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SOME BOUNDS FOR THE DEGREE OF COMMUTATIVITY
OF A p-GROUP OF MAXIMAL CLASS

ANTONIO VERA-LOPEZ AND GUSTAVO A. FERNANDEZ-ALCOBER

In this paper we obtain several lower bounds for the degree of commutativity of a
p-group of maximal class of order p™. All the bounds known up to now involve
the prime p and are almost useless for small n. We introduce a new invariant b
which is related with the commutator structure of the group G and get a bound
depending only on b and m, not on p. As a consequence, we bound the derived
length of G and the nilpotency class of a certain maximal subgroup in terms of
b. On the other hand, we also generalise some results of Blackburn. Examples are
given in order to check the sharpness of the bounds.

For p a prime number and m > 4, a group G of order p™ and nilpotency class
m — 1 is called a p-group of maximal class. Setting G; = 7;(G) for ¢ > 2, we have
Gm-1#1 and G; = 1 for 1 > m. We define the characteristic maximal subgroup G;
by means of

G1/Gs = Cgyg,(G2/G4).
The degree of commutativity ¢ = ¢(G) of G is then given by

¢(G) = max{k < m — 2| [Gi,Gj] < Giyj4x for all 2,5 > 1}.

It is clear that ¢(G) 2 0, and that ¢(G) = m — 2 if and only if G; is Abelian. If we
take elements 8 € G — (G U Cg(Gm-2)) and s; € G; — G2, we define recursively s; =
[si—1,8] for i > 2. Then 8; € Gi—Gi41 for 1 i < m—1,sothat G; = (s;,Gi41) and,
in particular, G = (8,81,... ,8m_1). Since [s;,3;] € Gitjtc, we can define afi,j) € F,p
for i+ 7 £ m— c—1 by the relation

(1) [8i85] = 3?-0(—?1)': (mod Gitjtct1)-

We suppose henceforth p > 3, the 2-groups of maximal class being well-known (see [2,
III, 11.9]). Then the o3, j)’s satisfy the following conditions (see [8]):

(C1l) At least one element «(1,3) is non-zero.

Received 30th May, 1994
This work has been supported by DGICYT grant PB91-0446 and by the University of the Basque
Country.

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9729/95 $A2.00+0.00.

353

https://doi.org/10.1017/50004972700014180 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700014180

354 A. Vera-Lopez and G.A. Fernandez- Alcober (2]

(C2) afi,j) = —a(j,i) and a(i,i) = 0 whenever defined.

(C3) afij)=a(i+1,5)+a(i,j+1)fori+j<m—c—2.

(C4) a(i,j)=c(i+p—1,5)=c(i,j+p—1)fori+j<m—-c—p.
(C5) Fori+j+k<m—2c—1,

a(’:’j)a(i +3+ c’k) + a(j’k)a(j +k+ c,i) + a(k,z’)a(k +i+ C’j) =0.

We note that (C1) and (C4) together imply that we cannot have a(1,5) =0 for p—1
consecutive values of j.

As formula (1) shows, the commutator relations of G derived from the generators s;
are simpler when ¢(G) is large. For this reason, it is interesting to obtain general lower
bounds for ¢(G), which will allow us to simplify calculations when handling p-groups
of maximal class.

In this sense, the first known results are due to Blackburn [1], who can no doubt
be considered as the pioneer in the study of this class of groups. He proves that
¢(G/Z(G)) > 1 always holds and gets the bound m < p + 1 for the exponent of
|G| when ¢(G) = 0. We generalise this last inequality in the following theorem.

THEOREM 1. Let F be the family of the p-groups of maximal class such that
(G) # c(G/Z(G)). If G € F then ¢(G) >2m —p—1.

PROOF: Set G = G/Z(G). If ¢(G) = m — 2, the theorem is obvious. Otherwise
¢(G) < m—4 and ¢(G) > ¢(G) + 1. Thus, for i+ j < m — ¢ — 2 we have [G;,G;] <
Gitjtet1 whence [Gi,G5] < Gitjtet: and afi,j) = 0. If ¢ < m —p — 2 then (C4)
implies a(l,m —¢c¢—2) = a(l,m —c—p—1) = 0. Consequently, a(1,7) =0 for all j,
which contradicts (C1).

