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GENERALIZATION OF A RESULT OF E. LUCAS 

BY 

R. A. MACLEOD 

ABSTRACT. A well-known result of E. Lucas enables one to 
obtain the residue modulo p of (N) in terms of the base-/? digits of 
M and N. Using a recent result of P. W. Haggard and J. O. Kiltenen, 
a proof of N. J. Fine has been adapted to yield the corresponding 
residue modulo pr. 

The following theorem has been known at least since the time of E. Lucas, 
who gives it in [4], pp. 417-420. 

THEOREM 1. Let p be prime, and let 

M = M0 + Mxp + M2p
2 + . . . + Mkp

k, 0^Mr<p,0^r^k 

N = N0 + Nxp + N2p
2 + . . . + Nkp

k
9 0 ^ Nr < p, 0 ^ r â k. 

Then 

N. J. Fine [2] gives a short and simple proof of this result. It is our object to 
see what this result looks like if we replace the modulus p by the modulus pr for 
arbitrary positive integer r. With the help of a recent result of P. W. Haggard 
and J. O. Kiltenen, it has been possible to adapt Fine's method to obtain a 
result corresponding to (1), as follows. 

THEOREM 2. Let p be prime, let r be a positive integer, and let 

M = M0 + Mxp
r + M2p

2r 4- . . . + Mkp
kr, 0 ^ Ms < / , 0 â s ë k. 

Then 

•1 us \/-r-\ M \ t„r-\ • 

i -^r^ra-ra^' over all k -h \-tuples (N0, Nx, . . . , Nk) such that 

pr~xN = N0 +N}p
r + . . . + Nkp

kr, 0 â Ns < pr~XMs, 0 ^ s ^ k. 
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EXAMPLE. We note that, unlike the case r = 1, we need not have a unique 
k -f 1-tuple. For example, with p = r = 2 and N = 10, we have the 
potential 3-tuples (0, 1, 1), (4, 0, 1), (0, 5, 0), and (4, 4, 0). If we take M = 14, we 
have 2MQ = 4, 2MX = 6, M2 = 0, and the result becomes (using only the 
3-tuples (0, 5, 0) and (4, 4, 0) ) 

a • œ+m - « + 15 = 21 = 1 (mod 4). 

LEMMA 1. For/? a prime, m and n positive integers with n ^ m — 1, and for 
0 ^ k ^ pn, we have 

0, if 77 

m - 1 

/? — m + 1 

(' m - l \ 
m + 1 (mod//") . 

PROOF. This is the main result in [3]. 

LEMMA 2. Let r and m be positive integers. Then for prime p we have 

PROOF. 

mr nir — m+\ m—\ 

(1 + x)p = (1 + xp Y (moàpm). 

Now, by Lemma 1, 

r n • 
Hence we have 

' o , \{P
m>-m+\+k 

p . I, if k = iP
mr~m+x 

(mod/»"1). 

• 

\ + x)P = 2 r • F ( m o d / " ) 
i = o ' ' > 

= (1 + xp ) p (mod//") , a 

PROOF OF THEOREM 2. From the binomial theorem and Lemma 2, we have 

M i . ,\ k 

(2) 2 ( ^ = (i + x)w = n { ( i + x / ^ 
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= (1 + x)M° I I (1 + xp"~r Y~ M> ( m o d / ) 
5 = 1 

k P^^r t»r~\ ; 
= (i + x)wo n 2 f W

M* jnj) 

Define AC and /5 by 

Then line (1) becomes 

M 

tM0,s = 0 
7 = I 
? 1/-^,^! 

I = 
(0, 5 = 0 

[ « - r + l,,y = 1. 

A: MI 

where the inner sum is over all k -f 1-tuples (m0, m{,. . ., mk) such that 

(3) 2 m , / = N, O ^ m ^ AC, 
5 = 0 

i.e. m0 + 2 wy>' rj — r+1 #, 
5 = 1 

r - i ; 0 ^ m0 ^ M0 < / , 0 ^ m, ^ / - IAf 5 , l g j ^ i , 

i.e. ™0/ * + 2 

„ / • - ! 

5 = 1 

msP
rs =pr~xN. 

Write WQ = / ra0, m^ = m5, s ^ 1. Then (3) becomes 

2 mXpJ =/-lN. 
5 = 0 

But since (M°) = K-\M°] ( m o d / ) (by Lemma 1) = (M?) ( m o d / ) , 

we find on equating coefficients of x 

k t„r-\ 
- 2 n ( ^ ) ( m o d / ) 

over all k + 1-tuples (WQ, m'l5 . . . , m£) such that 

2 m's(p
r)s = /~]N, 0 ^ m's^ pr~lMs, 0 ^ s ^ k 

5 = 0 

D 
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NOTE. A referee has drawn the author's attention to some related results 
which appear in a paper of B. Dwork [1], one of which is as follows. 

Let/? be a fixed prime number; let 6 be a/?-adic integer which is neither zero 
nor a negative rational integer; let 0' be that unique rational number, integral 
at /?, such that pO' — 0 is an ordinary integer; let C0(n) denote 1 if n = 0 
and Hn

vZl(0 + v) if n > 0; let Ae(n) be Ce(n)/n\\ and if 0 b . . . , 0r are rational 
/?-adic integers, none of which are zero or ordinary negative integers, then for 
n > 0 write 

A(n) = tl Ae(n), B(n) = f l ^(«) 
* = i >= i 

Then 

(iM(w)/fi| 

( i i )^(« + mps + x)/B\ 

is a /?-adic integer 

-h mps) = ^(/i)/J8l m o d / + 1. 
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