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RINGS WITH FINITE NORM PROPERTY
KATHLEEN B. LEVITZ AND JOE L. MOTT

Introduction. A ring A has finite norm property, abbreviated FNP, if each
proper homomorphic image of A is finite. In [3], Chew and Lawn described
some of the structural properties of FNP rings with identity, which they called
residually finite rings. The twofold aim of this paper is to extend the results of
[3] to arbitrary rings with FNP and to give characterizations of FNP rings
independent of the results of [3].

If 4 is a ring, let A+ denote 4 regarded as an abelian group. In the first
section of this paper, we explore the effects of FNP upon the structure of A+.
The following theorem is typical of the results in this section.

THEOREM. If A s a ring with FNP, A+ satisfies one of the following conditions:
(1) A+ s torsion of bounded order;
(2) At s torsion-free and reduced;
(8) At is torsion-free and divisible.

We consider only commutative rings in § 2. If 4 is an infinite non-null
commutative ring with FNP, then 4 is an integral domain. Let A4 be an
integral domain such that K, the quotient field of 4, has multiplicative
identity e. We prove that 4 has FNP if and only if 4* the subring of K
generated by 4 and ¢, has FNP. We give a new characterization of integral
domains with identity that have FNP.

Finally, we consider conditions under which FNP is a hereditary property.
We present necessary and sufficient conditions in order that all subrings of an
integral domain have FNP, and we give sufficient conditions in order that the
ring A have FNP if a subring of 4 has FNP.

Acknowledgement. We are grateful to Dr. Paul Hill for suggesting that we
investigate the group structure of rings with FNP. We also wish to thank the
referee, who made several suggestions to improve this paper. The referee first
suggested the proof of Theorem 2.1 now included in this paper. We also thank
William Heinzer for sharing with us his example of a ring 4 such that 4 fails
to have FNP while its integral closure does have FNP.

1. Additive group structure of rings with FNP. In this section we use

the notation and terminology of Fuchs [6]. If 4 is a ring, A+ denotes 4 regarded
as an abelian group.
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ProrositioN 1.1. Let A be a ring with FNP. At is either torsion or torsion-free.

Proof. The torsion subgroup 7" of A* is an ideal of 4. If 7" 0, A/T is a
finite ring. Thus if @ € A, {or some positive integer m, ma € 1. It follows that
a € Tand At =T.

ProrposiTioN 1.2. If A is an infinite ring with FNP, either A is o prime
ring, or A2 = 0.

Proof. If A has a multiplicative identity or if A+ is torsion, this result is a
consequence of the proof of [3, p. 92, Lemma 2.1]. The case where A+ is
torsion-free follows by considering 4 /Ann(4).

When 42 = 0, 4 is called a null ring. If 4 is a null ring, each subgroup of 4+
is an ideal of 4. It follows that if 4 is a null ring with FNP, either 4 is finite
or At is an infinite cyclic group. Henceforth, we consider only non-null rings.

Definition. Let G be a group and let z be a positive integer. Then:
G(n) = {x € G: nx = 0}
nG = {x € G: for somey € G, x = ny}.

ProrosiTiON 1.3. Let A be an infinite ring with FNP. If A% is torsion, then
At is a p-primary group for some positive prime integer p. Moreover, A+ = A+(p).

Proof. Let p be a prime integer such that A+(p) # 0. If ¢ is any prime
integer distinct from p, A+ (p) - A*(q) = (0). Since 4 is infinite, we conclude
from Proposition 1.2 that A+(gq) = 0. Hence, A% is a p-primary group.

If A+ = A+(p), there is an element x € AT\A*(p). Let i be the least
positive integer such that px = 0. Then p*x % 0 and px # 0, but
(px) (px) = 0. By Proposition 1.2, 4 is finite, and the proof is complete.

COROLLARY 1.4. Let A be a ring with FNP. If A+ is torsion, then At s
bounded. In particular, A+ is reduced.

Proof. It A is finite, A+ is bounded. If 4 is infinite, 4% is a bounded group
by Proposition 1.3. Any bounded group is reduced.

PRrorosiTION 1.5. Let A be a ring with FNP. A% is either reduced or divisible.

Proof. By Proposition 1.1, A+ is either torsion or torsion-free. If A+ is
torsion, A% is reduced by Corollary 1.4. We assume that 4+ is torsion-{ree
and not reduced. The maximal divisible subgroup D of 4% is nonzero, and
there is a reduced subgroup R of A% such that A+ is the direct sum of R
and D. Moreover, D is an ideal of A. Since R is isomorphic to (4/D)*, Ris a
finite subgroup of 4*. Since 4% is torsion-free, R = (0). Hence At = D, and
our proof is complete.

