator defined in Lemma 7, we can summarise
our work thus far in the following:

THEOREM 1. If |X| > 1, then ne K(X) is minimal over o if and only if
n = MZL,x) for some maximal prime sublattice & containing A,.

REMARK 1. We note that, under the lattice-anti-isomorphism @, this result also
provides a characterisation of the maximal topologies on X (cf. Frohlich (1964)).

For completeness, we now determine which (&, x) equal «,, for some
a,be X (note Lemma 4).

THEOREM 2. If IX[ >3 and a,be X, a#b, then x,, = (&, x) for some
xeX and some maximal prime sublattice & containing B, iff x = b and
g = ,@; U%b'

Proor. Put A = (&, x) and suppose L =k, for a # b. Now ax,, = a U'b,
and so if {a} €%, al = a, a contradiction. Hence {a} ¢%, and so al = a Ux,
which implies x = b and 8, = £. If now Ce#., then Ck,, = C, and if in ad-
dition C¢.%£ and C # [], then CA = CUDb; that is, beC and CeB, = L, a
contradiction. Hence Ce. % U[] and we have &, UA, < ¥ U[J. But []e &
since & is a maximal prime sublattice, and so we have &, UZB, =< £. On the
other hand, if Ce & and b ¢ C, then CA = C,and so if ae C, then Cx,, = C U b,
a contradiction. Hence, a ¢ C and we have C eZ.. We have therefore shown that
L =B, VB,

Conversely, suppose that & = &, U2, which is clearly a prime sublattice
of ZX). If C< X and a¢C, then CeB,= &L and CA = C = Ck,. Suppose
ae C. Now either CedB, or C¢4,, and in the first case, Ce ¥ and CA = C
= CUb = Ck,, and in the second case, C¢L, C#[], and CA=CUDb
= Ck,,. Hence we have A(&, b) = k,, where & = B, UARB,.

We are now in a position to prove

THEOREM 3. The atoms of Q(X) are precisely those of K(X).

ProoF. We first show that any atom of K(X) is an atom of Q(X). To do this,
let 1 = (&, x) be an atom of K(X) (see Theorem 1), and suppose there exists
q€Q(X) such that x £ g £ A. Then if C = X and Ce &, we have C = Cq = CA
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= Cand so C = Cq = Cg>. On the other hand, if C¢ %, wehave C< Cq<=C
U x. Now if Cq = Cq?, then C = Cq and so Cq = C U x; thatis,xe Cq, Cqe &,
and (Cq)q = Cq, a contradiction. Hence for C ¢ &, we also have Cq = Cq?; that
is, g € K(X), and so since A is an atom of K(X), we find that g equals « or A.

Conversely, suppose # is an atom of Q(X) and that 5 ¢ K(X). Then there
exists A < X such that Ay < An2. Since this implies that 4 < A4n, we can choose
xeAn\A and y e An>\ An. Then a < 6, < 7 for ¢, € Q(X) (see Lemma 8) and we
have A < Ao, = An\x< An. Hence o, <n and so minimality of 5 implies that
o, = o; we therefore have 4 = Ao, = An\x and so An = A U X since xe€ An.
Hence a <0,<n and y¢ 4 imply that

Ao, = An\y = An = AUx > A4

since x ¢ 4, and so « < o,; the minimality of n therefore implies that = o,.
But y ¢ {x}, and so xn = xo, = xn\y; thatis, y ¢ x. Hence we have An = A Ux
and An*= AnUxy with y e An®but y ¢ Ay and y ¢ xn, a contradiction. Therefore
ne K(X) and if « < &€ < 5 for some & € K(X), then £ ¢ Q(X) and so the minimality
of n in Q(X) implies that & equals « or #; that is, 5 is an atom of K(X).

3. Maximal closure operators

The notion of a dual atom was investigated by Morgado (1960): we shall on
occasion refer to them as maximal elements under o.

