Adv. Appl. Prob. 45, 86-105 (2013)
Printed in Northern Ireland
© Applied Probability Trust 2013

ERROR BOUNDS FOR SMALL
JUMPS OF LEVY PROCESSES
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Abstract

The pricing of options in exponential Lévy models amounts to the computation of
expectations of functionals of Lévy processes. In many situations, Monte Carlo methods
are used. However, the simulation of a Lévy process with infinite Lévy measure generally
requires either truncating or replacing the small jumps by a Brownian motion with the
same variance. We will derive bounds for the errors generated by these two types of
approximation.
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1. Introduction

In recent years, the use of general Lévy processes in financial models has grown extensively
(see [2], [5], and [11]). A variety of numerical methods have been subsequently developed,
in particular methods based on Fourier analysis (see [4], [12], [13], and [15]). Nonetheless,
in many situations, Monte Carlo methods have to be used. The simulation of a Lévy process
with infinite Lévy measure is not straightforward, except in some special cases like the gamma
or inverse Gaussian models. In practice, the small jumps of the Lévy process are either just
truncated or replaced by a Brownian motion with the same variance (see [1], [7], [8], [16],
and [18]). The latter approach was introduced by Asmussen and Rosinski [1], who showed
that, under suitable conditions, the normalized cumulated small jumps asymptotically behave
like a Brownian motion.

The purpose of this paper is to derive bounds for the errors generated by these two methods of
approximation in the computation of functions of Lévy processes at a fixed time or functionals
of the whole path of Lévy processes. We also derive bounds for the cumulative distribution
functions. These bounds can be used to determine which type of approximations to use, since
replacing small jumps by Brownian motion is more time consuming (if we use Monte Carlo
methods). Our bounds can be applied to derive approximation errors for lookback, barrier,
American, or Asian options. But, this latter point will not be developed, and is left to another
paper.

The characteristic function of a real Lévy process X with generating triplet (y, b%, v) is
given by

iuX : b2u2 oo iux :
Ee"* = exp{t|iyu — 5 + " — 1 —iux Iy <1pv(dx) | 1,
—0o0

Received 17 February 2011; revision received 19 November 2012.
* Postal address: Laboratoire d’ Analyse et de Mathématiques Appliquées, Université Paris-Est, UMR CNRS 8050,
5 boulevard Descartes, Champs-sur-Marne, 77454 Marne-la-Vallée, France. Email address: dia.eha@gmail.com

86

https://doi.org/10.1239/aap/1363354104 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1363354104

Error bounds for small jumps of Lévy processes 87

where y € R, b > 0, and v is a Lévy measure. The process X is the independent sum of a drift
term y¢, a Brownian component b B, and a compensated jump part with Lévy measure v. The
process X has finite or infinite activity if v(R) < oo or, respectively, v(R) = 4o00.

For 0 < ¢ < 1, the process X? is defined by

X; =yt +DbB + Z AX; 1ax,|>e) —t/ xv(dx).

O<s<t e<|x|<1

The process X is obtained (from X) by subtracting the compensated sum of jumps not
exceeding ¢ in absolute value. Let

R = X — X°. (1

The process R? is a Lévy process with characteristic function

EeRi — exp{t/ (e —1— iux)v(dx)}.
lx|<e

It holds that E(R?) = 0 and var(R}) = o (¢)%t, where

o(e) = // x2v(dx).
|x|<e

Note thatlim,_,¢ o (¢) = 0. The behavior of o (¢) when € goes to 0 is known for classical models
(VG,NIG,CGMY, etc.). Asnotedin Example 2.3 of [1],if v(dx) = |x| —1=[ (x) dx, wherea €
(0, 2) and L is slowly varying at 0, then it holds that o (¢) ~ ((L(—&)+L(¢))/(2—a)) 1/2g1-a/2,
consequently, lim,_,g o (g)/e = +00.

We also define the process X by

X=X +o(e)W,, t>0,

where W is a standard Brownian motion independent of X. We aim to study the behavior of the
errors made by replacing X by X® or X?, with respect to the level ¢. These errors are studied
for the process X at a fixed date and for its running supremum. Set, for any ¢ > 0,

M, = sup X;, M; = sup X:, Mf = sup )A(f

O=<s=<t O<s<t 0<s<t

Unless stated otherwise, X is a Lévy process with generating triplet (y, b2, v).

The paper is organized as follows. In the next section we will study the errors resulting
from the truncation of the compensated sum of small jumps. The results of that section are
based on estimates for the moments of R®. We also derive an estimate for the expectation
E(M; — M;), by using Spitzer’s identity. In Section 3 we study the errors resulting from a
Brownian approximation. The process X will be approximated by the process Xe. A major
result of Section 3 is Theorem 2, which gives an error bound for the expectation of a function
of the supremum. This result is the consequence of Theorem 3, which relies on the Skorokhod
embedding theorem.
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2. Truncation of the compensated sum of small jumps

In this section we will study the errors resulting from the approximation of X by X¢. These
errors are related to the moments of R¢. Define

op(e) = max(o(¢), €). 2)
The next result will be useful for many proofs in this paper.
Proposition 1. Let X be a Lévy process, and let R® be as defined in (1). Then

E|RS|* =1 / x*v(dx) 4+ 3(to (6)%)?,
lx]<e

and, for any real q > 0,

EIR; 17 < Kq,100(e)?,
where K ; is a positive constant which depends only on q and t.

