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COEFFICIENT MULTIPLIERS OF BERGMAN SPACES A®, 11

Dedicated to my teachers

ZENGJAN LOU

ABSTRACT.  We show that the multiplier space (AL, X) = {g : Mw(r,g") =
O(1—r)~'}, where X isBMOA, VMOA, B, By or disk algebra A. We give the multi-
pliers from Al to A9(HY)(1 < q < co), we also give the multipliers from IP(1 < p <
2),Co,BMOA, and HP(2 < p < o0) into A4(1 < g < 2).

1. Introduction. For 0 < p < oo, by HP we denote the Hardy space (see [5]) of
analytic functionsf(2) in the unit disk D, for which

[fllue = limMy(r, ) < o0,
r—

where 1 y
21 . P
M(r.f) = (5= [ IFre)Pds)
or

Mao(r,f) = max [f(re).

The Bergman space [1] AP(0 < p < oo) consists of all analytic functionsf in D for
which

[f[lae = (/OlMp(r,f)pr dr)l/p < 0.

and A* = H®. Thus AP and HP are Banach spacesif p > 1, and Fréchet spaces if
O<p<i

Let X and Y be two vector spaces of sequences. A sequence A = {\n} is said to be
amultiplier from Xto Y, if {A\nxn} € Y whenever {x,} € X. The set of all multipliers
from X to Y will be denoted by (X, Y). We regard spaces of analytic functionsin the disc
as sequence space by identifying a function with its sequence of Taylor coefficients.

It is an important question in function theory to describe the coefficient multipliers
between various spaces of analytic functions. This previous way of obtaining informa-
tion on the Taylor coefficients of functionsin certain spacesmakesit possibleto examine
whether agiven function isin a particular space. For example: the coefficient multipliers
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between the Hardy spaces HP and HY have been studied extensively for a wide range
of indices p, g ([5]). However, this does not seem to be the case for Bergman spaces
AP Multipliers for AP spaces are studied by several authors, such as Vukotic [18], Woj-
taszczyk [19], MacGregor-Zhu [13] and Ahern [1].

In Section 3, we first give an interesting result (Theorem 3.1), which shows that

(A", A) = (A',B) = (A", Bg) = (A", BMOA) = (A", VMOA)
={g: M(r,g") = O(L — 1)1},

where A denotesthe space of al functionswhich are analytic in D and continuous on D,
B, The Bloch space ([7], [20]), defined by f € Bif and only if f isanalyticin D and

[Iflls = [f(O)] +§£(1 — 2" (@] < o0,

Bo, the little Bloch space, the set of analytic functionsf in D, for which
1—-12AIf'@ =0 |4 —1,

and BMOA ([7], [20]), the space of analytic functions of Bounded Mean Oscillation. By
VMOA we denote the space of analytic functions of Vanishing Mean Oscillation.
As amain theorem, Vukoti¢ has proved the following

THEOREM A ([18, THEOREM 10]).

(AL, A2) = {{/\n} : inzlknlz - O(N)}.

We extend this result and show that
(AL A = {g: Mq(r,g") = O — 1) +"3},

for 1 < g < oo (Theorem 3.2). Theanalogue of thisresult for HP spaceisaopen problem
[4].

In [13], MacGregor and Zhu have given a sufficient condition for multipliers from AP
intoHP(L < p <2)andfromHP(2 < p < o0) into A1 < g < 2).

THEOREM B. (i) For1<p<2we have{n‘%};’;l € (AP, HP),
(i) For2<g< oowe have{né }eo, € (HY, A9).

We extend the result and give a necessary and sufficient condition for multipliers
from Al into HY for 1 < q < oo (Theorem 3.3), we also give a necessary and a sufficient
condition for multipliers from AP into H9 for 1 <p,q < 2.

In Section 4, we describe the multipliers from some spaces into A9, and give some
necessary and sufficient conditionsfor multipliersfrom[P(1 < p < 2), Co (Theorem4.2),
BMOA (Theorem 4.5), HP(2 < p < o) (Corollary 4.6) into A%(1 < g < 2).

In this paper, the letter C will denote the constant depending only on the indexes
p,q, ..., C may differ at different occurrences.
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2. Preliminaries. Thefollowing lemmaswill be used in proving the theorems.

