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GENERALIZATION OF A RESULT OF E. LUCAS

BY
R. A. MACLEOD

ABSTRACT. A well-known result of E. Lucas enables one to
obtain the residue modulo p of (%) in terms of the base-p digits of
M and N. Using a recent result of P. W. Haggard and J. O. Kiltenen,
a proof of N. J. Fine has been adapted to yield the corresponding
residue modulo p".

The following theorem has been known at least since the time of E. Lucas,
who gives it in [4], pp. 417-420.

THEOREM 1. Let p be prime, and let

M=My+ Mp+ Mp*+...+Mp O0=M<p0=r=k
N = Ny + Njp + Nyp* + ...+ N pk, 0=N<pO=r=k
Then
M\  (My\(M\(M M,
g (v) = (VoNI2) - (3 o
N) = N\ N\, N, p)

N. J. Fine [2] gives a short and simple proof of this result. It is our object to
see what this result looks like if we replace the modulus p by the modulus p” for
arbitrary positive integer r. With the help of a recent result of P. W. Haggard
and J. O. Kiltenen, it has been possible to adapt Fine’s method to obtain a

result corresponding to (1), as follows.
THEOREM 2. Let p be prime, let r be a positive integer, and let
M =My, + Mp + Mp" + ...+ Mp¥, 0=M<p,0=s=k
Then
M _ PrhIM())(Pr—lMl) (pr*le) ,
(N)=E( N, v U, (mod p")
over all k + 1-tuples (Ny, Ny, ..., N,) such that
PTIN=Ny+Np +...+Np", O0=N<p 'M,0=s=rk
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ExaMPLE. We note that, unlike the case r = 1, we need not have a unique
k + 1-tuple. For example, with p = r = 2 and N = 10, we have the
potential 3-tuples (0, 1, 1), (4,0, 1), (0, 5, 0), and (4, 4, 0). If we take M = 14, we
have 2M, = 4, 2M, = 6, M, = 0, and the result becomes (using only the
3-tuples (0, 5, 0) and (4, 4, 0))

(ig) = (g)(g) + (3)(2) =6+ 15=21=1 (mod4).

LEMMA 1. For p a prime, m and n positive integers with n = m — 1, and for
0=k = p", we have

) 0,if p" "t + k
L m—1 (mod p™
= p)
(k (p ; )’ if k = ipn—"m+|

Proor. This is the main result in [3]. O

LEMMA 2. Let r and m be positive integers. Then for prime p we have

mr—m+1

A+ " =a+ """ (mod p™).

PrOOF.

Now, by Lemma 1,

0. if mr—m+1+k
pmr »1tp
— — m
(k) B (Pm 1) if k = ipmr (mod 7).
l- )
Hence we have
m—1

1+x" =3 (” .

mr—m+1;
; )x” (mod p™)
i=0

mr—m+1

= (1 + x* )"’m*l (mod p™). 0O

ProoF oF THEOREM 2. From the binomial theorem and Lemma 2, we have

M M k N
) > (N)xN =0+ xM=TI¢a + "
N=0 s=0
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k
_ (1 + x)MOH(l + xprs r+|)pr IM

s=1

(mod p”)

=1 + x)M H EI ( m ) mp”

s=1 m;=0
Define M and I, by

My, s =0 , 0,s =0
M — -
’ p"IM,szl ’ rs—r+1,s=1

Then line (1) becomes

M

M k M;
S (-T2 (e - 3 (2T
N=0 =0 m, =0 N=0 my
where the inner sum is over all k + 1-tuples (m,, m|, ..., m;) such that
ok
3) 2 mpb =N, 0=m =M,
s=0
k
ie. my + > mp” " = N,
s=1

0=Emy=My<p,0=m =p 'M,1=s=k

ie. mep” "'+ 2 mp™ = p TN
Write m) = p"~ 'my, m, = m,, s = 1. Then (3) becomes

k
2 m(p') = p N,
(M) pr_'MO) , _ (M(’)) ,
But since (mo) = (pr_lmo (mod p") (by Lemma 1) = i (mod p"),

we find on equating coefficients of xN

(¥) - EH( M) (mod 1)

over all k + 1-tuples (my, mj,
k

SmpY =p 'NOo=m=p M 0=s=k ad
s=0

., my) such that
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NoOTE. A referee has drawn the author’s attention to some related results
which appear in a paper of B. Dwork [1], one of which is as follows.

Let p be a fixed prime number; let § be a p-adic integer which is neither zero
nor a negative rational integer; let # be that unique rational number, integral
at p, such that p§’ — @ is an ordinary integer; let Cyp(n) denote 1 if n = 0
and H',Z;S(H + »)if n > 0; let Ayg(n) be Cy(n)/n'; and if 8, . . ., 0, are rational
p-adic integers, none of which are zero or ordinary negative integers, then for
n > 0 write

A(n) = I_Il Ag(n).  B(n) = 1T 44(n).

t=1

Then
(i) A(n )/B([fl-]) is a p-adic integer
P

(i) A(n + mp”‘)/B([f] + mp‘) = A(n)/B([fI) mod p* .
P P
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