For example, for any group G with ¢(G) = 2 and ¢(G) > 3 we obtain |G| < pP+3.

Define a = a(G) by the condition that G, is the maximal normal Abelian subgroup
of G. Blackburn shows that ¢(G) > m —p — 1 for a = 2 (that is, for G metabelian)
and ¢(G) > m — p—2a + 4 for a > 3. He also indicates that this is probably the
best possible result for a < p. Later, Shepherd [8] and Leedham-Green and McKay [5]
obtained independently the bound ¢(G) > [(m — 3p + 7)/2] which depends only on m
and p. This bound can be improved to 2¢(G) > m—2p+5 when G; has nilpotency class
2. This was proved by Leedham-Green and McKay [6, Theorem 9.7, as a consequence
of their construction of all p-groups of maximal class with G; of class 2. They reduce
this problem to the calculation of Homg, (O/P*™* A O/P'™1,0/P™ ") for certain
m and ¢, where @ is the ring of integers in the pth cyclotomic field generated by a
primitive complex pth root 8 of 1, P is the ideal generated by £ = 6 — 1 and C, acts
via multiplication by 8. Next, we give a direct proof of this result which just involves
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the basic properties of the a(i,j)’s and the formula [8, Lemma 2.3]

[G+j-1)/2] (i—v—1
2) ea(,j)= Z (—l)v*'( i )a(u,u+1) fori+j<m-c—-1,

v=1

which is easily derived from (C3).

THEOREM 2. (Leedham-Green, McKay) Let p > 5 and suppose G: has nilpo-
tency class 2. Except for the case when |G| = 5% and ¢(G) = 0, we have
2¢G)2m—2p+5.

PROOF: First of all, we observe that once the above-mentioned case is dropped,
the result is easily checked for p > m — c¢— 1. So we can suppose p £ m — ¢ — 2. Since
G, is of class 2, we have [G1,G1] = G; with c+3 <t < m—1 and [G1,G:] =1.
From the values of these commutators we deduce that a(l,j) =0for 1 < j<t—c—-2
and,if t {m —c—2, also for t < j < m —c— 2. (Note that, in this last case, we get
m—c~t—1 consecutive zero values). Define k as

k = min{j | «(1,5) # 0}.

Since we cannot have a(1,5) =0 for 1 < j <p—1,it follows that t—c—-1< k< p-1.
It is clear, by induction on ¢ and using (C3) that a(,j)=0for i +j < k.

If k< p—5thent < c+p—4. On the otherhand, m —c—-t—-1 < p-2
(otherwise we would get p — 1 comsecutive zeros). Combining these inequalities we
obtain 2¢ > m — 2p + 5 in this case.

Suppose now that p—4 < k< p— 1. From (2) we have

[%/2] e
a(l,k) =) (-1)"" (k bl l)a(v,u +1).

v=1

If kis odd then v+ (v +1) < k and a(v,v+1) = 0 for v = 1,...,[k/2]. Hence
a(1,k) = 0, impossible. Consequently k =2l is even and k =p—1 or p— 3. Formula
(2) then yields

a(Lk)=(-1)""2, a(lk+1)=(-1)""l=z

and, if k=p—-3,

fl+1 1+2
a(t e +2) = (-1 (" )as 1) otk a) = (07 (V) er-0ie 40y,
where we have put z = a(l,l +1) and y = a(l + 1,1+ 2). Observe that a(1,k) # 0
implies z # 0.
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If Kk =p-—1, we derive a(1,1) = a(1,p) = (—l)l_llz # 0, a contradiction. If
k = p— 3 we have

0=a(1,9) = (-0 (' )e+ (04 1)

whence y = [({ +2)I/6] z. Thus

att,p=1) = (- ("} )e + (1) = (1)

-1 (21 + l)l

In this way, we have proved that a{1,j) # 0 for p —3 < j < p— 1. According to

(C4), there can not exist more than p — 4 consecutive values of j with a(1,7) = 0.

