Ergod. Th. & Dynam. Sys., (2025), 45, 573-594 © The Author(s), 2024. Published by Cambridge 573
University Press. This is an Open Access article, distributed under the terms of the Creative Commons
Attribution licence (https://creativecommons.org/licenses/by/4.0), which permits unrestricted re-use,
distribution and reproduction, provided the original article is properly cited.

doi:10.1017/etds.2024.18

Non-rigidity of partially hyperbolic abelian
C!-actions on tori

FEDERICO RODRIGUEZ HERTZ and ZHIREN WANG

Pennsylvania State University, State College, PA 16802, USA
(e-mail: zhirenw @psu.edu)

(Received 10 June 2021 and accepted in revised form 27 September 2022)

Abstract. We prove that every genuinely partially hyperbolic Z’-action by toral auto-
morphisms can be perturbed in C!-topology, so that the resulting action is continuously
conjugate, but not C'-conjugate, to the original one.

Key words: Abelian actions, rigidity, Anosoc—Katok
2020 Mathematics Subject Classification: 37C15 (Primary); 37C85 (Secondary)

Contents
1 Introduction 573
1.1  Statement of results 573
1.2 Background 574
1.3 Notation 575
2 The inductive scheme 575
2.1 Sequence of conjugacies 575
2.2 Sufficient inductive conditions 576
2.3 Fulfillment of the inductive conditions 581
3 Cocycles with small coboundaries 583
3.1 The linear algebra of commuting integer matrices 583
3.2 The construction of the cocycle 588
Acknowledgements 594
References 594

1. Introduction

1.1. Statement of results. 1In this paper, let p : Z — GL4(Z) = Aut(T¢) be a group
morphism and denote indifferently by p the group action it induces on T¢. Our main result
is the following theorem.

THEOREM 1.1. If an action p:7" ~T? by toral automorphisms contains no
hyperbolic automorphisms, then for any t > 0, there exists an action o : 7" ~ T by
Cl-diffeomorphisms such that:

()

Check f
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(1) dei(@, p) <
(2) o™ = H o po H™ for a homeomorphism H : T¢ — T¢ that is homotopic to id;
(3) neither H nor H~" is differentiable.

Here the C!-distance dc1 between two actions is defined as d 1 (@0, p) = maxpeg ||a™ —
P"|lc1, where E € Z" is the generating set

E={xe:i=1,...r}
with e; being the ith coordinate vector.

Definition 1.2. [DK10, Section 1.3.2] An action p : Z" ~ T¢ by toral automorphisms is
genuinely partially hyperbolic if p is ergodic with respect to the Haar measure on T¢, but
o™ is not hyperbolic for any n.

As remarked in [DK10], a genuinely partially hyperbolic action contains an element
which has no root of unity among its eigenvalues, or equivalently an ergodic toral
automorphim.

COROLLARY 1.3. Suppose p:7" ~T¢ is a genuinely partially hyperbolic action
by toral automorphisms. Then for any T > 0, there exists an action « : Z" ~ T¢ by
C-diffeomorphisms such that:

1) dei(a, p) <t

(2) «and p are not C'-conjugate.

Corollary 1.3 is deduced from Theorem 1.1 through a standard argument.

Proof. Let a be given by Theorem 1.1 and assume G:T¢ - TisacC! diffeomorphism
such that @™ 0 G = G o p" for all n € Z¢. Then G := H~! o G is a homeomorphism of
T such that

PoG=p"cH 'oG=H '0a"oG=H "'0Gop"=Gop"

Since at least one of the p" is an ergodic toral automorphism, G is affine by [W70,
Corollary 2]. So G = H o G cannot be C I pecause H is not, which contradicts our
assumption. O

1.2. Background. Faithful linear actions by higher rank abelian groups on tori and
nilmanifolds, that is, Z"-actions generated by automorphisms where r > 2, have since
been long expected to be rigid, in the following sense: under some additional assumptions,
a smooth action « in the same homotopy class should be smoothly conjugated to the linear
action itself, which we denote by p. The issue we address in this paper is whether the
conjugacy, denoted by £, should have the same smoothness as «.

One important rigidity phenomenon is the local rigidity of the actions p described
above, which stands for rigidity under perturbative assumptions. An action p is said
to be C!"locally rigid if all C’-actions that are sufficiently close to p in C™
topology are C"-conjugate to p. For Cartan actions (that is, faithful linear actions by
7" with the largest possible r, modulo restriction to a finite index subgroup) on tori,
€1 Jocal rigidity was proved by Katok and Lewis [KL91]. For some more general
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classes of hyperbolic actions, C°>*> local rigidity was proved by Katok and Spatzier
[KS94, KS97] and Einsiedler and Fisher [EF07]. For global rigidity see [F69],
[FKS11], [FKS13] and [RHO07]. Damjanovi¢ and Katok [DK10] proved C®"-* local
rigidity for genuinely partially hyperbolic Z"-actions by toral automorphisms by the
Kolmogorov—Arnold—Moser (KAM) method. For finitely differentiable actions, C1' is
not expected to follow from KAM methods because of the loss of regularity when solving
a cocycle equation of the form (2.1) below. When r = 1, that is, for the dynamics of a
single toral automorphism A of T¢ that is partially hyperbolic, such loss of regularity in
the cocycle equation was discussed by Veech in [V86], where it was shown that, although
the cocycle equation go A — Ao g = f can be solved in C" if f e C' andn <[ —d,
there exists a C'-function f for which the equation has no C'-solutions.

Section 3 of this paper will describe similar loss of regularity when solving the cocycle
equation for general genuinely partially hyperbolic Z"-actions by toral automorphisms.
In §2, we propose a reversed KAM scheme that allows an accumulation of such losses
at certain sequences of periodic points, which leads to the failure of C!!-rigidity in
Theorem 1.1.