We say that a ring 4 is stmple if the only proper ideal of 4 is (0).
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ProrosiTION 1.6. Let A have FNP. A+ is torsion-free and A is simple if and
only if At is divisible.

Proof. (=) Because A is torsion-free, #4 is a non-zero ideal of 4 for each
nonzero integer n. Since A is simple, nd = A for each non-zero integer .
Hence A+ is divisible.

(&) From Corollary 1.4 it follows that if A+ is divisible, A is torsion-free.
If B is a proper homomorphic image of 4, Bt is a finite divisible group. Hence
B = (0). Thus 4 is simple.

In [3], Chew and Lawn defined an FNP ring A to be proper if 4 is not
finite and not simple. From Proposition 1.6 we can conclude that an FNP
ring A is proper only if 47 is reduced. We now give a group theoretic criterion
for distinguishing proper torsion-free FNP rings from proper torsion FNP

rings.
LemmA 1.7. Let A be an FNP ring. If A+ is torsion-free, then A+ is homo-
geneous and the type of its elements is (k1, ..., Ry, ...) where k, 1s either 0 or

© for each n.

Proof. Since A has FNP, A satisfies the restricted minimum condition for
ideals. From the proof of [6, p. 289, Theorem 75.3] it follows that A+ has the
required properties.

Definition. A group G is said to be hopfian if each epi-endormorphism of G
is an automorphism.

ProrosiTION 1.8. Let A be a proper FNP ring. A% is torsion-free if and only if
At 1s hopfian.

Proof. (=) Let a € A\{0}. Since A+ is reduced, there is a positive prime
integer p such that

aé Ol pHA™).
By Lemma 1.7, if b € 4\{0},

b lei(AJf).
Hence

pAT D PPAT D ... D P"AT D ...

is a descending sequence of fully invariant subgroups of A+ with hopfian
quotient groups and

npAH = ©.

By [1, p. 332, Theorem 1], A+ is hopfian.
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(&) If At is torsion, At is a p-primary group and A+ = A*(p) for some
positive prime integer . By [10, p. 17, Theorem 6],
AT =3 Clph,
A€A

where C(p) is a cyclic group of order $, and A is an infinite ordinal. Let
(xa)rea be a basis for A+. The following mapping of this set of generators of
A™ onto itself extends to an epi-endomorphism of A+ which is not an auto-
morphism:

xn if A = 1or \isa limit ordinal

X\ — .
xa—1 if X has a predecessor.

This completes the proof of the proposition.

The following diagram summarizes the preceding results of this section. In
the diagram, the condition at the tail of an arrow implies the condition at the
tip, statements joined by a doubleheaded arrow (<) are equivalent, and the

condition at the vertex of the symbol < implies that one of the mutually
exclusive conditions appearing at one of the two arrowheads occurs.

At is not
hopfian
Atis A*is
reduced A+is torsion
. torsion-
+
At is free and
hopfian N
A is not .
A isan simple A is an
infinite infinite
FNP rin, FNP ring
’ Atis
torsion-
Atis <= A4Tis free
divisible torsion-
free and
Ais
simple

2, Commutative rings with FNP. In this section we assume that all
rings are commutative. Thus if 4 is an infinite commutative (non-null)
FNP-ring, then 4 is an integral domain by Proposition 1.2.

Definition. Let A be an integral domain with quotient field K. Let ¢ be the
multiplicative identity of K. The ring A* is the subring of K generated by
A and e.

THEOREM 2.1. Let A be an integral domain with quotient field K. A has FNP
if and only if A* has FNP.
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Proof. (<) Assume A* has FNP. If B is a non-zero ideal of 4, B = BA*
[8, p. 25, Proposition 2.2]. Since 4/B = A/BA* is a subset of A*/BA*, A/B is
finite. Hence A has FNP.

(=) We assume that A has FNP. Let a be a non-zero element of 4. Then
since 4 /a?4 is finite, there exists an integer m # 0 such that ma = a% for
some b in A. Hence me = ab € A and the factor group A*/A4 is finite. If B* is
a non-zero ideal of 4*, B* M A is a non-zero ideal of A. Thus A/B* N\ 4 is
finite. Let |S| denote the cardinality of the set .S. Then we see that

|A*/B*| £ |A*/B* N A4].
But
[A*/B* N\ A| = |A/B* N A| - |A*/A]

because A*/A is isomorphic to (A*/B*MNA)/(4/B* N\ A). Hence
|4*/B* M A| is finite. It follows that A*/B* is finite and A* has FNP. This
completes the proof of the theorem.