Consequently m —c—¢—1 < p— 4. On the other hand, from t —¢—1 < k we get
t<c+p—2and 2¢ > m — 2p+ 5 follows. 0

Our main interest in the theory of p-groups of maximal class is the study of their
number of conjugacy classes and the orders of the different centralisers of their elements
(see [9, 10, 11]). We have focused on solving these problems for groups of small order
(|G| < p°) but p arbitrary. For this purpose, the aforementioned bounds give little
information about ¢(G), since p appears affected by a minus sign in all of them. This
fact has led us to search for new lower bounds for ¢(G) which are independent of p
and good enough for small values of m. In the following, we expose the results of our
research in this direction.

If G is a p-group of maximal class, we define
b= b(G) = min{k | [G;,Gj] < Gitjtctr for all 4,5 > k}.

It is clear that b = 1 if and only if G; is Abelian, that is, ¢(G) = m — 2. So we can
restrict our attention to the case b > 2. Obviously b < a and, if ¢ = [(m — ¢)/2], from
[Gt,Gt) = 1 we derive b < t, that is, ¢(G) < m — 2b. In particular, b < m/2 always
holds and the value of b is controlled by m.

Now we can be precise about what kind of bounds we are looking for: bounds for
¢(G) of the type

o(6) > BN E
v
where A,v € N and u € Z, which we shall call (m,b)-type bounds, in contrast with
bounds like
o(@) > BREE,

which we shall refer to as (m,p)-type bounds.
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From the definition of b we have a(i,j) = 0 for i,j > b whenever defined. Next,
we see that the rest of the a(i,7)’s can be expressed in terms of the a(k,b)’s with

1<kgb-1.
In the remainder, we work with generalised binomial coefficients, that is, for n,k €
z,
n(n—l)...(n—k+1)’ Hk> 1
n k!
(k) =31, if E=0;
0, if k<0.
LEMMA 3. Let 1<1<b-1.
(i) Hb<j<m-—c—i—1 then
b—i-1
3) i) = 3 (-1 (73 ) et +kn
(i) fi<j<b—1 then
j—i-1 .
. b—j-1+k\ .
a(i,j) = ;§ ( . )a(z+k,b)
@ P [(b-j—1+k\ (b—j-1+Ek
i- -j- :
+ ;_,{< ) ( ki )}a(z-{—k,b).
PRrOOF:
(i) We argue by induction on j > b. If j = b (3) trivially holds. Suppose
j > b. From (C3) we have afi,j) = a(i,j — 1) —a(i + 1,7 —1). Now
the result follows from the inductive hypothesis applied to a(3,j7 — 1) and
a(i+1,7 — 1), except for the case i =b—1, when a(i + 1,7 — 1) = 0.
(i1) It suffices to prove that, for i< j<b-1,
btk — ;+k
) =3 (T e b)+2( 5 oo
This can be done by backwards induction on j < b—1 and, for each fixed
value of j, by applying backwards induction on i < j and using (C3).
0
We note that a(b—1,5) # 0 for j =b,...,m —c—b. Otherwise, since (3) yields
a(b—1,7) = a(b—1,b) for b < j < m—c— b, we would have a(b—1,5) = 0 for all

those j. But then [Gs—1,G;] < Gb+,+c for j 2 b—1, contradicting the definition of b.
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LEMMA 4. If G € F, then b=a and ¢(G) = m — 2b.

PRrooOF: As shown in the proof of Theorem 1, a(i,j) =0 for i+j < m —¢c— 2.
On the other hand, (3) yields

b-2
a(lm—c—-2)= —1)* m-c-2-5% a(k +1,b).
( )= S (7T etk

Suppose ¢(G) < m —2b—1. For k=0,... ,b—2 we have (k+1)+b<m—c—2,
whence a(k +1,b) = 0 and a(l,m — c~2) = 0. Consequently a(1,5) =0 for all j,
impossible. Hence ¢(G) = m — 2b. Since [9, Lemma 1.6] shows that ¢(G) = m — 2a,
we have b=a.
THEOREM 5.
(1) Let 1 <1 <b—-1. Ifai,j)#0forb<j<m—-—c—1i—1, then
(G)z2m-p—-b—i+2.
(i) Ifb=2 then ¢(G) 2m —p—1. Also, ¢(G) > 1 always holds.
(i) Ifb>3 then ¢(G) > m —p—2b+4. Hence ¢(G) =m —p—2b+ k with
4< k<p.
PROOF:
(i) Hec<m—-—p—b—i+1, wehave at least p — 1 integers in the interval
[b,m—c—i—1]. Choose j =i (mod p—1) suchthat b< j < m—c—i—1.
Then (C4) implies a(z,j) = a(i,i) = 0, a contradiction.
(ii) As observed, a(b—1,7) # 0 for b < j < m — c—b. From part (i),
c2m—p—2b+3for b>2. Thisprovesc>m—p—1for b=2.
Besides, if ¢ = 0 then G € F and Lemma 4 provides m = 4, impossible
since [G1,G3] < Gs.
(i) Suppose ¢(G) =m — p —2b+ 3. On the one hand we have