1.3. Notation. In the rest of this paper:

e p will be fixed;

e all implicit constants in expression of the forms X < Y and X = O(Y) will be
assumed to be dependent on r, d, p, and E, but independent of other variables;

e e(t) will denote the function 27!,

2. The inductive scheme

2.1. Sequence of conjugacies. We employ a reversed KAM scheme to construct a
counterexample. A sequence of conjugacies H,, will be constructed in later sections, where
H,, = id + h,, for a sequence of C* smooth functions %, : T¢ — R? that are small in
C! norm. Inductively define

ﬁm=H10~--on, 2.1
and
oy = ﬁm op"o ﬁ,;l 2.2)

For m = 0, set ﬁo =1id and ag = p.
Notice that as H,, is homotopic to id, all the &, terms are homotopic to p.
Define a twisted coboundary g, : Z" x T¢ — R? over p by

g (x) = hy 0 p"(x) = p" Iy (x). 2.3)

We pose a list of technical conditions on 4, and g, as follows.

Condition 2.1. The sequence {h,,},>_, will be chosen, together with:

e apositive number T € (0, 1);

e asequence of positive numbers {6,,,}°°_,;

e unit vectors v, w € RY, as well as two sequences of non-zero vectors {v,, Yo i v}
from RY,

fe'e]
m=1
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so that, for all m € N:

A Yo Om<T:
()  |hmller < T and

m—1 ~_ 1 m—1 ~
(‘fax 1, e ) (a1 llcr )l o < 6
m'=1 m'=1

i) N Huo1lle2 I H, N ligmlict < Om:
iv) hyu0)=0 and either (Don)v =v+ tw if m is odd or (Don)v =vifmis
even,

(v) either w = v or (Dogm)w = w;
Vi) hm (V) = by (vy,) =0 for all 1 < m’ < m — 1, where v,, is identified with its
projection in T¢;
Vi) N Hllc2[Vml < O | llc110m/10m ] = 1 < O || Hill c21035| < O and || Ho [ o1
i/ 10| = (v + Tw)/[v + Tw]| < by

Along our proof, it will turn out that v and w may or may not be the same.

2.2. Sufficient inductive conditions. We now show the following proposition.

PROPOSITION 2.2. Given the action p, if Condition 2.1 is satisfied and the constant T > 0
therein is sufficiently small, then:

(1) {Hm} | converges in C° to a homeomorphism H that is homotopic to id;
(2) foralln e E, Ho p"o H'isc! differentiable and

||H op"o H ! — Pller L T
(3) neither H nor H™ ' is differentiable.

We first recall a few technical facts regarding C* norms.

LEMMA 2.3. For smooth maps ¢, ¥ : T — T and A : T¢ — R:

M) Npovlec: < ol (1 + IIWIICo)z(l + ¥ llc2). If ¥ is not homotopically trivial,
then ||p o Yllcr < @llcill¥llcrs

@) NpoW+A)—dovlc Ll@lc2X+ ¥ lecDIANr

(3) there is € = e€(d) such that if |¢ —id||c1 =< €, then ¢ is invertible, and lp~! lc, €

L+ lIglic, and 9" e, < 1+ 18lic,.

Proof of Lemma 2.3. (1) The C? bound is in [K99, Proposition A.2.3]. For the C! bound,

note [[¢ o ¥llco = lldllco < IPllct Y|l c1, where we used |[¥ o1 < 1 because v is not

homotopically trivial. In addition, || D(¢ o ¥)[|co = [[(D¢ o ¥ ) DY llco < @llcil¥]cr.
(2) We have

l¢o(+A)=dovlco = lolicilAlco = lI@llc2( + [P llc)Allcr.

Moreover,

[D(@o (4 A)=doy)lco
= (D¢ o (Y + A)(DY + DA) — (D¢ o ¥)) DYl co
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= [(Dpo(y+A) = Dopoy)Dy + (D¢ o (Y + A)DA| o
=D¢po (W +A)—DooylcollD¥lico + 1Ddlicoll DAl co
= IDglictllAlicollDYlico + D@l coll DA co
< lollc2lvlictilAllco + ll@licr I All e
<ol + I lieDlAllcr
(3) Is proven in [H82, Lemma 2.3.6]. O

Proof of Proposition 2.2. In the proof below, we will repeatedly use the fact that, because
H,,_1 is homotopic to id,
1Hnllcer = L IH, ! ller = 1. (2.4)
(1) By Lemma 2.3, when t is sufficiently small depending on the dimension d,
H,, =id + h,, is invertible, and H, l'is ¢! differentiable and homotopic to id. So every
H,, is invertible in C1.
By Condition 2.1(ii) and (2.4), for all x € T,
| Hy (x) = Hypo1 (2)]
= [Hp—1(x + hn (%)) = Hp—1(x)]
< 1 Hn-1llct1hmllco < Om.
It follows that {ﬁm} is a Cauchy, and hence convergent, sequence in CP. Its limit, which

we denote by H, is a continuous map that is homotopic to id. Note

[e.¢]

IH = Hullco < Y 1 Hialler 1l co. 25)
k=m+1
However, it is easy to see that H-! = id + h* , where h* = —h,, o H!. In particular,
1A llco = l17iml co and
o0 00 o
Y Wilico < Y MHn 1 llerlimllcol < Y 6 < 7. 2.6)
m=1 m=1 1
As ﬁrgl = ﬁ,;il +h;kn o ﬁr;ll’ it follows that {ﬁrzl} is a Cauchy sequence in CO

topology, and thus converges to a continuous map H*. Additionally, H* is homotopic
to id. We also have

o0

12— Hy Mo < Y Ikl co. @7
k=m+1

Thus, for all m,
|H o H* —id|| o
=|HoH* — Hy o H, || co
< ||I-I o H* — H, o I—7*||Co + IIﬁm oH*—H, o ﬁ,;lllco
< \H = Hullco+ 1 Hnll 1 1H* = Hy o
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o0 o0
< Y MHealerlhillco + I Huller D Il
k=m+1 k=m+1
o0 o0 o
< Y G+ Y =2 ) 6 (2.8)

k=m+1 k=m+1 k=m-+1

where we used equatlon (2.7) and the parts (i), (11) of Condition 2.1. As Z;’le On < T, it
follows that ||H o H* — id||co = 0. Therefore, HoH*=id.
Similarly, for all m,