Clearly each finite ring has FNP. Using Proposition 1.2 and Theorem 2.1
we see that an infinite ring 4 has FNP if and only if A* has FNP. Hence to
determine the conditions under which an arbitrary commutative (non-null)
ring has FNP, it is sufficient to know those conditions under which a commu-
tative ring with identity has FNP.

ProrosITION 2.2. Let A be a commutative ring with identity. A has FNP if
and only if A satisfies one of the following conditions:

(@) 4 is a field;

(b) A is a Noetherian integral domain and each non-gero prime ideal of A has
finite index;

(c) A is a finite ring.

Proof. By [3, p. 93, Theorem 2.3].

THEOREM 2.3. Let A be an integral domain with identity and with quotient
field K. Let L be o finite algebraic extension of K. Let A’ be a ring such that
A C A" C L. If A has FNP, then A’ has FNP.

Proof. Let A’ be a subring of L containing 4. If 4 is a field, A’ has FNP.
So we assume that 4’ is not a field. Let P’ be any non-zero prime ideal of 4’.
By [8, p. 100, Lemma 9.1], P’ M A is a non-zero prime ideal of 4. Since 4
is of Krull dimension 1, by the theorem of Krull-Akizuki [12, p. 115, Theorem
33.2], A’ is Noetherian of Krull dimension 1, and A’/P’ is a module of finite
length over A/(P' M A). Hence A’/P’ is a finite-dimensional vector space
over a finite field. It follows that 4’/P’ is finite. By Proposition 2.2, 4’ has
FNP, and our proof of Theorem 2.3 is completed.

We mention a special case of Theorem 2.3 as a corollary.
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COROLLARY 2.4. Let A be an integral domain with identity and quotient field
K # A. Let A be the integral closure of A in K. If A has FNP, A is a Dedekind
domain with FNP.

Proof. By Theorem 2.3, 4 has FNP. Then 4 is an integrally closed, Noether-
ian domain of Krull dimension 1. By definition, 4 is Dedekind.

If we remove the hypothesis that L is a finite algebraic extension of K, then
the conclusion of Theorem 2.3 is no longer valid.

Example 2.5. In this example we show that if L is not an algebraic extension
of K, the quotient field of 4, an integral domain with FNP, then the conclu-
sion of Theorem 2.3 may be false. Let x be an indeterminate and let L = Q(x).
Z[x] is a domain such that Z C Z[x] C L. Z[x] is of Krull dimension 2. It
follows that Z[x] fails to have FNP, while Z has FNP.

Example 2.6. In this example we show that if L is a non-finite, algebraic
extension of K, the quotient field of A4, an integral domain with FNP, then
the conclusion of Theorem 2.3 may be false. Let L be the algebraic closure of
Q. 1f Z , is the integral closure of Zin L, Z C Z, C L. Z ; is a non-Noetherian
domain; hence Z is not an FNP-ring.

THEOREM 2.7. Let A be an integral domain with identity and quotient field K.
Let A be the integral closure of A in K. A has FNP if and only if A is a Dedekind
domain and for each maximal ideal P of A, the quotient ring Ap has FNP.

Proof. (=) By Corollary 2.4, 4 is Dedekind. From Theorem 2.3, we con-
clude that A » has FNP for any prime ideal P of 4.

(&) If 4 is a Dedekind domain, 4 is of Krull dimension 1 and each non-
zero element of A is a non-unit in only finitely many valuation overrings of 4
[2, p. 119, Theorem 4]. Thus each non-zero element of 4 lies in only finitely
many maximal ideals of 4. If P is any maximal ideal of 4, 4 pis a Noetherian

domain. Hence 4 is Noetherian. Moreover, for each non-zero prime ideal
Pofl A4,

A/P = Ap/PAp;
hence P has finite index in A. By Proposition 2.2, A has FNP.

COROLLARY 2.8. Let A be a Dedekind domain with quotient field K. A has
FENP if and only if each valuation overring of A has finite residue field.

Proof. (=) This is an immediate consequence of Theorem 2.3.
(&) This follows from Theorem 2.7.

Let A4 be an integral domain with identity and with integral closure A.
Clearly, from A having FNP it follows that 4 has Krull dimension 1, each
non-zero prime ideal of 4 has finite index in 4, and each non-zero ideal of 4
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is contained in only finitely many maximal ideals of 4 [2, p. 118, Lemma 1].
However, it is not in general true that 4 has FNP if A does. To prove this,
William Heinzer constructed the following example.

Example 2.9. Let k be a finite field of characteristic p, and let {y,}*;,—; be a
collection of power series in xk[[x]], all algebraicially independent over k.
Assume y; = x. Let

V= k({y®i=1) N k[[x]]
and let
W =k({y# 1) N k[[x]].