ab—2,m—-—c—b+1)=a(b—2,m—c-b-p+2)=a(b—2,0—1)=a(b-2,b)
and, from (3),

a(b—2,m—-—c—b+1)=a(b-2,b) —(m—c—2b+1)a(b-1,b)
= a(b-2,b) — (p— 2)a(b - 1,b).
It follows that a(b—1,5) =0 in F,, impossible.
0

Parts (ii) and (iii) in the last theorem show that we can replace a by b in Black-
burn’s bounds. We observe that the inequality ¢(G) > m —p—2b+ 3 for b > 2 is also
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proved, arguing in a different way, in (8, Lemma 1.21]. The bound in (ii) can not be

improved, since Miech (7] proves that, for p > 3 and m > p+1, there exist metabelian
p-groups of maximal class of order p™ and degree of commutatlwty (Gy=m-p-1.

Nevertheless, the question of whether the bound in (iii) is best possible still remains.

COROLLARY 6. Suppose b > 2. Then, a = b= 2 or a € [b,b+ (p—5)/2],
according as p=3 or p > 5.

PROOF: Suppose ¢ = m—2a. If a(a — 1,a) =0 then [Ga—1,Ga—1] = [Ga-1,Ga] <
Gaa4c = 1, impossible. Hence a(a — 1,a) # 0 and b = @ in this case. On the other
hand, if ¢ # m — 2a, [9, Lemma 1.6] yields e <X m —2a—1. Since c2m —p—2b+3
for 5> 2, weget 2a <p+2b—4 and a < b+ (p—5)/2. Thus p > 5 in this last case.
So p = 3 implies ¢ = m — 2a and we deduce that ¢ = b = 2 from the bound ¢ > m -4
(see [1, Theorem 3.13)). 0

EXAMPLE. Let p > 7 be a prime number and 3 € e < (p—1)/2. Then, for every
m > 4a — 2 there exists a p-group of maximal class G of order p™ with §(G) = 2
and a(G) = a. Hence the bounds for a in the previous corollary can not be improved
for b = 2. (Note that the existence of groups with b = a = 2 is assured by Miech’s
construction of the metabelian p-groups of maximal class.)

The groups of our example can be presented as G = (s,s; | # > 1), subject to the

relations:
(R1) s =1;
r—1 ( b 4 )
(R2) TII si_t',tl =1, fori>1;
k=0

(R3) s;=1, fori>m,;
(R4) [s:i,8] = 8i+1, fori>1;

Sitet1, ifi>2a- 3;
(R5) Ifix>2, [s,8]= 2a—i—3 (a-2
8itc+1 Ho 8$+:+2+2, if 2 1 < 2a-— 3
t=
j(aTi-1
snli( i-a ), fj<a—-1and
(R6) I 2<j<i, [s,85]= i2a2(+j+1)/2;
1, otherwise.

In (R5) the value of c is taken to be m — 2a — 1. This will be the degree of
commutativity of the group in question.

The explicit construction of this group can be performed in the following steps:

(1) Define G, = (s; | i 2> a), with the corresponding relations among those above.
This group is Abelian and has order p™~°.

(2) Construct G, = (s; | i > 2) as an Abelian extension of G, (for the theory of
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Abelian extensions, see [12, III, Section 8]). We have that |Ga]| = p™~2.

(3) Get Gy = (s; | i > 1) as a cyclic extension of G;. Then |G;| = p™*.

(4) Finally, consider the automorphism 8 of G, defined by s! = s;8;4; for i > 1.
Then, o(s) =p and G = Hol (G4, (s)) is the group desired.