IH* o H —id||co

= ||ﬁ*oﬁ ﬁn; oﬁ Il co
<|H*oH—H; ' oH|co+ ||H, ' o H—H" 0 Hyllco
< IH* = B, Nl co + 1 Hy e I1HH — Hylleo
o o0
< > Ahlco+11H Mer D NHiller il eo
k=m+1 k=m+1
o o0 o0
<3 e+ Y a=2> o (2.9)
k=m+1 k=m+1 k=m+1

As above, we know H*o H =id.
We can now conclude that H* = H~! and H is a homeomorphism of T¢.
(2) By Lemma 2.3, forn € E,

oy, — i llc

:||ﬁm_1onop"oﬁ,;1— Nm_lop"onoﬁ,ZIIICl
< | Hp—1 0 Hy 0 p™ — Hyu—1 00" 0 Hyllcr | Hy e
< [ Hn-1lc2(1 + [ Hp 0 0"l c1)

N Hp o p™ = o™ 0 Hyll et 1 Hy e 1l
< NHp-1ll 2L+ 1 Hull 1 10"l e)

" 0 0") = (0" + P 1| Ho et e
K N Hn-t I lH letligmller < Om.

Because )| 0, < T, the sequence {af}} is Cauchy in C! topology. Denote the limit
by a". Since p" = «af,

0
la™ = p™llc1 € > 0w <7 forallne E. (2.10)
m=1
Finally, we want to show that o™ = Ho p"o H=! Forallm e Nandn e =,
lop, — H 0 p™ 0 H™ || o
<|Hpop o H ' —Hyop™o H Yo+ |Hpop o H ' —Hop"o H "o
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< |[Hp o p"llc1 1 Hy' = H Yl co + 1 Hy — Hlco

o o0
Kl Hnller Y Mhillco+ D> NHiallerhlico
k=m+1 k=m+1

o
k—1  ~
< E (?E’f”Hk’”Cl)”hk”CO
k=m+1 =~

<Y o @.11)

which decays to 0 as m — oo. Thus, Ho o"o H~is the C° limit of of, which coincides
with o™.

The extension of the definition a™ = H o p"o H 'to generaln € 7' forms a C! action
generated by {¢" : n € E}.

(3) Since H,,(0) =0+ h,,(0) =0,

H,,(0) =0 forall m and H(0) = 0.

In addition, for all positive integers m’ > m > 1, h,,r (vy,) = 0 and thus H,y (vy) = v +
hy (V) = vyy,. Therefore, forall k > m > 1,
Hyy () = Hy 0 Hyg1 0+ 0 Hyy—1 0 Hyr (v)
=Hy o Hyy10- -0 Hy_1(vp)
<= Hy(vm),

and

H(vp) = 1im  Hy(n) = Hy(vm). (2.12)
m — 00

Set Y =V + 37— hp 0 Hyyy 0+ - - 0 Hyy (vp). Then H(vy) = Hy(vy) is the
projection of y,, to T¢, which we indifferently denote by y,,.

We first claim that H is not differentiable at 0. To show this, it is helpful to study the
asymptotic behavior of the sequence of vectors y,, /|v,|.

Remark that since anozl On < T, 6, > 0. Moreover, as I-NIm is homotopic to id,
| Hpllc2 = | Hpll o1 = 1. Thus, Condition 2.1(vii) shows v, | < 6,, and [vy, /|vm| — v] < 6.
Thus, v,, — 0 and v, /|v,| — vasm — oo.

As Hy, (Upm) = ym, by Condition 2.1(vii),

2 (Do)
[V | _ _
_ <Hm(vm) . (DOHm)Um> + <(D0ﬁm)(v_m _ v))
[V | [V | [Unm |
7 2
_ 0l lvn ) +0(||Hm||cl|”—'"—v|)
[Uin | [Uim |
= 006y). (2.13)
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This shows, using Condition 2.1(iv),

Y2 _ Nim (Do) = v + Tw, (2.14)
I—»o0 |vgi41| 100
and similarly,
lim 22~ = lim (DoHoy)v = v. (2.15)
l—oo |vyy| I—>o0

Non-differentiability of H': Assume for the sake of contradiction that H is differentiable
at 0. Then, as H (vy,) = y,, as well,

2 (DoH)
[V | ~ ~
_ <H(vm) B (DOH)vm> n <(D0['_‘i)(v_m _U)>
[Uim | [V | [Upn |
N o (lvm|) | Ym
_—|vm| +0H( o] v) —0 (2.16)

as m — oo. This contradicts equations (2.14) and (2.15) where different subsequences of
Ym/|vm | have different limits. Therefore, H cannot be differentiable at 0.
Non-differentiability of H~: By equation (2.14), lim;_, oo (| y21411/|v2141]) = v + Tw].

Thus,
21+1 . V2/+1 . 214+1 v+ Tw
Y241 _ lvar1] Y+l _ 2.17)
I=oo |yar41| =00 [yo41] 1=oo |v41] v+ Tw|
and
V2I41 . vl L v v
B T . (2.18)
I=»oo |ypr41| =00 [y241] =00 |vo41] v+ Tw|

However, using v}, instead, we can define y;, = H (vr) = H, (y;r) asin equation (2.12).
Then |v);| — 0 and |y;;| — 0 as m — oo. The same computations in equations (2.13),
(2.14), and (2.15) give rise to, in lieu of equation (2.16),

Y21
=00 |v§l|
~  V+TWw
= lim (DoHy) ——
l—>oo( 0 2l)|v—i—7:w|
DyH T(DoH.
_ lim (Do Ha)v + (Do 21)w' (2.19)
=00 v+ Tw]|

If w = v, then

¥y (147 limy_ oo (DoHap)v

I—oo |3 [(1+ )]
(14 1)v
= — =0
|(1 + 7)v]
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Therefore, lim;_, o (y3;/|v5;]) = 1 and

*

. . Y2i+1
limy— oo = =v=1limj_ iy |
Yo 21+1
. . (2.20)
. ! . 1 v . V2i+1
limjs oo == =limjso =5 =V # —— =lim/ .
|)’21| |U21| I+ [yar41l
If w # v, then by equation (2.19) and properties (iv), (v) of Condition 2.1,
o . (wTw) vt tw
I>oo V5| 1moo v+ Tw| v+ Tw|
and therefore, lim; o (¥5;/|v3;|) = 1 and
. V3 v+Tw YaI+1
lim; s oo T = T -, =ML
vyl v+ Twl |y2r41l
) A ) vy v+ Tw v . V2] +1
lim;—, 00 % = lim; % = = M} — 0o u .
|y21| |U2[| v+ Tw] [v+ Tw| [y2r1+1l
(2.21)

As v, = H! (y3) and vy 41 = H1 (y21+1), in both the~cases of equations (2.20) and
(2.21), the same argument as in equation (2.16) shows H —1 is not differentiable at 0
either. L]

2.3. Fulfillment of the inductive conditions. ~We will construct the sequence {h,,};>_,
based on the following proposition.