DEFINITION 4. For A < X, define y,: Z(X) - #(X) by
Cyy, =4 if Cc A, C#]
=X ifCg4
= [Qif C =

It is readily seen that y, = w if and only if 4 equals ] or X. But more generally
we have:

LemMmA 10. y,e K(X) for all A< X,

ProOF. It is clear from the definition that [Jy, = (] and C < Cy, for all
C < X. From the remark above we may suppose that (] < A< X. Thenif C< A4
and C # [, we have Cy3 = Ay, = A = Cy,, and if C & 4, then Cy3 = Xy,
= X = Cy,since X &£ A. Now suppose CUD < 4 and C UD # []. Then both
C,D £ A and without loss of generality we may suppose C # [J. In this case
therefore (CUD)y, = A = Cy,IUDy,. If CUD & A, then either CE A or
D& A, and so (CUD)y, =X = Cy,UDy,. Finally if CUD =[], then
C = D = [, and again (C U D)y, = Cy, U Dy,.

Closure operators of the form y 4, are of particular importance as the following
result indicates:
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THEOREM 4. n € K(X) is maximal under w if and only if n = y, for some
A< X such that J< A< X.

PRrROOF. Suppose 1 is maximal under @ in K(X). Since #n # w, there exists
[J < B< X such that By < X. Put By = A: we assert that n < y, (we note that
As#[Jsince BeBy). if C=X and C< A, C#[]then Chcs An = Bp? = 4
= Cy,, and if C & 4, then C = X = Cy,. Clearly, [y = [J = [y4, and so the
assertion follows. But from a remark above, y, # @ and so maximality of #
implies the result.

Now suppose [J< A< X and y, ¢ = w. Then if C< X and C & A4, we
haev X € C¢;if C <= A and C # [, then Cé = A and 4 = C¢, and so C¢ = A&
fo all such C. Now 4 © A¢: if A = A&, then & = y,; if there exists ae AE\ 4,
then a ¢ A implies that X = af < 4¢, and so0 & = .

REMARK 2. As before, we note that under & this result determines all minimal
topologies on an arbitrary set X.

The next result reveals the relationship between the operators y, and the
K¢p introduced in section 2.

THEOREM 5. Suppose y, # w. Then y, = k¢p if and only if one of the
following occurs

@ C=XandA=D=X\aq,

(i) C=X\a,Ad=a,|X|{=2and D = a,
(i C=X\a,A=a,|X|>2and D = X.

PROOF. Suppose y, = k¢p and [J < A < X. Then Vxe A’, xp, = X = xKcp;
if x¢ C, then X = x implies A = x, a contradiction. Hence x€ C and we have
A'cCand X =xUDVxeAd' Thisgives A =ANX =ANDandso 4= D.

Now suppose A\C = []. Then 4 = C and so C = X since A’ & C from
above. If there exists de D\ A, we obtain X = dy, = dkyp = dUD = D, and
so Lemma 1 (ii) implies y, = w, a contradiction. Hence D = A. Let ae X\ A.
Then X = ay, = aky, = aJ 4, and so0 4 = X\a.

Now suppose there existsae A\ C. Then 4 = ay, = akcp = aimplies 4 = a
and A\C = a. Hence C# X and so C = X\ A since X\a & C from above.
Now we already have X = xU D Vxe C, and a € D. Hence if | X | = 2, we obtain
D = a. Butif ] Xl > 2, then [Dl = 2 and so there exists d € D\ a, and once again
we have X = dy, = dxcp = d UD since C = X\a and d # a. It follows that in
this case D = X, and hence (ii) and (iii) hold.

Conversely suppose (i) holds and E< X. If E< A4 and E # [, then ExX 4
=EUA=A=Ey,and if E ¢ A4, then E = X and the result follows. If (ii)
holds and we put C = b, it is readily checked that y, = x,,. Finally if (iii) holds,
then first akcy = a = ay,, and if Ed A, then ENC % [Jand so Excy = EVX
= X = Ey,, and again the result follows.
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Before proceeding to determine the dual atoms of Q(X), we wish to point

out that for any n e Q(X), there exists a £ € Q(X) just a little ‘‘bigger’’ than .

RemARK 3. If neQ(X) and xe X, and if we define B.: #(X)—» #(X) as
follows:

CB, = CnUx if xeCn?
= Cn otherwise,
then B, e Q(X) and 5 < B,. For, since x ¢ [(In® = (], we have [, = (In = [J,
and clearly, C = CB, for all C = X. Moreover, if C,D <= X and xe(C VD)2,
then (C U D), = (C UD)n Ux and without loss of generality we may suppose
x € Cn?. Then CB, U DB, = Cy U x U DB, where DB, equals either Dy or Dnp U x:

in either case we will obtain (C UD)g, = CS,. U DS,. If on the other hand,
x ¢ (C UD)y?, then x¢ Cn? and x ¢ Dy?, and so

(CUD)B, =(CUD)y = CyVUDy = CB, VUDB,.