Shepherd constructs in [8, Example 3.26), a metabelian p-group of maximal class
of order pP*? with ¢(G) = 1. This shows that, for b = 2, there exist no (m,b)-type
bounds. But, according to the following theorem, they do exist for b > 3

THEOREM 7. If b> 3 then ¢(G) > (m —3b+3)/2.

PROOF: Assume, on the contrary, that 2¢ < m—3b+2. Then m—2¢c—12> 3b6—3
and we can apply (C5) to the triple (b—2,b—1,b) getting

a(b—2,b—1)a(2b+ ¢ —3,b) + a(b —1,b)a(2b+ ¢ — 1,5 — 2)
+a(b,b—2)a(2b+¢c~2,-1)=0

Since a(2b+ ¢~ 3,6) =0 and a(b~ 1,20+ ¢ —2) = a(b—1,b) # 0, we derive
a(b—2,b)=a(b—2,2b+c—1)=a(b-2,b) — (b+ c—1)a(b—1,b),

by making use of (3). Thus b+ ¢—1=0 (mod p) and b+ ¢ —1 > p. On the other
hand, from Theorem 5 we have p > m —c— 2b+ 4. Consequently 2¢ > m ~3b+5, a
contradiction. 0

From this (m,b)-type bound we can derive several results about the nilpotency
class of G; and the derived length of G, similar to those obtained in [8] and [5] from
the (m,p)-type bound 2¢ > m — 3p + 6, but with b playing the role of p.

In the following, we denote the nilpotency class of a nilpotent group K by cl K
and its derived length by d1 K. Also, for z € R, let [z]. denote the smallest integer
greater than or equal to z.

COROLLARY 8. Suppose b > 3. The following assertions hold:
(i) IKc¢(G)#1 then c1Gy < b. If ¢(G) =1 then clG; < [3(b—1)/2]..
(i) Hm > 9b—19 then clG; <3.
PRroOF:
(i) I ¢(G) = 0, we have m = 2b from Lemma 4. Now, Corollary 1.15 of
[8] yields c1G; < m/2 = b. Suppose ¢(G) > 1. An easy induction gives
Yi+1(G1) € Gyc41)42 for i 2 1. So i(c+ 1) +2 > m proves that cl G1
i.If ¢ > 2 then (b—2)c > 2b—5,thatis, b(c+1)+2>2c+3b-32>
by using Theorem 7. Consequently ¢l G; < b in this case. Ana.logously,

for ¢ = 1 it suffices to show that 3b—1 > m, which is again a consequence
of Theorem 7.
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(i) We have v4(G1) € Gsc+s and

m—9b+19

3c+5>g(m—3b+3)+5=m+ 2 m,

\Y

since m > 96— 19.

0

We note that for b = 2 there is no possible bound for cl Gy of the kind of the preced-
ing corollary, since the group in the aforementioned example of Shepherd is metabelian
and Gy = (p +1)/2.

COROLLARY 9.
(i) dlG < [log, (2a + 2)].
Moreover, if b > 3 we have:
(1) dlG < [log, 38).
(i) Im>2a+3b—13 or m > 95— 31 then dIG < 3.

PRoOF: First of all, we note that G¥) < G; with t = 3.2¢"1 (271 -1)-1is
easily proved by induction on 7 > 1.

(i) Let i > 2. If G # 1 then Go—1 < GG~V Since ¢(G/Z(G)) > 1, it follows
in any case that GG—1) < G, with t = 3.2¢2 + (2"_2 - 1) —1=2'—2. Consequently,
241 < 24+ 2 and i+ 1 < log, (2a 4+ 2). Thus dIG < [log, (2a + 2)], as required.

(i) If ¢(G) =0 then a = b and (i) yields d1 G < [log, (2b + 2)]. Hence we suppose
(G)>1. G #£1 then

3-2;'—1+c(2:’-1_1)_1<m_1<2c+3b—4,

since b > 3. Consequently,

3 3b-3 3b—12
b <3+

3b—12_ 3b
c+3 c+3 4 T4

2!‘—1 s

whence 2°+! < 3b and i + 1 < log, 3b. Thus d1G < [log, 3b].
(iii) f m > 2a + 3b — 13 then
m-—3b+3 _ m—3b+13

c+52 2 +5= ) 2 a,

whence G" < G4 and d1G £ 3. On the other hand, if m > 9b — 31 then

3c+11>3ﬁ__‘;b_+3+11=m+ﬂ:§2b+_m2m
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and G" = 1]

For p > 5 and 3 < m < p, Kovics and Leedham-Green construct a p-group
of maximal class of order p™ and derived length {log, (m + 1)] (see [3]). For these
groups we have a = [(m — 1)/2] and, consequently, d1G = [log, (2a + 2)]. (Note that
(logy (m + 1)] = [log,m] when m is even.) Hence, for any a > 2 and any prime
P 2> 2a + 1, there exists a p-group of maximal class G with d1 G = [log, (2a + 2)].