PROPOSITION 2.4. If the linear action p : Z" ~ T? contains no hyperbolic automor-
phism, then there exist unit vectors v, w € RY, such that for all § > 0 and Q € N, there
exists a C™ function h : T — R?, such that:

(1) h(x)=0foralx e ((1/0)Z% )2 < T¢;

22) (Doh)v = w; in addition, either v = w or (Doh)w = 0;

3) Nhllco < 8and ||h|on K 1;

(4) foralln e E, g" := p"h — h o p" satisfies ||g" |1 < 6.

The proof of the proposition will be deferred to §3.

PROPOSITION 2.5. Suppose the linear action p : ZI" ~ T contains no hyperbolic auto-
morphism and v, w are as in Proposition 2.4. Then for all sufficiently small t > 0 and
positive numbers {6,,}>°_, that satisfy Z;’le Om < T, there exist sequences {hy}o_,,
{m}y_y and {v;}>°_, that satisfy Condition 2.1.

Proof. Part (i) is already assumed. So we only need to fulfill the remaining assumptions
from Condition 2.1.

To inductively construct &,,, assume for all 1 < m’ < m — 1, there exist a C* function
h,,’, and non-zero vectors vy, v:;, € Qd that satisfy, togethej with v, w, the remaining
properties from Condition 2.1. Then the diffeomorphism H,, is also determined for
all 1 <m’ <m —1 by equation (2.1). Remark that with the convention ﬁo =1d, the
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requirements of (Dg ﬁm)v = vand (Do ﬁm)w = w from parts (iv) and (v) of the condition
are satisfied at the initial step m = 0.

Let
0
Sm = = - (2.22)
max ((max™_ 1H e ) (max™ I Hyller)s [ Hu—tll 2l H o)
and Q,, be the least common multiple of the denominators of vy, ..., vy_1, UT, e
vy € Q7. We obtain a C* function /,, by applying Proposition 2.4 with parameters 8,
and Q,,, and define
Thm if m is odd,
hp = —t hm if v = w and m is even, (2.23)
1+7
—Thy, if v £ w and m is even.

It in turn determines H,, =id+ h,, and H, = Nm_l o H,,. Remark that |—t/(14+71)| < 7.
We claim 4,,, H,,, and H,, satisfy the clauses (ii)—(vii) in Condition 2.1:
Qi) 1 ller < Tllmller < 7 and

m—1 ~_1 m—1 ~
(hax 0, e ) ( Bax 1B llen ) o

w ma

m—1 -~ o
= (ax 12 e ) ( Bk Wl ) - 2l
m'=
_ ~_ m—1 ~
< z( max | A ||C])( fhax ||Hm/||cl)3m = 6, < Oy
m'=1 m'=1

(iii) For all m € &, with g® = 1,5, 0 p™ — p™,

||Hm 1||C2|| 1||C1||gm”Cl
< Tl|Hpe e lH e 188l
< Tl -1l Hy Ll c18m < T0m < O

(iv) Since 0 € ((1/Q)Z4)/Z4, hyy(0) =0 and thus A, (0) = 0. As it was assumed
that 11(0) = - - - = h,y—1(0) =0, we know H{(0)=---= H,(0) =0 and H,(0) =
H,_1(0) = 0. So

(DoHy)v = (Do Hy—1)(DoHy)v = (Do Hy—1) (v + (Dol )v).

If m is odd and v = w, then v + (Doh;))v =v + r(Dohm)v = (14 7)v, and by
inductive assumption, (Don Dv=uv. So (Don)v = (Don DA+1v)=v+
TV=0V+TW.

If m is even and v=w, then v+ (Dohy)v=v—7/(1+ t)(Dofzm)v =v—
(r/(1+1)v=v/(1+ 1), and by inductive assumption, (Doﬁm_l)v =v+Tw=
(14 ©)v. S0 (DoHy)v = (Do 1) (w/(1 + 1)) = v.

If m is odd and v # w, then v+ (Dohy)v =v+ r(Dofzm)v =v+tw, and
by inductive assumption, (Doﬁm,l)v =, (Doﬁm,l)w =w. So (Doﬁm)v =
(Doﬁm_l)(v +Ttw) =v+ Tw.
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If m is even and v # w, then v+ (Dohpy)v =v — ‘L'(Dohm)v =v—tw, and
by inductive assumption, (Don Dv=v+Tw, (Don Dw =w. So (Don)v =
(Don_l)(v —tw)=Ww4+Tw)—7-W="1.

Therefore, we have proved that property (iv) continues to hold at the mth step in all
cases.

(v) Suppose v # w. Then (Doftm)w = 0 and, thus, (Doh,;)w = 0too. So (DoH,;))w =
(id +~(D0hm))w =w. Since by inductive assumption (Doﬁm,l)w = w, we still have
(DoHp)w = (DoHpu—1)(DoHp)w = w.

(vi) By the choice of Q,,, we know v,,, v;';/ arein ((1/Qm)Z) forall 1 <m’ <m — 1.
By Proposition 2.4, hy(vy) = hm(v),) = 0. S0 hy () = hy(v),) =0 as hy, is
proportional to i

(vii) Now that A, and ﬁm have been constructed, to finish the inductive step, it
remains to choose rational vectors vy, v, that meet the requirement of property (vii),
which can obviously be achieved. In fact, it suffices to take any rational vector u € Q¢
such that |u — v| < 6,, /2||ﬁm||cl, and set v, = u/L for any sufficiently large integer
L > 2||ﬁ,n lc1/6m. Additionally, v} can be similarly chosen near the direction of

m

v+ Tw. O]

Proof of Theorem 1.1. Theorem 1.1 immediately follows from Propositions 2.2, 2.4,
and 2.5. O]

3. Cocycles with small coboundaries
In this section, we complete the only still missing component of the argument, namely the
proof of Proposition 2.4.