Proof. Let cx(R;) denote the kth cumulant of R;. Then ¢;(R}) = E(R?) = 0, and, for any

k>2,ck(Ry) = tf x¥v(dx) (note that c2(RY) = var(R?) = o2(e)t). See Proposition 1.2

lx|<e
of [20]. Substituting into the general formula

/L:‘ =c4 + 4c3c1 + 36% + 6czc% + C?

(cf. (4) below), where, here and below, 1; and c; denote the kth moment and kth cumulant of a
distribution, respectively, gives the first part of the proposition. We now prove the second part.
Letn = [g/2]. Since 0 < g/(2n) <1,

E|RS|9 < (E[RE[*)1/Cm

(by Jensen’s inequality for concave functions). It thus suffices to prove the result for the case
q = 2n, n € N;in fact, for any n € N, it holds that

IE(RF)"| < Kn,i00(e)". 3)

The last inequality can be proved by induction as follows. It is trivial for n = 0, 1, 2. Suppose
that (3) holds for all n < m. Then, by the well-known result (see, e.g. Theorem 2 of [14])

m—1

m—1
Mo =Y ( ; )u;cmn, m=1, 4)
n=0

for all m > 2, we have (recall that c{ (R?) = 0)

m—2

-1
|E(Rf)'"|§§ (mn )llE(Rf)"llcm-n(Rf)l.
n=0

Hence, in view of the induction hypothesis, it suffices to show that |c,,—, (Ry)| < top(e)™~".
Since m — n > 2, we have c;—, (RY) = tfl x™~"y(dx), and, hence,

|Cm—n(Rz£)| =< t/

[x|<e

x|<e

x| v (dx) < 1™ "2 / xPu(dx) < rop(e)" "

[x|<e

The proposition is thus established.

https://doi.org/10.1239/aap/1363354104 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1363354104

Error bounds for small jumps of Lévy processes 89

2.1. Estimates for smooth functions
Let X be a Lévy process, and let f be a C-Lipschitz function, where C > 0. Then

E|f (X)) — f(X9)| < CE|R!| < C\/E|R{|? < C/to (o).

Note that we do not ask that f(X;) be integrable. If f is more regular, sharper estimates can
be derived, as shown in the following proposition.

Proposition 2. Let X be an infinite activity Lévy process.

1. If f € CYR) and satisfies E|f(X!)] < oo, and if there exists B > 1 such that
(supge(o.1) EIf' (X7 +ORY) — F1(x8)|BYVB is finite and integrable with respect to 6
on [0, 1], then

E(f(Xy) — f(X7)) = o(o0(e)).

2. If f € C*(R) and satisfies E| f'(X)| + E|f"(X?)| < oo, and if there exists B > 1 such
that (supg¢o.1) ELf"(X] +60R)) — f"(X]) |PY1/B is finite and integrable with respect to
6 on [0, 1], then

o(e)?t

E(f(X)) — f(X5) = Ef"(Xf) + o(oo(e)?).

Note that, if f has bounded derivatives or f is the exponential function and e#%" is integrable,
where 8 > 1, the conditions in the above proposition are satisfied. Recall that the truncation
of small jumps is used when v(R) = oo. In typical applications, we have liminf o (¢) /¢ > 0,
so that o(o(¢)?) is in fact o(o (¢)?).

Proof of Proposition 2. To prove part 1, we first write f(X;) — f(X}) as

1
FOXD) = f(XE) = /0 (f'(XE +6RY) — f/(XE)REd6 + f/(XE)RE 5)

(by Theorem 27.4 of [17], R; # 0 almost surely (a.s.)). Since R; and X; are independent,
E[f(X{)R/]1 =0. Forany 1 < « < B, by H6lder’s inequality,

E|(f' (X +6R)) — f/(XP)RE| < (EIf'(X] +6R)) — f/(X))|") !V |R7|*/ e~ D)@ /e,
By Lyapunov’s inequality,
ELf(XF+0R) — f(XDHIOV < BIf(XE+0RE) — f1(XDIPHVP.

Furthermore, the assumption sup,c 11 Elf/ (X7 +0R;) — f’ (X9)|P < oo implies that the
collection {| f"(X{ + 6Rf) — f'(X7)|*}ee(o,1) is uniformly integrable; hence, since | f/(X? +
OR?) — f/(XE)* - 0as.ase — 0, E|f/(XF +0R?) — f/(X5)|* — 0 (pointwise for 6 €
[0, 1]). Therefore, by dominated convergence,

1
tim [ (I +0R) — /(XD 0o =
E—> 0
Combined with Proposition 1, it thus follows that

1
fo E[(f/ (X5 + ORS) — F/(XE)RETO = o(oo(e)).
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Part 1 of the proposition then follows from (5) (using Fubini’s theorem). We now prove the
second part of the proposition. Using Taylor’s formula, we obtain

] X
E(f(X;) — f(X) =E| /(X)) (X; — X)) + . f”(x)(xf—xmx]

r 1
=E f’(Xf)Rf+f0 X7 +6R)(A —9)(Rf)2d9}

r rl
:E/ f”(Xf+6Rf)(1—6)(Rf)2d0:|
LJO

r rl
= f”(Xf)(l—efo)zde}

1
+ E[ /0 (F/(XE 4+ 0RS) — /(X1 — 9>(Rf>2de}.