From Theorem 7 we can also derive that the bound ¢ > m —p—2b+4 in Theorem
5 (iii) can be improved for certain values of m.

CoROLLARY 10. Supposethat b>3 andlet 4<k<p. Im<2(p—-k)+b+4
then c>2m —p—2b+k.

PROOF: He < m—p—2b+k—1 then m—3b+3 < 2c implies m > 2(p — k)+b+5,
impossible.

The bound in Theorem 7 is the best possible for b = 3 or 4, as the following
examples show.

EXAMPLE. Let p 2 11 be a prime number and m an odd integer such that 11 < m < p.
Then, there exists a p-group of maximal class G of order p™ with ¢(G) = (m — 9)/2
and b(G) = a(G) =
This group can be obtained by means of the Campbell-Hausdorff formula (see [4])
from the Lie algebra L over F, with basis (eg,e;1,... ;em—1) in which the Lie product
is defined as follows:
[ei,ei] =0, fori>0;

[es, e0] = —[eo, €] = e,'+1, fori >1;
[ei, eJ] — -[e,’,e; { Z ( 1)k if5— k I)Ak}e"+j+t, for 1 1 <]

Here, e;=0fori>2m, t=(m—-9)/2, \;=0fori>4, A3 =1, Ay = (¢ +2)/2 and
Ar = (3t +4)(t+2)/4(t +1). (Note that ¢ +1# 0 (mod p).)

It can be checked, with the help of the theorem given in the Appendix, that these
relations indeed yield a Lie algebra.

In the particular case when m = 11, we obtain for every p > 11 a p-group of
maximal class for which ¢(G) =1 and clG; =5 =[3(b—1)/2]. > b.

We can derive in a similar way the group in the next example.

EXAMPLE. Let p 2> 11 be a prime number and 8 < m < p an even integer. Then,
there exists a p-group of maximal class G of order p™ such that ¢(G) = (m —6)/2
and 5(G) = a(G) = 3.

Nevertheless, the bound ¢ > {(m — 3b+ 3)/2 can be improved for b > 5, as we see
in the next theorem.
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THEOREM 11. If b > 5 then ¢(G) > (m — 3b+ 4)/2. Moreover, unless b = 5,
¢=1 and m = p =13, we have ¢(G) > (m — 3b+ 5)/2.

PRrooF: First of all, Corollary 6 implies that p > 5. Suppose that 2¢ < m—3b+4.
Then m — 2¢ —1 2> 36 — 5 and from (C5) we have

(5) a(b—4,b—3)a(c+2b—17,b) + a(b—- 3,b)a(c + 2b - 3,b — 4)

+ a(b, b — 4)a(c +2b—4,b—3) =0,
(6) a(b—4,b—2)a(c+2b—6,b) + a(b—2,b)a(c +2b—2,b—4)

+ a(b,b — 4)a(c+2b—4,b—2) =0,
(M a(b—4,b—1)a(c+2b—5,b) + a(b—1,b)a(c +2b—1,b— 4)

+a(b,b— 4)afc+2b—4,b—1) =0,
(8) a(b—3,b—2)a(c+2b—5,b) + a(b - 2,b)a(c +2b—-2,b - 3)

+ a(b,b— 3)a(c+2b—-3,b—2) =0.

If c =0 then m > 3b — 4. On the other hand, G € F and m = 2b. So 2b > 3b-4
and b < 4, impossible. Thus ¢ > 1 and ¢+ 2b— 6 > b, whence a(c+2b—6,b) =
alc+2b—5,b0) =0.