3.1. The linear algebra of commuting integer matrices. ~The linear algebra of the action
p is characterized by the following basic fact.

LEMMA 3.1. Suppose p : 7" — GL4(Z) is a representation of 7" in the group of toral

automorphism of T%. Then for some Jy, J» > 0and every 1 < j < Ji + 2J», there exist:

o anumber field F; embedded in Lj, where Ly =--- =Ly =Rand L1 =---=
Ly =G

e apositive dimensiond;j > 1;
a group morphism {; :n — §]'.‘ from 7" to the multiplicative group IF]X of Fj;

e a group morphism Aj :n — A'; from Z" to the group Ng;(F;) of upper triangular
nilpotent matrices in SLdj (),

e alinear transform u; € Matdj xd )y

such that:

1 {g“]'.’ :n € Z'} € R generates Fj as a number field, and spans L.; over R;

(2)  C1,..., L5424, are distinct and this list is invariant under the action by the Galois
group Gal(Q/Q). Actually, for all 1 < j < J; +2J, and o € Gal(IF; /Q), there
exists a unique 1 < j' < J| + 2J such that o(f))=F;, dj =dj, o({j'.‘) = ;;‘,,
U_(Af,’) = Al and o (uj) = o ()

(B) ¢ =¢hyforall i < j<Ji+nelZ;
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4) withij=upjforl <j<Jiandij=2Repu;forJi+1=<j=<J+ Jo,the linear
transform ¢ = @]JSJZ Lj from @J1+J2 Ld’ to R? is an R-linear isomorphism and
satisfies

J1+J2

Lo @ {;’A?zpnot.
j=1

The lemma should be a standard fact for experts. However, we still include the proof for
completeness.

Proof. Thanks to the commutativity of Z’, it is easy to show (see e.g. the proof of
[RHW14, Lemma 2.2]) that C¢ = (R?) ®g C splits as a direct sum @ , where

each EF is a maximal common generalized eigenspace of all the p™ terms. More precisely,
for every j, there exists a group morphism from Z": ¢; to C* such that

ﬂ kerca (o™ — ¢ Mid)! = ﬂ kerca (o™ — ¢ Mid)?. (3.1
nez’" nek

(1) Because p™ € GL4(Z), every eigenvalue {l'.‘ is an algebraic integer. Denote by IF;
the field generated by {;;‘ :n € Z"}, which is a number field as Z" is finitely generated.
LetL; € {R, C} be the R-span of IF;.

(2) As the p"| EC terms commute, they can be triangularized simultaneously over C.
Actually, equation (3.1) asserts that E;C is a linear subspace defined over ;. Together with
the fact that the p™ € GL4(Z), this shows that the simultaneous triangularization can be
carried out over IF;. In other words, one can find a basis y;i, . . ., Vjd; € E(]c N F? of E(jc,
such that the linear isomorphism  : C% — E (1(‘: sending the kth coordinate vector to y
satisfies

P"o s = iy o (AT, (3.2)

Note that 4 ; is actually a matrix with coefficients in IF';.
Moreover, we can make the choices above equivariant under Galois conjugacies. Indeed,
for every o € Gal(Q/Q), the correspondence n — o (;}‘) is a group morphism from Z" to

o (IFj)*. By equation (3.1), G(E;C N @d) = Npez ker@d (p" — 0(§;‘)id)d is a non-empty
Q subspace of dimension dim¢ E;C and its C-span is ()5 kerca (o™ — a(g“/‘.‘)id)d, which
is EC forsome 1 < j' < J. (Note j = j’ if and only if o fixes every ¢, or equivalently o
acts trivially on IF;.) In this case, djs = d; and g‘]‘.’, = o(;j'.‘). Furthermore, one may choose
the basis yji, ..., yjq; for all the indices j in such a way that, in the situation above,
yjw = o (yjx) for 1 < k < dj, or equivalently ;s = o (u). Then applying o to equation
(3.2) yields

pMopj = pj o (Epo(A}).

Since ;- is a linear embedding, this forces A'/‘, = a(A“)
(3) By choice, &1, ..., {5 are distinct. Addltlonally, the previous paragraph shows
that, by letting o € Gal(@/@) be the complex conjugation, each g“] is also in the list.
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Remark that ¢; = Z if and only if {;;‘ :neZ'} CR, or equivalently IF; =~R. After
rearranging the list, we may assume that there are Jy, J; such that J1 +2J/, = J,F; =R
assume real values for j=1,...J;; and that Fy,; =F; =C and ¢;,4; =¢; for
j=h+1,....J1+ ]

(4) As in the statement, sett; = pujfor1 < j < Jyandij =2RepjforJi +1<j <
J1 + J>. To show ¢ o @J'+Jz “A? = p" o, weneed foreach 1 < j < J, that

pho; = 1) 0 (LAY (3.3)

For1 < j < Jy, thisisjustequation (3.2). For J1 +1 < j < J1 + Ja, letu € (Cd!',because
o™ is a real matrix, forallm € Z" and z € i,

p"(tj(2)) = p"(2Re u;(2)) = 2 Re p"(u;(2))
=2Re u;(5j A7) = (¢} A2).

So equation (3.3) holds forall 1 < j < J; + J>.

It remains to show that ¢ is an isomorphism. Recall that C¢ = @ljlﬁzh E(C is a
direct sum. However, the image of t; = u; is contained in E(C for 1 <j< Jl, and
the image of 1; =2Repu; = pj +Ww; = puj + pp4;j is contalned in ECGB EJ2+J for

Ji+ 1 < j < J+ J. Hence, the images of ¢ is the direct sum @J1+J2 j(Lj .