The first expectation after the last equality sign is equal to (o ©)?%t/2)Ef"(X ¢), while the second
expectation can be shown to be o(og(g)?) by following the proof of part 1. The proposition is
proved.

Remark 1. Assume that X is an integrable infinite activity Lévy process and that f € C!(R)
with ' being C-Lipschitz. Then

Co(e)?t

IE(f(X1) — f(X)] <
Indeed, E[ f/(X{)R{] = 0 (by the assumptions on X and f, E| f'(X?)| < 00), and so the result
follows directly from (5) using

1
IE(f (X)) — fX)] = E[/O |f'(X7 +0R)) — f(XDIIR] dQ}-

We will consider now the case of the supremum process.

Proposition 3. Let X be a Lévy process, and let f be a K -Lipschitz function. Then
Elf (M) — f(M])| < 2K /10 ().
Proof. We have

E‘f( sup XS> —f( sup Xf) < KE| sup X; — sup X¢
0<s<t 0<s<t 0<s<t 0<s<t
< KE sup |R{|
0<s<t

2
<K E( sup |R§|> .
0<s<t

Note that R? is a cadlag martingale. So, using Doob’s inequality, we obtain

<2K./E|R¢|? = 2K /10 (s).

E‘f( sup XS) - f( sup Xﬁ)

0<s<t 0<s<t
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Remark 2. Suppose that X is an integrable Lévy process and that f is a function from R™ x R
to R, K-Lipschitz with respect to its second variable. Then

sup Ef(z, X;) — sup Ef(z, X%)| < 2Kio(e),

T€Tj0.1] T€T0.1]

where 7[o,;) denotes the set of stopping times with values in [0, #]. For a proof, the reader is
referred to [9, pp. 67-68].

The bound in Proposition 3 might not be optimal. This is what suggests the following result.
Theorem 1. Let X be an integrable infinite activity Lévy process. Then
0 <EWM,; — M) = o(c(¢)).
Proof. Using Spitzer’s identity (see Proposition 1 of [10, Section 3] for details), we have

TEX; ds — /’ E(Xé)*
s 0

! ds
E(Mt—Mf)zf ds=f E(X$ — (XHH)—.
0 0 $

It holds that
XF—(X5H"=XE+ RHT —(XHT

= (X5 + RY) Lixere=0y —X§ Lixe~0)
= (X + R))(Xxe>0) + Lixe 1 Re >0, X2 <0) — Lixe 1R <0, x250)) — X L{x2>0)
= (X§ + R))(Mxe+Re>0, X2 <0) — Lixe+Re <0, x250)) + R 1ixe=0)
= (IRE] — IXSDY (x4 re=0, xe <0y + Lxe+re <0, X60)) + RE Lixe=0).

Set 1§ = E(X; — (X)™). Thus, since E(R{ 1{x:~0)) = 0 (by independence),

0<I; <E(R]|—|X;D".

By the left inequality, E(M; — M) > 0. We now prove that E(M; — M) = o(o (¢)). Since
(IR{| — |XS6|)Jr < |R{| 1 x| <|Re}, We Obtain IE <E(R| 1 xt|<|re)})- Hence, by the Cauchy—
Schwarz inequality,

If < EIREPDVHEQxe <re D V? = 0 (e)VSPIXE] < [RENY2

Thus,

! ds
0 <EWM, — M) < 0(8)/0 P[IX¢| < |R§|]1/2$,

Since v(R) = 0o, R — Oa.s.and X{ — X, a.s. with X # 0. Hence, P[| X¢| < |R§|]1/2 -0
as ¢ — 0. Therefore, by dominated convergence,
ds

=0,
/5

t
hm/ PlIXE| < [RE]Y?
e—0 0

and so E(M; — M?) = o(o (¢)).

In financial applications, the function f in Proposition 3 is not always Lipschitz, as for the
call lookback option where the function is exponential.
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Proposition 4. Let X be a Lévy process, and let p > 1. If EeP: < oo then
Ele™ — M| < Cpro0(e),

where C), ; is a positive constant independent of ¢.

Lemma 1. Let p > 0. IfEe?™: < oo then supy_;-; Ee?M! < co.

Remark 3. For any p > 0, Ee?™: < oo if and only if fx>1 e’ v(dx) < oco.

The ‘only if” part follows from Theorem 25.3 of [17], noting that e”** < e”M:_ For the ‘if’
part, decompose X as the independent sum X =Y + Z + Z’ of Lévy processes, where Y has
Lévy measure [v]{x|<1}, and Z and Z’ are pure jump with Lévy measures [v](y~ 1} and [V]{x<—1},
respectively. Here [v] g denotes the restriction of v to E. Note that M, < SUPg<s<; Ys+Zs; thus,

E[ePM:] < Elexp{p SUPg<s<; Ys HE[e?4]. It can be deduced from Theorems 25.3 and 25.18
of [17] that E[exp{p supy<,<, Ys}] is finite; so is E[eP%] by the former theorem, under the
assumption that fx €7 v(dx) < oo. Hence, E[e’M:] < oo.