Taking into account formula (3), from (8) we derive

(9) (c+b—3)a(b—3,b)a(b—1,b) — (c+b — 2)a(d — 2,5)

b—2
+(°+

9 )a(b —2,b)a(b-1,b) =0,

and, from (7),
(c+b—1)a(b—3,b) = <c+;_l)a(b—2,b) - (CH;;_ l)a(b——l,b).

fc+b—-1=0 (modp) thenc+b—-12p>m—-c—2b+4and 2c2m—-3b+5,a
contradiction. Hence

(c+b—-2)(c+b-3)

(10)  of(b—3,b) = ig;z-a(b—z,b) _ : a(b~1,b).
By substituting this value into (9), we obtain
2
a(b—2,0)* — (c+b— 3)a(b—2,b)a(b—1,b) + Lbs:;)—a(b -1,6)* =0.
Defining u € F, by the condition
(11) a(b—2,b) =u(c+b— 3)a(b—1,b),
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it follows that 6u?—6u+1 = 0. (Note that u is well-defined, since (¢ + b — 3)a(b — 1,b) #
0.) Moreover, from (10) we have

(12) a@—sJy=@u—1%°+b‘2§°+b‘”a@—1Jy

Now, equation (6) yields

(c+b—4)a(b—4,b)a(b—1,b) = (c+b— 2)a(b— 3,b)a(b—2,b)

- (°+g“ 2)0,(1,_2,5)’ + (°+;_ 2)a(b—2,b)a(b—1ab)

and, taking into account (11) and (12),

b—2)(c+b—3)
12(c+b—4)

(13) a(b—4,8) = (2u—1)F ab—1,b).

If either ¢ > 2 or b > 6, we have a(c+2b— 7,b) = 0. So (5) reduces to
a(b—4,c+2b - 3)a(b— 3,b) = a(b— 4,b)a(b— 3,c + 2b — 4).

We can use (3) to express this equality in terms of the «(i,b) with b—4 i< b—1.
Then (11), (12) and (13) give, bearing in mind that a(b—1,b) #0,

(24u® — 24u + 5)c = —(24b — 72)u® + (24b — 72)u — (5b — 13).

Since 6u? — 6u +1 = 0, it follows that c = —(b—1) in Fp, thatis, c+b—-1=0
(mod p), which is impossible as we know.

So necessarily b =5 and ¢ = 1. Condition (5) is now expressed as
a(1,8)a(2,5) = a(1,5)a(2,7) + a(1,2)a(4,5).

From (3), (4), (11), (12) and (13) it follows that 72u®? — 30u + 6 = 0. This, together
with 6u? —6u+1 =0, implies p = 13 and u = 2. If now 2¢c = m — 3b + 3, we can
apply (C5) to the triple (2,4,5) getting

a(2,4)a(7,5) + a(4,5)a(10,2) + a(5,2)a(8,4) = 0,

whence
a(2,5) = (2,10) = a(2,5) — 5(3,5) + 10cx(4, 5)

and a(3,5) = 2a(4,5). But we also have a(3,5) = 3ua(4,5) = 6c(4,5) and a(4,5) #
0, impossible. Hence 2¢ =m — 3b+ 4 and m = 13 in this case.
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Consequently, in the rest of the cases we have 2¢ > m — 3b + 5, which completes
the proof. 0

There is no problem in constructing a p-group of maximal class G of order 13!*

with 5(G) = 5 and ¢(G) = 1. To do this, consider the Lie algebra L over ;3 with
basis (eqg,€1,... ;€12) and defined by the products

[es,e5] =0, fori20;

[ei, eo] = —[eo, ei] =e;+1, forizzl;
= ~ifj—k—1 . .
[ei,e.‘i] = —[e:i’ei] = { kZ:(—l) (J )Ak}e,+7+1, for1 <1 <.

Here, e, =0for i 213, A;=0fori25, Ay =1, A3 =6, A =3 and A\ =4.

It would be desirable to obtain an (m,b)-type bound for ¢(G) which is attained
for all values of b. In order to do this, one should develop a systematic method of
handling the equations which arise from applying Shepherd’s product formula (C5) to
the different triples (3,7,k).

APPENDIX: THE CONSTRUCTION OF THE LIE ALGEBRAS

The construction of the Lie algebras in the examples after Corollary 10 and Theo-
rem 11 is based on the following result.