LEMMA 2.1 ([16, THEOREM 5], [5, THEOREM 5.6]). Letl <s<oo,—1<b < o0
and1 < a < oo. Thenfor all 3 >0

/01(1 —RPMA(r, ) dr < C/Ol(l —)EOMA( Y dr + [F(O)[2.

LEMMA 2.2 ([16, LEMMA 5]). Let0<s<o00,0<p<g< 0o,ands > 0. Then

1 1 1 1
([ @a—pomirntydp)* < c( [ @= P *MEp, T o)’
for everyr € (0, 1].

LEMMA 2.3 ([12, PROOF OF THEOREM 2.7]). For1 <p <2,

sSA°) = {{a} : {k Fa € 12.p)),
where s(X) is the largest solid subspace of X (see[3] for the details).
LEMMA 2.4. Forl<p<oo,'l)+é =1
(i) (A2 ={g: g € AT} £ GI.
(i) (AP)® C AP,
where X2 is the Abel dual of X (see[3]). 3
(iii) For 1 <p < o0, letf(w) = f(zw),w € D,z € D, then

||le _fZZHAP_’Ov |Z;|_—Zz| — 0.

PrROCOF. (i) canbefoundin Taibleson [17]. See also Shapiro [15].

(i) From (i) (AP)®@ = {f : f” € AP} If A Mp(r,f”)Pdr < oo, from Lemma 2.1
JaMp(r,f)Pdr < oo. Thatisf € AP.

(iii) 0<s<1,

1
||fZ1 - f22||A” = M (r!le - sz)p dr
0 p
S 1
= [ Mp(r, = )P+ [ M(r,f — )P ar
S 1
S/o Mp(r,le—fZZ)pdr+2p/s My (r, )P dr.

First we choose s so that the second term is as small aswe please, independent of z, z,
then the first term goesto zero as |z, — z| — 0. n
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LEMMA 2.5. Letr, s, uandv bereal numbersin (0, o], and define p and q by
=1l+lifr>up=ooifr<u
=l+lifs>v,gq=o0ifs<v.

QLTI

Then (I(r,s),1(u,v)) = I(p,d), where|(p, q) denotes the set of those sequences {ay}
(k > 1) for which

(ZlaP)’}” er peo

In

{suplax|}nio €19 p= oo,
keln

andl, = {k: 2" <k < 2™},

The lemma was proved in [8, Theorem 1] inthecase 1 < r,s,u,Vv < oo. The proof
showsthat it holdsfor all 0 <r,s,u,v < co.

We remark that I(p, p) = IP.

LEMMA 2.6 ([3, LEMMA 1, LEMMA 3]). If A, B, D are any sequence spaces, then
(i) AcB= (B,D) C (AD).

(i) (A/B) C (B2, AY).

(iii) X bea solid space, then (X, A) = (X, s(A)).

3. Multipliers from Al to some spaces. We begin with the following interesting
result,

THEOREM 3.1. (AL,A) = (AL, B) = (Al,Bo) = (Al,BMOA) = (AL, VMOA) =
{0: Moo(r,g”) = O(1 — )71},

Proor. It iswell known that ([7], [20]) VMOA C BMOA C B, A C B, By C B,
and VMOA C Byp. So by Lemma 2.6 it is easy to show the following inclusions

(Al,VMOA) C (Al,BMOA) C (AL, B),
(AlvA) C (Alv B)= (Alv BO) C (A11 B),
(A1, VMOA) C (A, By).

So it is enough to prove

@ {9: Mu(r,g”) =01 — 1)1} C (AL A).

(b) (AY,B) C {g: Mu(r,g") = O(1 —r)~*}.

(©) {9:Mx(r,g") = O(1—r)"1} C (A, VMOA).

Wefirst prove (a).