Proof of Lemma 1. For § € (0, 1], define R® = X% — X!. The process R? is the compen-
sated sum of jumps belonging to (§, 1] in absolute value. So
EePM? < Eexp{p sup XYl + p sup Rf} < Eexp{p sup Xi }Eexp{p sup |I§f|}.
0<s<t 0<s<t 0<s<t 0<s<t

By hypothesis and Remark 3, noting that Remark 3 also holds for M/, E exp{p SUPp<s<s X, ! i<
0o. We need to bound E exp{p supy, -, |R |} independently of 5. We have

_ =X (ps R3|"
Eexpip sup |R§|] =Ez(p UPozs < | H)

0<s<t n!

=14 pE sup |R‘S|+Zp (sup |I§f|)n.

0<s<t 0<s<t
By Doob’s inequality (R? is a cadlag martingale),
) E|R3 |n

Eexp[p sup |I§f|}§1+p E( sup |R5) —i—Z (
O<s=<t 0<s<t

n
<1+ 2pJEIR? + Z oS Lol At
n
n=2
_ oo p" _
<2py/var(R)) +E —2"|R}|"
=0 n!

<2p t/ x2v(dx) + Ee2P!R7|
S<|x|<1
<2pV1o(1)? + Ee2PR | ge—2rR7,

It thus suffices to show that supy_s5<; EefR! < oo for any 8 € R. Indeed, we have

EeﬁR? — exp{t/(S N l(eﬁx —1 - ﬁx)v(dx)}
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(a moment generating function of a compensated compound Poisson process). By Taylor’s
theorem, e#* — 1 — Bx = B2x%eP%/2 for any |x| < 1, where £ is some number between 0
and x. This completes the proof, as it implies that

_ 2
EefRi fexp{%e“ﬂf
I

x|<1

x?v(dx) }
Proof of Proposition 4. By the mean value theorem, we have
M — M = (M, — MF)eMi,
where M? is between M, and M?. Let ¢ be defined such that 1/p + 1/q = 1. Then

EleM —eM| < E|M, — M |eM

Vi
<E sup |R¢|eM:
0<s<t

< (E( sup |R§|)q>1/q(Eepr)1/p.

0<s<t

Hence, using Doob’s inequality and then Proposition 1, we obtain
EleM — M| < LI(ER;?W)]/(I(EGPMIS)UP
q—
< Cpro0(e) B! +ePMiy)l/7,

where C), ; denotes a constant depending on p and ¢. We conclude the proof by Lemma 1.

2.2. Estimates for cumulative distribution functions

For cumulative distribution functions, bounds are expected to be bigger. However, in some
cases we can get similar results as in the Lipschitz case. In the first result below, we assume
local boundedness of the probability density function of the Lévy process X and its supremum
process M at a fixed time 7. The regularity of the probability density function of a Lévy process
is studied in [3] and [17]. For the supremum process, see [6] and [9].

Proposition 5. Ler X be a Lévy process.

1. If b > O then

1
sup [P[X; > x] = P[X7 > x]| < o(e).

xeR N V2mh

2. If X; has a locally bounded probability density function and x € R, then, for any
q € (,1),
IPLX; = x] = PIX] = x| < Cxrq00(8)' 77,

where, here and below, Cy ; 4 denotes a positive constant depending on x, t, and q.

3. If M; has a locally bounded probability density function on (0, +00) and x > 0, then,
forany q € (0, }),

IP[M; > x] — P[M{ > x]| < Cx1.q00()' 7.
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Lemma 2. Let X and Y be two random variables. We assume that X has a bounded density
in a neighborhood of x € R, and that there exists p > 0 such that E|X — Y|P is finite. Then
there exists a constant K, > 0 such that, for any § > 0,

E|X — Y|P

[PLX 2 x] = PIY 2 x| < Kud + =

Proof. We have
IPIX>x]—-PlY =x]|=|P[X>x, Y <x]-PX <x, Y >x]|.
We will study the above terms on the right-hand side of the equality. We have

PX>x,Y<x]=Px<X<x+X-Y)]
=P <X<x+X-Y), | X-Y|<§]
+Px<X<x+X-=-Y), | X=-Y]|>4]
<Plx <X <x+4+d6]+P|X-Y]|> 4]

Suppose that X has a bounded density f in the interval [x — 8¢, x + 8p], do > O fixed, and let

K, =max{ sup f@), %]

x—80<t<x+38o

By considering the cases § < §p and § > §y separately, it is readily checked that
Plx <X <x+4+46]<K,$

for any § > 0. Thus, using Markov’s inequality, we obtain

E|X — Y|P
P[X > x, Y<x]§Kx8+8—P.
Similarly, using P[x — § < X < x] < K4, it holds that
E|X —Y|?
PX <x,Y>x]< Kx8+8—p.
Lemma 2 is thus established.
Proof of Proposition 5. We have
IPIX; = x] — PIX{ = x]| = [P[X; = x, X{ <x]—P[X; <x, X{ 2x]l.  (6)

It holds that
PX; >x, X; <x]=Plx— (X, — X)) <X] <x]=Plx— R, <bB,+(X; —bBy) < x].
Note that bB; is independent of X; — bB; and R}, and 1/(+/2ntb) is an upper bound of the

probability density function of bB;. Then, by conditioning on the pair (R}, X7 — bB;), it can
be concluded that

Plx — R <bB; + (X! —bB;) <x] <

1
E|R?|.
V2mth !
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Therefore, using the fact that E|R?| < o (¢)+/1,

1
PIX, >x, X <x] <

- T J2nb

o(e).