In addition, we claim each ¢ ; j is injective. This is obvious in the case 1| < j < Ji, where
tj=pj.ForJi +1=<j<Ji+ J,ift; =2 Re u;is notinjective, then 1 (z) = —m
for some non-zero z € C%. However, i ; L (2) 3 (z) #0, as p; is an embedding. This shows
E‘C N E%ﬂ #{0} as uj(z) € E and g wi(z) e EJ 4 which contradicts the fact that

@]J] tzh EC is a direct sum. Hence, tj is injective forall 1 < j < J; + /5.

R d;j
So we may conclude that ¢ = @J.‘:JEJZ t; is injective from @J.IZJEJZ L/ to RY. As

Ji+J» Ji+J2 J14+2J> J142J>
dimR@IL’ Zd+22d—2d_dlm@®EC
j=1 j=h+1
= dlm(c Cd =d,
¢ must be a linear isomorphism. The proof is completed. O

COROLLARY 3.2. Suppose 1<k<J; + Jo and P is a Ly-vector subspace defined over
Q of the kth component ]Lk in @JI+JZ L; 4 , then there exists a subspace P' C R? defined
over QQ such that P = (P ).

Proof. Choose a linear basis {py, . . ., py} of P from Q% c ]sz.

There are ji, ..., ju, €{1,..., Jiyand juy, 41, ..o, Jymy €(1+1, ., J1+ 02}
such that, after defining jy,4m = J2o+ ju for every M;+1<m < M; + M,
{Cjis - Ejys2my form the orbit of £; under the action by the Galois group Gal(Fy/Q).
For each m, let 0, € Gal(F;/Q) be the element such that oy, () = ¢},

Define (P')C € C“ as the C-linear span of

{ij, (pn) : 1 <m < My +2M>,1 <n < N}. (3.4)
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Because u j,, = oy, (14x) and has image in E(}fn, these vectors have algebraic entries and are
linearly independent, and this set is invariant by Galois conjugacies from Gal(Q/Q).
Hence, (P')C is defined over Q of dimension (M) +2M>)N. The intersection
P’ := (P)C NRY is a real vector space defined over Q over the same dimension.

For each py, t(py) is either ui(pn) if 1 <k <J; or 2Re ux(pn) = uk(pn) +
Witk(pn) it J1 +1 <k < J1 + J>. In these cases, either k or both k and J, + k are
among the list {1, . . ., ju,+2m, ). It follows that (py) € (P")C and hence 1 (py,) € P’
We obtain that P C L;l(P/).

It remains to show that the equality holds. If 1 <k < Jj, then Ly =R and
W) = (LY € ES. So we(r" () € P' N EE. As (P")C 0 EC is the C-span of
wie(p1), ..., ue(pn), all of which are real vectors, P’ N E,ic is contained in the R-span
of them. Because ¢; is an embedding, dimg Lk_l(P/) < N =dimp P. Assume instead

Ji+1<k<Ji+J5 Then Ly = C and 4 (L) = (g + pppx) (L) € ES @ ES

Jo+k-
So (' (P")) is contained in P'N(EC ® ES ). As (PYCN(Ef @ ES ) is the
C-span of i (p1), . . ., uk(PN)s a4k (P1), - - ., sk (pn) and has complex dimension

2N. Here, P'N(EL & E% W =RInPHYEN(EL D E% L) has real dimension 2N.
Again, since (. is injective, dimR(tlzl (P")) < 2N =2dimc P = dimg P. We conclude
that in both cases, P = L;l(P/). O

. . . .o dj
For1 <j<J,1<k<d;j, write uj for the kth coordinate vector in I j", so that all

d .
vectors s € @]J-zl LL;" have the form

dj
s = @ Z ik ($)U jik, 3.5)
j=1 k=1

where 7 ji is the projection to the u j; coordinate.

Since none of the p™ terms is hyperbolic, there must be at least one jo such that |{J'.:) | =1
for all n € Z". This is because otherwise, the linear functionals n — log |§]’.:J| on Z" are
all non-zero and one can find one n, that is not in the kernel of any of such functionals.
Then |§;‘*| # 1 for all j. In other words, p™ has no eigenvalues in the unit circle, so p™ is
a hyperbolic matrix, which contradicts our assumption.

After renormalizing ¢ if necessary, we may assume

|L(uj0dj0)| =1
o o dj() d
We define vectors v, w € ILjO and v, w € R? by

o uj()l

b=t joa; = e (@),  w=(); (3.6)

as well as projections 7 : EBJJ'=1 ]L?j — Lj, and ¢, € (RY)* by

M5 = Tjodys Yo =Re o L (3.7)
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Note that
bl =lwl=1, vy =1 (3.8)

In the case where dj, = 1, we have w = v and v, (w) = ¥, (v) = 1. However, when
dj, > 1,0 # W and thus 73 () = 0, so ¥, (w) = 0. In summary,

Vo(w) = ly—y. (3.9

Let W = ¢, (IL,1), which is isomorphic to IL ;, as a real vector space. For all n € Z"
and w’ € W, since w’ = ((zw) for some z € LLj,, and A?O is an upper triangular nilpotent
matrix, A;‘Od’) = w and thus

P w' = (¢ AT zib) = u(gf i) € W.
So W is p-invariant and

[o"w'| < lellg i Nzl = el - |zib] < |lw'| forallmeZ", forallw’ e W.  (3.10)

Furthermore, for u € }LCJ};O, T (;;(‘)A‘;Ou) = gj‘,:) 75 (u) and thus
J
nﬁ(( @ KJnAIJI)“> = 75(jo ATy o (W) = ¢ 7 (u)
Jj=1
J dj
forallu € P, ]LJ,’, So

J
(™ T, = Re 5 01! 0 p" = Re (n,j o@P¢rAto r‘)
j=1
=Re(Pmyouh). (3.11)
In particular, as |¢? | = 1, the size of (T, € (RY)* is uniformly bounded by
1(P™ Yol < g o' (3.12)

dj dj
If dj, > 1, by applying Corollary 3.2 to the L j,-subspace ;2 L jou jok of L;°, there
d.
is a subspace W’ C R defined over Q such that L;OI W) =2, L, u jok- In particular,

W’ contains W = ‘jo(]l‘jo”jod_/o)- Set W = {y € (RY)* : |y = 0}. Then W is a subspace
defined over Q, and

Ylw =0 forally € W. (3.13)
Moreover,
dj
Chawy € (@Ldjouj()k) ® ( @ JL/) = ker ;.
k=2 1<j<hi+
J#Jo
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It follows that v, = Re 7 o 1 annihilates W', or equivalently, ¥, € W. Furthermore, for
alln € Z", we have

P = 1(CB A% §) = L(ED D) + (D (AT — id)D).