Hence, B, € Q(X) and it is obvious that # < §,.

The result indicated in Remark 3 can be regarded as a “‘dual’’ of Lemma 8.
Yet another instance of some correlation between our earlier work on showing
that the atoms of Q(X) are precisely those of K(X) and our aim to now determine
the dual atoms of Q(X) and relate them to those of K(X) is indicated by the
following

ExAMPLE 7. Suppose € K(X) and choose & = #(X) with the property
€& and CUDed if and only if both C,Deé&

Note that both 2(X) and any set of the form {{a}, O}, a € X, has this property.
Now define ¢: Z(X) - #(X) by putting C& = Cn if Ce& and equal to X other-
wise: it is then easily checked that £ € Q(X) and that n £ ¢ £ w.

However the analogy between the two situations is illusory. To show this we
first state

DEFINITION 5. For a,be X, a # b, define
Pt P(X) — P(X) by
Cop = 0O fC=0
= X\b ifC=a
= X otherwise.
Since a # b, ¢, is only defined for |X | = 2.
LemMMA 11. ¢, € Q(X) for all a,be X, a # b.
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PROOF. [J¢,, = [ from the definition. Since a # b, {a} < X \b = a¢,, and
for C # a, we see from the definition C < C¢,,. Now suppose CUD # a. If
CuUD = [J, then C and D are both empty and (C U D)¢,, = Cd,, U Do,y If
C U D # [J, then at least one of C or D is both non-empty and not equal to {a}.
Without loss of generality, let us suppose it is C. Then

C¢ab UD¢ab =X UD(i)ab =X = (C UD)anb'

If CUD = a, then C < a and D < a and either C or D equals a. Without loss of
generality, let us assume C = a. Now D < a implies D¢, equals the empty set
or X\ b. In either case we have C,, U D@, = X\b UD¢,, = X\b =(C UD)d,.

Just as the y, defined earlier were maximal under w in K(X), we now have a
similar result for Q(X) when |X I = 2.

THEOREM 6: 5 € Q(X) is maximal under o if and only if n = ¢, for some
a,beX, a#b.

ProOOF. Suppose 7 is maximal under w in Q(X). Since 5 # w, there exists a
non-empty C < X such that Cn # X. Choose acC, and be X\Cn. We assert
that n £ @, Clearly Oy = (O = O¢u. If D # a, D # [, then D¢, = X 2 Dy.
If D = g, then D = C, and

D”lgcﬂgx\b =D¢ab’

and so the assertion follows. But ¢,, # » since a¢d,, = X\b # X, and so
maximality of n implies # = ¢

Now suppose, there exists £ € Q(X) such that ¢,, < { S w. Then if D € X is
non-empty and D # a, then X = D¢,, < D& = X gives D¢ = X for all D# a. If
D = a, then D¢, = X\b = DEc X. So D¢ either equals X\ b or X. If D¢

= X|b, then ¢ = @, and if D¢ = X, £ = .

ReMARK 4. We note that ¢,, € K(X) if and only if IX , = 2. For clearly we
always have (1¢,Z = [(J¢,andif D # a, D # (1, then D@,z = X¢,, = X = D¢y,
If D = a, then D$,; = (X\b)p,, and D, = X\b. If [X| =2, then X\b = a
and so D¢,? = a¢,, = Dé,, implying ¢, € K(X). If IX # 2, then X\ b # a and
50 Dg5 = (X\b)$y, = X # X \b = D, implying ¢, ¢ K(X).