THEOREM. Let K be a field and L a finite dimensional algebra over K, with
m=dimL > 4. Let (eo,e1,... ,em—1) be a basis of L and define e; =0 for i > m
Denote the multiplication in L by [, | and set

J(iaj7 k) = [ei’ej)ek] + [ejselnei] + [ek,e,-,e_,-]

for 1,5,k > 0. (We are adopting the convention that [z,y,z] = [[z,y],2].) Suppose
there exist integers a and ¢, with 0 { ¢ < m —2 and 1 £ a £ (m — ¢)/2, such that
[, ] satisfies the following conditions:
(i) [ei,esl =0, fori>0.
(1) [es,ej] = —[ej,e5], for0<i<y.
(1) [eije0) = e€iy1, fori>1.
(iv) [eirej) € {eitjte), forl1<i<a—1andi<j.
(v) [ei,ej]=0, fori,j2>
(vi) J(0,i,5) =0, for1<i<j.
(vi) J(4,5,k)=0, forl<i<j<a—-1,j<kandi+j4+k=m—2c-1.
Then, L is a nilpotent Lie algebra of maximal class.

PROOF: Since (i) and (ii) hold, in order to prove that L is a Lie algebra, it suffices
to see that J(3,5,k)=0fori<j<k.
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From (l), (11) and (Vl) it fOHOWS that J(O"l,]) = 0 for 1,,] 2 0 a.nd, since [ , ] is
bilinear,
[eﬂ’zay] + [ziyi eO] + [ya e011:] =0, for any z,y € L.

In particular,

[eo, [e:, €], ex] + [eir €5, €k, €0] + [er, €0, [€1,€5]] = 0, for 1,5,k > 1.
On the other hand, from (i) and (ii) we derive that [z,y] = —[y,#] for all z,y € L.
Hence
lexs €0, (€3, €5]] = [er+1, [ei, 5] = —[ei, €5, €x41]-
Also,
[eo, [€i,€j], €x] = —[ei, €5, €0,ek] = [ej, €0, €5y €x] + (€0, €5, €5, €x)
= [ej41, € €x] — [€s41, €5, €k]
= —[ei, ej41,€k] — [€i41,€5,€R)-
Consequently,

leirej, e, €0] = [eiv1, €5, €] + [ei, €541, €x] + [, €5, €k 41]-
From this relation we deduce that
[T (3,3, k), e0] = [ei, €5, €k, €0 + [e5, €k, €5, €0] + [ek, €5, €5, €0)
= [eit1, €5, ex] + [ei, 6541, €x] + [eis €5, €x11]
(14) + [e_,~+1, er, €] + [e,-,eH.l,e,-] + [e,-, €ky €it1)
+ [er+1s€ir€;] + [er, €iv1, €5] + [er, €5, €541)
=J0E+1,5,k)+ TEF+1,k)+ T35,k +1).

Let us now prove that J(%,7,k) = 0 for ¢ < j < k. According to (vi), we can
suppose = > 1. If j > a then (iv) and (v) directly yield J(,5,k) = 0. Suppose
then 1 €i<j<a—-1.Ift4+7+k =2 m— 2¢, the result is again immediate. When
i+7+k < m—2¢c—1 we argue by backwards induction on i+j+k. f i+j+k =m—2¢c—1
then J(3,7,k) =0 by (vii). If i+ j + k <m — 2¢ — 1, the induction hypothesis gives

JiE+1,5,k)=T0G,5+1,k)=TJ(6,5,k+1)=0
and, by (14), [J(3,5,k),e0] = 0. Now, from (iv) and (v) there exists A € K such that
J(3,3,k) = Xeitjt+r+2c, whence [T (3,5, k),e0) = Aeiyjtrt2c+1. Since i+j+k+2c+1<
m, it follows that A = 0 and J(3,5,k) = 0.

Finally, it is clear from the values of [, ] given in the statement that, for > 2,
L = (ex | k > i) and, consequently, L is nilpotent of class m — 1. 0

This theorem tells us that, under the special conditions (iii), (iv) and (v) for the
basic Lie products, we need not check the Jacobi identity for all the range of values
i<j<k<m-1l,butonlyfori=0and1<j<k,andforl1<i<j<g<a—-1,7<k
and i+ j7+k=m—2c-1.
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