Similarly,
PX; <x, X! >x]=Plx <X] <x—(X; — X))]
= Plx < bB, + (X! —bB,) < x — R’]
1
NGz

Hence, part 1 of the proposition follows from (6).
We now prove part 2 of the proposition. Let p > 0. By Lemma 2 followed by Proposition 1,
there exist positive constants Ky ; and K, ; such that

< o(e).

ElX; — X[|?
sP
E[R7|?
sP
op(e)?

< K06+ Kp’tS—P

IPIX; > x] = P[X7 > x]| < Ky /8 +

= x,l(S +

for any § > 0. Choosing 8 = o9 (e)?/(PTD yields
IP[X; = x] = PIX] = x]| < 2max(Ku,r, Kp,)oo(e)? P+,

and so the result follows since p/(p + 1) can be chosen arbitrarily in (0, 1).
We now prove part 3 of the proposition. Let p > 1. By Lemma 2, there exists a constant
K} ; > 0 such that

. / E|M, — M{|”
[PIM; > x] = PIM; > x]| < K| 8+ ———"—
for any § > 0. On the other hand,
p p
E|M, — ME|P < JE( sup | X; — X§|) - IE( sup |R§|) .
0<s<t 0<s<t
So, by Doob’s inequality we have, using the constant K, , from part 2,

P
P 1) oo(e)?.

p
EIM, — M{|P < (%) EIR: |V < Kp,f(
p—
Part 3 of the proposition then follows by choosing § = aq(g)?/(P+D,

3. Approximation of the compensated sum of small jumps by a Brownian motion

In this section we will replace R? by a Brownian motion. This method gives better results,
subject to a convergence assumption. In fact, Asmussen and Rosinski proved [1, Theorem 2.1]
that, if X is a Lévy process then the process o(e)"1R® converges in distribution to a standard
Brownian motion, when ¢ — 0, if and only if, for any k > O,

o(ko(e) ne)

e—0  o(g) =1 @
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Condition (7) is implied by the condition

. o(e)
lim
e—>0 &

= +o0. (8)
Conditions (7) and (8) are equivalent if v does not have atoms in some neighborhood of 0
(see [1, Proposition 2.1]).

3.1. Estimates for smooth functions

The errors resulting from the Brownian approximation have not been much studied in the
literature, at least theoretically. Some results are given in [7] and [8].

Proposition 6. Ler X be an infinite activity Lévy process, and let t > 0.

1. If f € CYR) and satisfies E|f (X9)| < oo, and if there exists B > 1 such that
(SUPse(o.1) EIf/(XE + 00 (e)W;) — f' (X5)|ﬁ)l/ﬁ and (supgeo, 1 EIf (X] + OR) —
f (X€)|’3)1//3 are finite and integrable with respect to 0 on [0, 1], then

E(f (X)) = (X)) = 0(00(e)).

2. If f € C*(R) and satisfies E| f'(X{)] +Elf"(X{)| < oo, and if there exists B > 1
such that (supge (o 1) Elf"(X¢ + 00 ()W,) — f"(XE)I1P)/P and (sup,c o1, EIf" (X +
OR?) f”(X8)|ﬂ)l/ﬂ are finite and integrable with respect to 0 on [0, 1], then

E(f (X)) — (X)) = 0(00(e))
Examples of functions satisfying the above conditions are noted after Proposition 2.

Proof of Proposition 6. We consider only part 2. The proof for part 1 is similar. By
Proposition 2 we have

& (8)2 " &
E(f(X,) = f(X])) = ——Ef"(X) + o(00(e)?).

On the other hand, using the same reasoning as in the proof of Proposition 2 (we will replace
R? by o (¢) W), we obtain

2
E(f (X +a(e)W,) — f(X5)) = 0(82) t .,

Hence, A
E(f(X;) — f(X5)) = 0(0p(e)?)

The combination of Proposition 6.2 of [7] and Spitzer’s identity for Lévy processes (see
Proposition 1 of [10]) leads to the following result.

Proposition 7. Let X be an integrable infinite activity Lévy process. Then
t
|EM, — ]EM8| < 330(s)p(e) (1 + 10g<2{)>>

where p(e) = o (&)™ [ _, [x[Pv(dx).

lx|<e
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Remark 4. Under condition (8), we have lim._,¢ p(¢) = 0 and, in turn,

0(8)0(8)<1 + IOg(Z\/(;))) =0(0(¢)).

Proof of Proposition 7. Letd € (0, t). Using Spitzer’s identity for Lévy processes, we have

IE}'ZS +
|[EM; — ]EM£|— ‘/ Y ds —/ (Xy) ds‘
0

N

. . d t . .d
< / EXT —E&)T S +/ EX} — E(X5)*H =
0 N 5 Ky
On the one hand,
EX} — E(X)'| < E|(Xf + ROT — (XE+o(2) W)
< EIR¢ — o (e) Wy

< <1 +\/g>\/§a(s).