. . . . S dj
Because A;?O is an upper triangular nilpotent matrix, g“j‘.:) (A';O —id)v € P, 2, Ly u jok and
LR (AT —id)D) € W', Thus,

V(o) = Y (D)) forall y € W. (3.14)

Ifdj, =1, take ¥ = (R?)* instead, which is also a rational subspace that contains ¥,,.
Additionally, equation (3.14) remains true in this case, because A‘j‘0 = id. To summarize,
we have in any case the following corollary.

COROLLARY 3.3. There exists a subspace ¥ C (Rd)* defined over Q which contains yr,
and satisfies equation (3.14). In addition, if dj, > 1, then equation (3.13) holds as well.

It should be remarked that all the constructions above are determined by the actions p.

3.2. The construction of the cocycle. The construction is inspired by the construction of
Veech in [V86, Proposition 1.5].

Let € > 0 be a small parameter to be specified later.

We identify (R4)* with R in the standard way so that (T9* ¢ (RY)* is realized as Z4.
Let W be as in Corollary 3.3. Then W7, := W N Z? is a lattice in W. There is a constant
R > 0 such that for every ¢ € W, there exists n € Wz with | — n| < R. The choice of R
depends only on p.

Let 1, be the nearest vector to (Q/€)r, in the lattice QW7. Then

Ny — vi < 0ORKO. (3.15)

Recall W = ¢, (L %), which is isomorphic to LLj, as an R-vector space and contains
w. The function 4 : T¢ — R4 will take value in W € R< and have the form

h(x)=c Y (e((p™ - x) = Dp™™w + (e(ny - x) — Dwa (3.16)

neZ’”
[n|<N

for some ¢ > 0, N € N, and wa € W, all of which will be defined later. Remark that /% is
C®° as it is a Fourier series supported on finitely many frequencies.

LEMMA 3.4. If h has the form in equation (3.16), then property (1) in Proposition 2.4
holds.

Proof. Since n, € QW¥7 C 074 and p™ € GL(d, Z), (p™ i, € (QZ)? for all n. More-

over, if x € ((1/Q)Z%)/Z4, then e(n, -x) =1 and e((p™)Tyn-x) =1 for all ne Z".
Therefore, 4 (x) = 0. This proves part (1). O
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The derivative of equation (3.16) at x = 0 is the matrix

Doh=c Y (™ m) ® (p"w) + 1y ® wa

nez’”
[n|<N

ey ((;a“)%%) ® (p~"w)

nez’”
[n|<N

T 2 -n
+c ij ((p ) = = %)) ® (p"w)
In|<N

+ 0y @ Wa. (3.17)

We first study the values of the first two terms in equation (3.17) with v or w as linear
input. By definition of v and w,

D™ ) ® (p " w))v

neZ’”
[n|<N
= > Wy (") "w)
neZ’
In[<N
= Y Remyou ' (o) (g ™b) =t< > Re(;,‘-pcj;“w)
neZ’” neZ’”
[n|<N [n|<N
1 —n o —N.n .o
= 5‘( DGt Y g, C%“’)
neZ’ neZ’
[n|<N [n|<N
1 -1 oo —N.n .o
=5t ((2N+1) R {;(‘)w). (3.18)
neZ’”
[n|<N

If Lj, = R, then i € R%, ¢ "¢® = 1, and thus

D WM ) ® (p M w)v

neZ’
[n|<N
1
= Erl((2N+ D"+ 2N+ 1)) = 2N + 1) w. (3.19)
If L., = C, then by Lemma 3.1(1), there is at leastone i € {1, ..., r},sayi = 1 without

loss of generality, such that cje(; ¢ R. Then g/ ;;01 is in the unit circle but not equal to 1.

In this case, 22;7 N(gj_‘."ol/ {701 )" is uniformly bounded when N varies. Therefore,
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> epma):
ni,..n€{—N,..,N} i=1
r N E n
> jo
2 (;;;‘)

i=1 n=—N

2

neZ”
[n|<N

5 ()

€;
n=—N g.l'O

r

-1l
N F n
> ()

n=—N Jo

< Q2N+ 1! < 2N + 1)L (3.20)

So

D™ ) ® (0 " w))v
B

1
= EL((zN + 1D+ 02N + 1) Hib)

QN+ 1) /. 1\) QN+ 1

Both equations (3.19) and (3.21) can be expressed as

2N + 1) 1
> (M) ® (0w = (d—+)<w n 0<—>>. (3.22)
neZ’ img Lj, N
n|<N

We now attend to the second term in equation (3.17).
Since n, — (Q /€)Y, € VY, by equations (3.14), (3.15), and the fact that |§]'.(‘)| =1,

‘((pn)T<7]v - g%))v = '(7711 - g‘pv)@({;}ﬁ))‘ < ‘(nv - %%) < 0.
Moreover, |p ™w| < 1 by equation (3.10). So
‘( Z ((pn)T(nv - g%)) ® (p‘“w))v
neZ” €
[n|<N
n\T 0 —n
<>y ((p ) (nv N —wv»v o w]
nez’” €
n|<N
< 2N + 1) Q. (3.23)
Choose
€ dimR Ljo (3.24)

c= .
N +1)rQ
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Then by equations (3.22) and (3.23),