Supposef(z) = S an2" € AL, g2 = X x2" € {g: Mo(r,g"”) = O(1 — r)~1} (note
that ||g/||s < oo) and h = f x g, where (f * g)(2) = ¥ ax2" is the Hadamard product of
f(9 = Y a,2"and g(2) = ¥ x,2". Then

1) h(pz) = 2—1ﬂ /j”f(pét)g(ze-“) d, o<r<1.
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Differentiation with respectto zin (1) gives
1 21 . . .
0 PP (p2) = o= [ f(pe")g" (ze e dt.
2m Jo
Setting |z] = r = p?in (2), we have

21W( A340 1 o jt 2 A
PN (%) < o [ [F(pe)] dtMs (52, 9")
< C(1— ) "Ma(p. D) gle

Since L 1
/0 (1 — M (r,h")dr = 3 /O (1 — DrPM(r3, W) dr
then
1 74 /
3 | @ =M, dr < Cllggf
By Lemma2.1
1 I 1 v
(4) /0 Moo(r, h)dr < c/o (1= Mo (r,h")dr.

From [6, Theorem 5]
1
(5) Mao(r, 1) < C [ Moo(r, ) o
0
Combine (5) with (4) and (3) we get

(6) |(F = 9)@| < ClIf[|wllglle-

Forf € AL,z € D, set f,(w) = f(zw). Since the correspondencez (¢ D) — f, € Al is
continuous, from (6) and Lemma 2.4(iii) we have, as |z; — z| — 0

If x9(z1) — f *9(22)| = |(fa —fz,) * 9(2)]
< Cllfy, = f5|lallg’le — O.

Sof xg € A foral f € Al Thisproves (a).

Now we prove (b).

For g(2) = > x.2" € (A%, B), we definealinear operator Ty: AL — B by Ty(f) = f * g.
Then by the closed graph theorem. Ty is a bounded operator from Al to B. Let

2(L—r)(r2?

(9 = (1—r23

—(1-13 n(n—1)(2",
n=2

by simple computation, ||f;||ax < C, where the constant C is independent of r. Since
f € Al and Ty is bounded, then

) g+ frlls < Cllfr|ax-
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Let|Z =,
gxfi(@=@Q—-r)> nn— 1)1 —r)x(r2)"
n=2

= (1 -1)(r2°d"(r2).

Combine this with (7) we have
(8) Moo(r,g") = O(1 — 1)~
By [5, Theorem 5.5] (8) isequivalent to

Moo(r,g”) = O(1 —r)~ 2.

That is the proof of (b).
Finally we prove (c).
From (A1, A) C (Al,BMOA) C (A!,B), (a) and (b) we find that

9 (AY,BMOA) = {g: My(r,g") = O(1 — )~ *},

thiswill be used in the following proof.
By [7, p. 238 Lemma 3.2], f € BMOA if and only if

|21 — [wP)
11— 2w

1- .
Ifllemoa = SUB/D |f/(Z)|2( dxdy < co, z=X+Yi.
we

Letf € Alandg € {g: Mo(r,g”) = O(1 — r)"1}. By (9)
(10) |F * gllamoa < C||F||a, F € AL
Substitute F = f, — f in (10), we get

If * gr — f x gflemoa < C[fr — f[[ar-

From Lemma 2.4(iii)
I =flla— 0 r—1,

it follows from [7, p. 250 Theorem 5.1], that f x g € VMOA for al f € AL. This proves

(c). Which completesthe proof of Theorem 3.1.

Now we give a necessary and sufficient condition for multiplier from Al into A9

THEOREM 3.2. (AL, A% = {g: Mq(r,g") = O(1 — r)‘l‘é}, where1 < g < co.

PROOF. Supposeg(z) = X x2" € (AL, AY), and f(2) = Y a,2" € Al, We define a
linear operator Tg: At — A9 by Ty(f) = f * g. Then by the closed graph theorem. Ty isa

bounded operator from Al to A9, Let

2(1—r)(rz?

(@) = (1—r2)3
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By computation, we get ||f||a: < C, where the constant C is independent of r, and
(12) g% = (2%" (1 7).
Since Ty is bounded, we have
(12) g frllaa < ClIfr |-
Let |z] = p, from (11) and (12) we get
[ @ nMg(ro.g"dp < C.

Hence )
Mq(rp,g") < C(L—r)*(1—p)a.