On the other hand, it follows from Proposition 6.2 of [7] that
[EX} — E(X5)*| < Ao(e)p(e).

with A < 16.5 (consider the function f(x) = xT). Therefore,

|[EM; — EM| < 2(1 + @)a(e)\/ﬁ + Ac (e)p(e) log<§>

<16.50() («/E ¥ o(e) 1og<§)).

The last expression is minimal for § = 4p (¢)2, and so the desired result follows by substitution.

3.2. Estimates by Skorokhod embedding

We will use a powerful tool to prove the results of this section. This is the Skorokhod
embedding theorem. We will begin by defining some useful notation.

Definition 1. Define

lelss x*v(dx)
(g0())*

p

Bi(e) = ﬁ(8)1/6<\/10g(ﬂ( e +3) )

£a(e) 2’3(8)1/4<1°g<ﬁ< 7 +3) )

Remark 5. Note that, under condition (8), we have lim._.9 8(¢) = 0.

B(e) =
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The proof of Proposition 7 cannot be extended to the Lipschitz functions, because the
reformulation of the Spitzer identity for Lévy processes cannot be applied in that case. We have
to use another method. Define

Vin =R/{?t/n _Rfj—l)l/n’ j=1,...,n,
sothat R, = > i=1 Vin, k=1,... n.TheV; , are independent and identically distributed

(i.i.d.) with the same distribution as Rl/n, hence, E(V; ) = Oand var(V; ;) = o (¢)*t/n. Thus,
by Skorokhod’s embedding theorem (see Theorem 1 of [19, p. 163]), there exist positive i.i.d.
random variables t;, jA= 1, ..., n, and a standard Brownian motion, é such that the (partial
sums) R,ﬁt In and the By 4.4y, k=1,...,n, have the same joint distributions; moreover,
E(ty) = var(Vy,,) and

Etf <4EV},. ©

Furthermore, note that the U(S)Wk;/n and ég(e)zk,/n, k=1,...,n, have the same joint
distributions. Set

2
o(e)°kt
Thr=11+-+ 1, Tksz (n) .
This setting will be used in all of the subsequent results.

Theorem 2. Let X be an integrable infinite activity Lévy process, and let f be a Lipschitz
function. Then

IEf(M,) —Ef(M?)| < Cio0(e) Bl (e),

where C; is a positive constant independent of €.
Proof. Set

1= [ (s )~ s (s (% otein))]

0<s<t 0<s<t

1500 = [E(£( swp Xiasm) = £( sup (X +0@Wizn)))|

0<k<n 0<k<n

Because f is, say, K-Lipschitz, we can show that

17 (sup X ) = £( sup (X, + 0@ Wap)| = K ((sup 1RSI +0e) sup Wil).

0<k<n 0<k=<n 0<s<t 0<s<t

As the right-hand side expression is integrable, by dominated convergence we can deduce that
lim;,— 4 oo I;(n) = I}. It holds that

1500 = B(f <Oil]:p Xy + Br)) — f(oiug Xy + B1))|

< KIE‘ sup (Xf,, + Br) — sup (X, + Bre)

0<k<n 0<k<n

< KE sup |By, — Bryl.

1<k<n

Part 1 of the following theorem concludes the proof.
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Theorem 3. Let X be an infinite activity Lévy process.

1. It holds that
limsupE sup |By, — Brel < Cio0(2) B (€).

n—>+00  1<k=<n

2. It holds that
limsupE sup |Bp, — BT;I2 =< Cz00(8)2,3£(8)-

n——+o0 1<k<n

3. Foranyreals p > 1 and 6 € (0, 1), it holds that

. D D t
limsupE sup |By, — Brg|” < Cpo,100(8)"B), 4(8).
n——+o00  1<k<n

In the above, C; and C, ¢ ; are constants independent of ¢.
This theorem is the main result of this section.
Lemma 3. Let X be an infinite activity Lévy process. Then, for any § > 0,

] - 4roo(e)4ﬁ(e>_

lim sup]P’[ sup |Tx — T > 8 5

n—+o00 1<k<n
Proof. AsTy — T = Zf: 1 (ti — E(7;)), by Kolmogorov’s inequality,

] - var(T, — T)?)
S5

nvar(ty)

P| sup [T — 7| > 6

1<k<n

where the last inequality follows from (9). The proof then follows from Proposition 1.

Proof of Theorem 3. For § > 0, we have

E sup |§Tk — éTkel =L+ 1D,

1<k=<n
with

Iy =E sup [Br, — Byl Loup, ., 11— T |<8)
1<k<n

Iy =E sup [Br, — Bre| Y, _, 11—T¢|>5)-
1<k<n

On {supy <, |Tx — T | < 8}, set, for fixed k,

s = Tkg A Tk, = Tkg Vv Tk.
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Wehave s1 < s» < s1+6. Let j besuchthat jé <s1 < (j+1)§. Wehaves; < s> < (j+2)4.
If j§ <s1 <sp <(j+ 1)§, we have

1By — Byl = 1By — Bjsl+1Bjs— Bl <2 swp ( swp B - Bpl).
0<j<lo(e)2t/8]+1 \Js<u<(j+1)s
Ifjd<s1<(+1)38<sy<(j+2)§, wehave
By, — By,| < |Bs, — Bjs| + |Bjs — Bj1ysl + |B(j+1)s — By, |