4. Order-isomorphisms

We now use the results of section 3 to investigate the existence of bijections
6: K(X) — K(Y) such that n < ¢ in K(X) if and only if n6 < £0 in K(Y); that is,
we shall attempt to determine the condition under which K(X) is order-isomorphic
to K(Y), and in like manner the conditions under which Q(X) is order-isomorphic
to Q(Y), where X and Y are arbitrary (cf. Birkhoff (1967), page 3). Before stating
our first result in this direction, we note that if | X | = 1 and K(X) is order-iso-
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morphic to K(Y), then | Y| < 1: for otherwise there would exist a,beY, a # b
such that x,, € K(Y) and x,, # ay-

Lemma 12: If |X|>1 and K(X) is order-isomorphic to K(Y), then
21Xl — oI¥I

PrROOF. Suppose 0: K(X) — K(Y) is an order-isomorphism and let [J< 4
< X. Then Theorem 5 states that y, is maximal in K(X). Hence y,0 is maximal in
K(Y) since 0 is an order-isomorphism, and so again by Theorem 5, y,0 = yg
for some [] < B < Y. Define 8’: #(X) - Z(Y) as follows:

O =4, X0'=Y
and VA < X, A9’ = B if and only if y,0 = 7.

Then 6’ is a bijection since @ is an order-isomorphism, and the result follows.

Before proceeding we note that if ]X l = | Y] and 6: X -» Y is a bijection,
then 7: Z(X) - P(Y) defined by putting Ct = C8 for all C € X is an order-
isomorphism of #(X) into Z(Y), and that every order-isomorphism is obtained
in this way. We can therefore formulate a partial converse of the above Lemma:

LeEmMA 13: If| Xl = ] Y |, then K(X) is order-isomorphic to K(Y).

ProoF. Suppose 0: X - Y is bijective and for each neK(X), define
fi: Z(Y)—> P(Y) by putting Cij = ((CO~)n)6 for all C= Y. It is then easily
checked that #e K(Y). Now define the mapping 6*: K(X) - K(Y) by putting
n6* = i for all ne K(X); it can also be easily checked that 6* is the required
order-isomorphism.

Combining Lemmas 12 and 13 in the finite case, we obtain:

THEOREM 7: If X is finite and |XI > 1, then K(X) is order-isomorphic to
K(Y) if and only if | X|=|Y]|.

REMARK 3. For infinite X, a complete converse to Lemma 12 does not seem
possible. By assuming the Generalised Continuum Hypothesis, we can deduce
IX | = | Yl when 2/*! = 2/*!_ but without this assumptio) it still does not appear
to be known whether the deduction is valid (see Morgafo (1966), page 155). An
alternative approach to the problem would be to use the results of section 2.
Clearly minimality will be preserved under order-isomorphisms, and so a charac-
terisation of the maximal prime sublattices of #(X) containing #,, x € X, may
enable a ‘better’’ cardinality condition to be obtained when K(X) is order-
isomorphic to K(Y) and X is infinite.

When we turn our attention to order-isomorphisms of Q(X) we obtain a
much better result. However before stating this we first note that if IX | =1and
Q(X) is order-isomorphic to Q(Y), then | YI =< 1; for otherwise we would have

b€ Q(Y), dup # wy.
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THEOREM 8. For |Xl > 1, Q(X) is order-isomorphic to Q(Y) if and only if
| x| = [¥].

Proor. Suppose 8: Q(X) — Q(Y) is an order-isomorphism and let a, be X,
a # b. Then Theorem 6 states that ¢,,0 is maximal in Q(Y) since 8 is an order-
isomorphism, and so again by Theorem 6, ¢ 0 = ¢ , for some ¢,deY, ¢ # d.
Define

0: (X x X)\{(g,a): ae X} > (Y x Y)\{(c,0):ceY}
as follows:

(a,0))0" = (¢, d) iff 0 = Pea

Then 6’ is a bijection since 0 is an order-isomorphism.

For |X| > 1 and |X| finite, this implies |Xl = ]YI

For |X| infinite, let ¢y = {(a,a): aeX}. Then if aeX, we define
X x(X\a)=(X x X)\¢y by

(c,dp = (c,d) if ¢ #d,
= (¢,a) if c = d.

Then it is easily shown that u is well defined, 1-1 and onto. Now for X infinite,
lX\a| = |X| and so IX ><(X\a)| = ]X ><X[ and so we have

(X x X)\ix| = | X x(X\a)| = | X xX|=|X]

This gives us |X| = |(X x X)\ix| = [(Y x D)\ ¢y| = | Y]
A proof similar to that of Lemma 13 establishes the converse.
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