<c > ((p")Tng) ® (p"w)

neZ’
[n|<N

mT o -n
te ) ((p) (nv—?wv))@@(p w))v

nezZ’”
[n|=N

_ CQw(w + 0(%)) +cO(2N + 1) Q)

e dimg Lj,
1
= ol — . 3.25
w + ( N T e) (3.25)
To make (Dgh)v = w, one needs to find the solution wa € W to

n(V)wa = (y @ wa)v

= —((c > ((p“)@%) ® (p"w)

neZ’
[n|<N

+c E ((p")T<nv - %lﬂu>> ® (p“w))v - w), (3.26)
neZ’”
[n|<N

which by equation (3.25) is

1 1
va= _nv(v)0<ﬁ +6)'

Since v, (v) =1, by equation (3.15), n,(v) = Q/€ + O(Q) = (Q/e)(1 + O(¢)) and
thus, we have

1 1 € 1
_ oL zo(E(L 2
WA =000 1 0(e)>0(N +6> 0<Q(N +6>) 62D

as long as € < 1. Note that wp is automatically in W because equation (3.25) and w € W.
Moreover, if w # v, or in other words d, = 1, then by Corollary 3.3 and the fact that
Ny € W, nylw = 0. As p™w € W for all n, in this case,

(Doyw =c >~ (0™ m)w) - (p™"w) + 1y (w) - wa =0. (3.28)

neZ”
[n|<N

LEMMA 3.5. Given c and h respectively from equations (3.16) and (3.24), for N, Q € N
and sufficiently small € < 1, there exist wa € W of size O((e/Q)(1/N + €)) such that
(Doh)v = w. In addition, (Doh)w = 0 if w # v.

The first part of part (3) in Property 2.4 is given by the following lemma.

LEMMA 3.6. Suppose ¢, wa, and h are chosen as above. Then ||h|| -0 < €/Q.
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Proof. By equations (3.16), (3.24), and Lemma 3.5,

lhllco < ¢ D 1o "wl + [wal

neZ’”
[n|<N
< (2N+1)’+6(1+e><<6+6(1+6><<6 O
c —| = —+ == —.
O\N 0 O0O\N 0
To bound the C! norms of / and g", write
ol = max [[p" > 1
nex
for the matrix norm of the linear action p, so that
o™ < llpll™ forallm e Z". (3.29)
Forn € Z", we deduce from equations (3.12) and (3.15) that
0 0
1™ nul < (M =v| + (0" 10 = =
0 0
= =1 Wl + o™ i = =¥
Q i
< (I +1llpl™e). (3.30)

By the construction in equation (3.16) of &, Lemma 3.6, as well as the bounds in equations
(3.10), (3.12), (3.27), and (3.30),

et < hlleo +¢ Y 1™ mllp™wl + Inyllwal

neZ’”
[n|<N
€ Y Noyr 2 ((L
< Q+c(2N+1) 6(l+||,0|| €) + ; <Q(N+e>>
€ N s N
< Q+(1+||p|| e)+(N+e> L1+ pl7e. (3.31)

Forevery n € E, g" = p"h — h o p™ is linearly controlled by 4 in C° norm:
€

8™ lco < [p" ANl co + lAllco < lIAllco < 0

(3.32)

In addition, g™ has the form

g" = <c D @0y - x) = D" *w + (e(y - x) — 1)p“wA>

acZ’
la|<N

- (C Y @@y p"x) = Dp ™ w + (e(ny - p"x) — l)wA>

acZ’
la|<N

=(c > (e((pa“')Tnv-x)—1)p—aw+<e(nv-x>—1)p“wA>

aeZ’
la+n|<N
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— (c D @™y - x) = Dp~w A+ (e((e™) Ty - x) — 1>wA>

acZ’
la|l<N
= c( > - > )(e((pa“‘)Tnv x) = Dp~tw
acZ’ acZ"
la|>N,la+n|<N |a|<N,|a+n|>N
+ ((e(ny - x) = Dp"wa — (e((pP™ 1y - x) = Dwp). (3.33)
Because n € E, the summations » ez and Y aep each has

|a|>N,|a+n|<N |a|<N,la+n|>N
O(N"™1) terms. Since |n| =1 for all n € E, in all the terms in both summations,
|a| < N+ 1and |a+n| < N + 1. For each of these terms, the derivative is bounded by

ID(e((p*™ Ty - x) = Dp~*w) e
<1*™ ] - 1o~ w]

Q

€

thanks to equations (3.10), (3.12), and (3.30). As wpa € W, |[p"wa| < |[wa| by

equation (3.10), and the derivative of ((e(1, - x) — 1)p"wa — (e((p™T 1y - x) — Dwa) is

bounded by

ID((e(ny - x) — Dp"wa — (0™ 1y - x) — Dwa)llcr
< Il - 1p"wal + (0™ 0yl - wal

%(1 +lplVe) (3.34)

< L1+ Ip1Me) « %1 oIV e) <

< % Jwal + %(1 +lpl™e) - lwal < %(1 +lplNe)wal (3.35)
Q Ny (L1 _ Noy( L
<= +1ol"e) Q<N+e>—<1+upu e><N+e>

thanks to equations (3.12) and (3.10).
Combining the above inequalities yields:

0 1
lg™lcr < llg™lco + e¢N” 1;(1 +lplVe) + (1 +lpIVe) 5 te

€ 1 1
— 4+ —(1 Ne 1 Noy[ = 4+ ¢
<5+ y+lolYo+ 1 +lpl )(N+)

1
<1+ IIpllNe)<N +e). (3.36)
To summarize equations (3.31) and (3.36), we have the following lemma.

LEMMA 3.7. Suppose ¢, wa, and h are chosen as above. Then ||h||~1 < 1+ ||,0||N€ and
Ig"lcr < (1 + IpINe)(1/N +€) foralln € E.

Proof of Proposition 2.4. The proposition follows directly from Lemmas 3.4, 3.5, 3.6,
and 3.7 after choosing N and e appropriately. Indeed, with C > 1 denoting the largest
among the implicit constants from Lemmas 3.6 and 3.7, choose € sufficiently small
such that N := [log, (1/€)] >4C/$ and C - (¢/Q) < 4. Then 1+ lollVe <2 and
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1/N+€ <2/N <8/2C. So |hlco <C-(e/Q) <8 llhllcr <C(1+ |IplVe) < 2C;
and [[gllct < C(1+ [pINe)(1/N +€) < C-2-(8/2C) = 6. O
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