<3 sup ( sup Iéu—f?jal).
0<j<[o(e)2t/8]1+2 jd<u=(j+1)s

Hence,

I <3E  sup ( sup |éu_éj5|)
0<j<[o(e)t/8]+2 jd<u<(j+1)s

=3E sup ( sup B, — é(j—1)8|)-
1<j<lo(e)2t/8143 “(j—Dé=<u<js

The random variables (sup;_ys<,<js |B, — é(j_l),;|)1Sj§[0(£)2t/5]+3 are i.1.d. with the same
distribution as supg, <5 |B,| and, in turn, v/3 SUPp<y <] |B,|. Then

I < 3VSE sup Vi,

1<j<[o(g)t/8]+3

where the (Vj)i<j<(o(e)2/s143 are ii.d. random variables with the same distribution as
SUPg<y <1 | Bul- 2On the other hand, we know that if (V;)1<j< are i.i.d. random variables
satisfying FEe*"i' < oo, where « is a positive real, then

E sup V; < g(mEe“Vlz),

I<j<m

where g: x € [1, +00) — /log(x)/«. Indeed, since g is concave, we have

2
E sup V;=E sup G

l<j=<m I<j=m

2
= Eg( sup Vi ) (because g is nondecreasing)

1<j<m
2
< g(E sup Vi ) (by Jensen’s inequality)
I<j<m

" 2
<g (IE Z eV ) (because g is nondecreasing)
j=1

= g(m]Ee"‘Vlz).

In our case Vi = supg<, <1 |Bul. So

Vi < sup §u+ sup (—éu).

0<u<l 0<uc<l
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For o € (0, %), we have

Ee? Vi < Eexp{2a(( sup éu)2+( sup (—B )) )}

O0<u<l 0<u<l

< (]Eexp[4a(oil;21§u> ])1/2<Eexp[ (0221(_&))2})1/2

= Eexp{4a( sup ﬁu)z}

0<u<l

= (1 — 8a)" /2.

The last equahty follows from (supy<,<; B,)? ~ X upon usmg the moment generating
function of the 7 distribution, given by (1 —28)~"/ 2! for B < 1.

It follows straightforwardly from the above that, for o € (O, g ),

2
I < Cax/g\/log(o(? ! +3>,

Ca:#(l_M).
o 21og(3)

Let us now consider /. We have

where

2\ 1/2 1/2
I < (E( sup |BTk — BTe|) ) (]P’[ sup [T — T > 8])

1<k<n 1<k<n
20172 172
< (E( sup |Br |+ sup |BTs|) ) (]P’[ sup [Ty — T¢| > 5])
1<k<n 1<k<n 1<k<n
N\ 172 < o\ 1/2 12
< ((E sup |R{| ) + (E sup | By] ) )(P[ sup [Ty — T| > 8])
O<s<t 0<s<o ()2t 1<k=<n

~ 1/2
= AR + Bl By (P sup 1T - 71 > 6])

1<k<n
12
< 4\/1—‘0’(8)(]}”[ sup [Ty — T¢| > 5]) ,
1<k<n

where the fourth inequality is obtained using Doob’s inequality. So, by Lemma 3 we have

4 12
limsup I, < 4\50(8)(%) .
n—+09

52

Hence,

o(e)?t 8t 5
limsupE sup |BTA — BTs| < Cq,[élog +3 )+ —o(e)ag(e) v/ B(e).
n——+00 1<k=<n 3 5
Part 1 now follows by letting C; = max(Cy, 8¢) and choosing § = 0'0(5)2,3(8)1/3.
For the proofs of parts 2 and 3 of the theorem, we refer the reader to [9, pp. 86—-89]. However,
some small corrections are needed in the proof of part 3 in order to comply with the definition

of ,3;,0(8).
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Remark 6. Letting 6 = % and p = 1, 2 in the definition of ,3;’9(8), we see that part 3 of
Theorem 3 partially generalizes parts 1 and 2. It may be relevant to note here that, for part 3,
the proof used the function g(x) = (a~'log(x))”, whereas, for parts 1 and 2, it used the
function g(x) = (™! log(x))l’/z, p =1, 2, respectively.

The following result follows directly from part 1 of Theorem 3.

Proposition 8. Ler X be an integrable infinite activity Lévy process, and let f be a Lipschitz
function. Then

Ef(X) —Ef(X)| < CiBj(e)oo(e),
where C; is a positive constant.
Proof. We have R? L éTn and o (g) W[ L I§T’f. So, if f is K-Lipschitz, we have
[Ef(X0) —Bf(XD)| = [Ef(X{ + Br,) — Ef(X{ + Bry)| < KE|Br, — Brg|.

‘We conclude with Theorem 3.

For non-Lipschitz functions, we have the following result (corresponding to the payoff of a
lookback option).

Proposition 9. Let X be an infinite activity Lévy process, and let p > 1. If EePM: < oo then,
forany x € Rand any 6 € (0, 1),

E@E™ — )t —E@EM = x)*| < Cpo.100&) (B 1) 0N 7,
where C, g ; is a positive constant independent of ¢.
Proof. Define

M} = sup (X,ft/n + Rlit/n)’ A;If" = sup (Xlil/n + U(S)Wk;/n).