Taking p = r, we obtain .
Mq(r?,g") < C(L — 1)1,

o
(AL, A C {g: Mq(r,g") = O(L 1)},

To prove the converse, for 1 < g < oo, let h = f x g, where g satisfies the condition
Mq(r,g") = O(1 — 1) 774,
f € A, then
(13) h(p2) = — /2”f( dg(ze ) ot
P 27 Jo p '
Differentiation with respect to zin (13), we get
1 21 . . .
2117 _ = N/ (7o i) a—2it
PP (p2) = o [ (o)’ (ze e .
Setting || = r = p thisgives
rZMq(rZ! h”) S CMl(r! f)Mq(r: g”)
< CMy(r, )L —r) 14,
So
(14) / "(1— 1)2IMg(r, W9 dr < C / Y1 = )ty (r, YT dr.
Settings=1,38=1,p= 1linLemma2.2, we have
1 1/q 1
_ a1 q
(15) (/O 1 — n* My (r, ) dr) < c/o Ma(r, ) .
Hence from (14), (15) and f3 My(r,f) dr < oo, we get

A “(1— 1) Mg(r, ) dr < oo,
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We use Lemma 2.1 to obtain J§ Mq(r, h)%dr < oo, Thatish € Ad.
For g = oo, since A C H* C B, by Theorem 3.1, we have

(AL, A®) = (AL, H®) = {g: M (r,g") = O(1 — )1}

Hence
{0 Moo, g") = O — 1)1} C (AL, A9,

for 1 < g < oo. This proves Theorem 3.2. n
By [5, Theorem 5.5],
My(r,g") = O(1 — r)~* "2

is equivalent to
(16) Ma(r,g) = O(L — )2,

With the similar discussion to that of [3, p. 261], (16) is equivalent to

N
> bl = 0N (9 = Sxa?').

So Theorem 3.2 extends Vukotic's result Theorem A, it also extends Lemma9 of [18].
The following theorem extends Theorem B partly; its proof is similar to that of The-
orem 3.2.

THEOREM 3.3. (AL, H%) = {g: Mq(r,g") = O(1 — )"}, where 1 < q < oo.
PROOF. Letf € AL,Mqy(r,g”) =0O(1—r)"tandh=f xg. Then

1 21 . . .
21/ _ t\~// —ity 4—2it
p°h(p2) = > /o f(pe")g"(ze e " dt.

o
r’Mq(r?,h") < CMy(r, )Mq(r,g")
< CMy(r,f) @ —r)"2.
Hence
17) ./01(1 M2 ) dr < c‘/o1 Ma(r, f) .

Using Lemma 2.1, from (17) and 3 My(r,f)dr < oo we have [ Mg(r, ) dr < oo. It
follows from [14, p. 74 (2.4)] that h € HY.

To provethe converse, for 1 < q < oo, supposethat g = 3 x,2" € (Al, A%, whenever
f € AL. Applying the closed graph theorem in the standard way, we conclude

(18) If *9llna < C||f||laa, f € Al
We substitute

2(1—r)(rz)?

2 = (1-r2)3
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for f in the inequality (18), we have
(19) [[fr * glfe < ClIfe[|ar = O(D).
Since

(fr x9)@ = (L —n)(r2°g"(rd)
then from (19) we have

Ife * gllwe = (1= n)r?lim Mq(rp, g") = O(D).
p—1
Hence
Mq(r,g”) = O(1 —r)~*.
For g = o0, it follows from Theorem 3.1. This completesthe proof. L]
THEOREM 3.4. Forl1<p,q<2

{{ak} {kva) € I(Zszpoo)} C (AP, HY) c {{a} {kPa} € 1},

PROOF. By Lemma2.3and[9, Lemma4.5]
sA) = {{a} : {kFad €12 P}, sH?) =H?
From Lemma 2.6, we have
(AP, HY) C (s(AP),HY)

[{a}: {k?al €12,p)}, HY)
Had : {kPag €12,p)}, s(HY)
Had : {k?ad €12,p)},1(2.2)
{ad: {ka € (12,p).1(2.2)) }
= {{a} : {keag € 17},

Here we have used the result: {{a} : {kva} €1(2, p)} is solid space[3].
From [10, Theorem 1]

P {{ad: I tad e l(=2p) ),

(
(
(
{

we have Pt
019 > ({{ag < fktag <1 (5250 | 1e)
({{ak} K pak}€|<prl p)}. S(Hq))
- ({tag: ttad e1(25.p) ) 12.2)
- [tad: tdag < (1555 p) 12.2))
={{ak} {kha) €| (—p 00)}
This proves the theorem. .
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COROLLARY 35. Forl<qgq<?2

(A% HY = {{a : {k'a} € 17},

4. Multipliersinto Ad.

THEOREM 4.1. For0<p<o00,1<qg<2,

(20) (P, A% = {{ad} : {ka} € (I(p.p), 12.0)) }-

PrROOF. By LemmaZ2.3 and 2.6, we have
(P, A% = (I(p, ), S(A%))

= (Ip.p). {{a} : {k 5} €12.9)})

= {{a}: {kPa} € (I(p.p).12.9)) }.