Both 1 and W are rank one discrete valuation rings and W C V. Moreover,
V and W both have FNP since their residue fields are imbedded in k. Finally,
V is integral over W. If R = W[{y}®i=1], then W S R C V, and V is the
integral closure of R in its quotient field. Since each y; € xk[[x]], all the v,
generate a proper ideal of V. Hence R # V. Let L = k({y#}®=1). For any j,

[L):L] = [L({y}"i1) s LAyii = j}) = p > 1

since {v,;}%=1 is a set of algebraically independent elements. If B denotes the
ideal of R generated by {y;}*,—1, B is a proper ideal R because 1 ¢ B. It follows
from [5, Lemma 3.3, p. 338] that B is not finitely generated. Thus R is a ring
that fails to have FNP, while its integral closure V does have FNP.

If A does have FNP, to show that 4 has FNP, it is sufficient to find con-
ditions on A which insure that each non-zero ideal contains a product of
non-zero prime ideals since each non-zero prime ideal of 4 has finite index.
Because each non-zero ideal of 4 is contained in only finitely many maximal
ideals, each ideal is a finite intersection of primary ideals. Thus 4 will have
FNP if each primary ideal of 4 contains a power of its radical.

There are other sufficient conditions that will imply that 4 has FNP if 4
has FNP. For example, we know that 4 will be Noetherian, and hence have
FNP, if 4 is a finite 4A-module or if C, the conductor of 4 relative to 4, is
non-zero. In fact, when 4 has FNP these two conditions are equivalent, as
we show in the following proposition.

ProrosiTION 2.10. Let A be an integral domain with identity and with integral
closure A. Let C be the conductor of A relative to A. If A has FNP, then A is a
finite A-module if and only if C #= (0).

Proof. (=) If 4 is a finite A-module,
A = Axy + Axy + ... 4 Ax,,

where x; = a;/a/ for each 7, with a;, a/ € A\{0} for each 7, 1 =7 < #.
Clearly,

O;élla;'iEC,
i=1
so C # (0).
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(&) We assume C # (0). If B is a non-zero ideal of 4, (0) # BC C B.
If A/BC is finite, A/B is finite. Now BC is an ideal in 4 and in 4. Hence
A/BC C A/BC. 1t follows that 4 /BC is finite and that 4 has FNP. Since A
is Noetherian, 4 is a finite 4-module by [11, problem 41, p. 46].

This completes the proof of Proposition 2.10.

Definition. Let A be an integral domain with quotient field K. If 4’ is a
ring such that A € A’ C K, then A’ is an overring of A. If A % A’, A’ is a
proper overring of A.

From Theorem 2.3 we conclude that if 4’ is any overring of a domain 4
with FNP, then A’ has FNP. However, it is not in general true that each
subring of a ring with FIVP also has FNP. We now offer necessary and sufficient
conditions for each subring of a domain with identity to possess FNP.

TaEOREM 2.11. Let A be an integral domain with identity and with quotient
field K of characteristic 0. Each subring of A has FNP if and only if K is a finite
extension of Q, the field of rational numbers.

Proof. (=) If each subring of A has FNP, each subring of 4 is Noetherian.
By [7, p. 131, Theorem 3], K is a finite extension of Q.

(&) Let K be a finite extension of Q. Let S be a subring of 4. Without loss
of generality, we can assume that S contains 1. If L is the quotient field of .S,
L is a finite extension of Q. Since Z C S C L, S has FNP by Theorem 2.3,
and the proof is complete.

THEOREM 2.12. Let A be an infinite integral domain with identity and with
quotient field K # A of characteristic p # 0. Let I, be the prime field of K.
Each subring of A has FNP if and only if the transcendence degree of K over 11,
25 1, and K 1is a finite extension of a purely transcendental extension of 1I,.

Proof. (=) This is an immediate consequence of [7, p. 131, Theorem 4].

(&) Let S be a subring of 4. Without loss of generality, we assume 1 € S.
Let L be the quotient field of S. If L is algebraic over II,, L = S and S has
FNP. We assume that L is of transcendence degree 1 over II,. There exists
x € S such that x is transcendental over II,. Clearly, II,[x] has FNP. Since
I[x] £ S C K, and K is a finite extension of II,(x), S has FNP by Theorem
2.3. Thus the proof of Theorem 2.12 is complete.

Even if the quotient field of an FNP domain A4 fails to satisfy the conditions
of either Theorem 2.11 or Theorem 2.12 we can still conclude that certain
subrings of 4 will have FNP.

PRroPOSITION 2.13. Let A be an integral domain with identity and with quotient
field K. Let A be the integral closure of A and let L be any subfield of K. If A has
FNP, AN\ L has FNP.

Proof. This follows immediately from Corollary 2.4 and [9, p. 117, Lemma 4].
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