0<k=n 0<k<n

We know that lim,,_, oo M = M, a.s. and lim,,_, y oo M = M as. Set
Ul = sup (Xp,/, + Br,), US" = sup Xp/n + éTks).
O<k=n O0<k=n

D

So M = U!" and M;"

2 0f’". By the mean value theorem we have

un 05.)1 n ~en Us,n
et —et =(U; —-U")e" |
78N n yen
where U;"" is between U' and U, "". Set

If = [EEY —x)T —E@V" —x)*).
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Thus,
I7 < EleVr — eUfg'n|
<EIU; - 07"
<E sup |1§Tk — l}rks|e[]fﬁ
0<k<n
N A /(p—1) 1-1/p L‘]s,n 1
= (E sup 1By — Bye|?/0=0) " @ert) /e
0<k=<n
A N 1-1/p n e
< (E sup 1By — Bre?/00) T @M 4 e ) 0
0<k<n
N N 1-1/p e
< (E sup |Br, — BT,f|p/(p_l)) (E(epM’ + ePM; ))I/P.
0<k=<n
But,

E(ePM: +epr€) < E(epM’ +6Xp{p0(8) sup W, epM'E)

0<s<t
< EePMi 4 2P0 )1/ 2epM;

< 2eP @ /2 (ePM: | oPMTY,
So, using dominated convergence, Theorem 3, and Lemma 1, we obtain
EE™ — x)t —EE™ —x)t| = lim [EEM —x)* —EE"" — x|
n——+o00o

— limsup [EEY" — x)F —EE¥" — )7
n——+00

= Cp,e,tUO(g)(lg;,/(p_Uﬁ(8))171/17'

3.3. Estimates for cumulative distribution functions
The bounds obtained in this section are better than those obtained by truncation, provided
that condition (8) is satisfied.

Proposition 10. Let X be an infinite activity Lévy process. Below, the constants C; and Cy ; 4.9
are independent of ¢.

1. If b > O then
sup [P[X; > x] — P[X] > x]| < C;o0(¢)Bi(e).

xeR

2. If X; has a locally bounded probability density function and x € R, then, for any pair of
reals 6 € (0, 1), g € (0, 11,

IPLX; > x] — P[X{ > x]| < Cyg.600(8) " 9(B] ), 4(e))7.

3. If M, has a locally bounded probability density function on (0, 4-00) and x > 0, then,
for any pair of reals 6 € (0, 1), q € (0, %],

IP[M; > x] = P[M] > x| < Cu.1.q.000()' "9 (B} ,,_1.4(2))".
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Proof. Recall that R® = By, and o (¢)W, = Bre. Set

Y, =Xf{+Br,,  Y{=X+Br.
Thus, . .
[P[X; > x] = P[X; = x]| = [P[Y; = x] = P[Y} > x]|
= |P[Y; > x, ?f <x] =PIy, <x, l?f > x]|.
It holds that

PLY; > x, ¥f <x] =Plx — (¥, - ¥}) < ¥} <x]
= P[x — (B, — Bry) < bB, + (¥{ —bB) <x].

By construction, b B, is independent of (l? £ —bB;) and of (éT —1§Ts). Furthermore, 1/(b+/27mt)
is an upper bound of the probability density function of bB;. By conditioning on the pair
(BT — BTs Y — bBy;), it can thus be concluded that

PlY; > x, IA/f <x] < ;

E|Br, — Brel.
27t

Analogously, it also holds that

~ 1 ~ ~
P[Y,<x,Yt82x]§ E|BT,,_BT;|-
Tt

We get the first part of the proposition by using Theorem 3.
We now prove the second part of the proposition. Let p > 1. By Lemma 2, there exists
K. > 0 such that, for any § > 0,

s E|Y, — Y|P E|B7, — By |”
[PlY; > x] =P[Y; 2 x]| < Ky 6+ —(——— =Ky d+ —————.
’ 8P ’ 8P
Hence, given 6 € (0, 1), by Theorem 3, there exists a constant Cj, y; > 0 such that
a0(e)? B}, 4(e)

IPLY, = x] =PIV} > x1| < Kxi8+ Cpos—

Choosing § = ao(e)?/(P+D ﬂ;ﬁ(s)l/("“) yields
IP[Y, > x] — P[¥f > x]| < 2max(Ky,;. Cp.g.)00(e)?/ PTVBL ,(e)!/PHD.

The result then follows by substituting p = 1/g — 1.
For the third part of the proposition, we use the notation of Proposition 9. Note that

IP[M; = x] = PIM; = x]| = lim_ |P[M}' > x] —P[M;" = x]|
= hm IPIU > x]—P[ UE" > x]|.
Let p > 1,and put I, 5 = [x — 8, x 4+ ). Using the proof of Lemma 2, we have, for any § > 0,

E|U" e n|p
4
ESUPlgkgn |1§Tk - éTkSVJ
8P '

IP[U" > x] = P[US" > x]| < P[U! € I, 5] +

<P[M} € I 5]+
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By the assumption on M;, there exists a constant K)’Cy, > 0 such that P[M; € I, s]< K)’MS for

any 6 > 0. Combined with Theorem 3, letting n — oo yields

A

o0(e)? B, 4 (&)
lim |P[U} > x] - P[U;" = x]| < K} 8 + Cpo —— L2
n—00 B

Y4

for some constant Cj, 9, > 0. So, as in part 2, the result follows by choosing § = oq(¢)?/(PFD
5;} 0(5)1/(p+1)_
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