Using Lemma 2.5 to calculate (I (p,p), 1(2, q)) , We can get (20). ]
Thefollowing theorem gives a necessary and sufficient condition for multipliers from
Cp into AY:

THEOREM 4.2, Forl<qg<2 i+

1_
P q_l'

(Co. A = {{a}: ki *ad € 1(2 %)},
(Co, AY) = {{a} : {k"a} €12, D),
where Co = {{ac} : {a} € I, a— 0,k — oo}.

PrROOF. Forl < q < 2, by [3, p. 257], (Co)2 = I3, (IY)® = I, Cy C I*®. From
Lemma2.4 and 2.6, we have

(Co, A% C ((AD2 1Y) = (G, 11)
C (I, (AY®) C (1™, A9)
(- (Co,Aq).
So
(21) (Co, A% = (GP,1Y), 2<p<oo.

From[1, Theorem4], for2 < p < oo

22) (W1 = {{a} : {Kad €1(2, p%)}.
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Therefore from (21) and (22) we get

(Co A = (@1 = {{ad : (ki Mad e1(2, 5 ) |
For q = 1, by [2] B2 = G, (G})? = B, it follows from Lemma 2.6 that
(Co,GY C (B,IM) C (I, G C (Co,GY),
by [3, Corollary 1] (B,I%) = 1(2,1), s0
(Co,GH = (B,1) = 1(2,2).

Hence
(Co, AY) = {{a} : {k "} €12, 1)}
We conclude the proof. ]

THEOREM 4.3. Forl1l<p,q<2

{{ad: {ktad €l (22pp quq)} C (H?, A%

c {{ak} Sk aal € |(0022qu)}

PrOOF. By Lemma2.3 and 2.6, we have
(HP, A% C (s(HP),A?) = (1(2,2),A%) = (I(2,2), S(AY)
= (1.2, {{a} : {ksa} €12.9)})
= {{a}: {kiat € (12.2,12.9)}
= {{ad: {k *ad €l(oo, ZZqu)}-

By [8, Theorem 2] HP C I( 1, 2), from Lemma 2.6, we have
|(p%1,2),A‘4) - (I(prl,Z),s(Aq))
'(%1' ) Had : {kia} e |(2,q)})
tad: {ctag < (I(555.2) 120 )
— {{ag s (ktad € 1(570 57 ) |

2-p'2—q
the theorem follows. n
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COROLLARY 44. Forl<qg<2,

(H2, A% =100, ZZqu)

We finish the paper with the following theorem, which describes the multipliers from
BMOA into A1 < g < 2):

THEOREM 4.5. For1<q<?2

(BMOA, A% = {{a} : {k 7a} € (o0, ZZqu)}.

PROOF. In general H! C (00, 2) ([21, Chapter X1l Theorem 7.8]. Thisimplies that
I(1,2) c BMOA, so by Lemma 2.6, we have

(BMOA, A% C (I(1,2),A%) = (I(1,2), s(A%)
(12,2), {{ad : {kTad € 12.6)})
Had : {kiad € (1(1,2),12.9))}
o g 1o 2|
(BMOA, A% D (1(2,2),A%) = (1(2,2), (A%))
(
{
{

12,2), {{a} : I iad € 12,9)})
= {{a}: {k7a} € (12.2,12.9))}
P 2q
{a} : {k qak}e|(oo,2Tq)}.

This proves the theorem. ]

COROLLARY 46. For2<p<o0,1<q<2,

(HP, A%) = {{ak} | _%ak} € |(O°' 22qu)}

PROOF. For 2 < p < oo, sinceBMOA C HP c H?, it follows from Corollary 4.4
and Theorem 4.5. ]
Corollary 4.6 is a supplement of Theorem B.
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