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GAUSSIAN FLUCTUATIONS FOR THE TWO-URN MODEL
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Abstract

We introduce a modification of the generalized PSlya urn model containing two urns,
and we study the number of balls B;(n) of a given colorj € {1, ..., J} added to the urns
after n draws, where J € N. We provide sufficient conditions under which the random
variables (Bj(n)),eN, properly normalized and centered, converge weakly to a limiting
random variable. The result reveals a similar trichotomy as in the classical case with
one urn, one of the main differences being that in the scaling we encounter 1-periodic
continuous functions. Another difference in our results compared to the classical urn
models is that the phase transition of the second-order behavior occurs at /0 and not at
p/2, where p is the dominant eigenvalue of the mean replacement matrix.
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1. Introduction

A brief overview of classical Pélya urn models. For J € N, a J-dimensional Pdlya urn
process (B(n))nen 1s an N’-valued stochastic process which represents the evolution of an urn
containing balls of J different colors denoted by 1, 2, ..., J. The initial composition of the
urn can be specified by a J-dimensional vector B(0) given by B(0) = (B 10),...,B J(O)), the
Jjth coordinate B;(0) of B(0) representing the number of balls of color j present in the urn at
the beginning of the process, i.e. at time 0. At each subsequent time step n > 1, we pick a ball
uniformly at random, inspect its color, and put it back into the urn together with a random
collection of additional balls, whose colors are given by LY = (LU-D_ ... LU if the selected
ball has color j (which happens with probability proportional to the number of balls of color
Jj already present in the urn). This rule for adding balls can be summed up by the so-called
replacement matrix L, which in our case is a random matrix L defined as follows. For J € N,
we write [J]:= {1, ..., J}, and we consider a sequence (LO))]-E[ ) of J independent N -valued
random (column) vectors. We denote by L the J x J random matrix with column vectors LY,
so L= (L(l), L@ .., L(J)), and by g;; =E [L(i'i)] the expectation of LU-D for all i,jelJl;
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finally, we let A = (a;); je[), S0 that [EL = A. We then continue the process, each time taking
an independent (of everything else) copy of the replacement matrix L. Note that the model
described involves replacement, meaning that the selected ball is placed back into the urn after
each draw. However, it is also possible to study a model without replacement by considering the
replacement matrix L — I, where [ is the J x J identity matrix. In this case, it might happen that
some diagonal entries of L — I are equal to —1, which means a ball is removed from the urn.
The urn process is the sequence (B(n)),>1 of J-dimensional random vectors with nonnegative
integer coordinates, and the jth coordinate B;(n) of B(n) represents the number of balls of color
Jj in the urn after the nth draw, for j € [J]. We also define B°(n) to be the number of balls drawn
up to time n; that is, B7(n) represents the number of balls of color j drawn up to the nth draw
(in particular, Bj(n) + - - - + B(n) = n). As one expects, the limit behavior of (B(1)),>1 and
(B°(n))n>1 depends on the distribution of the replacement matrix L, and in particular on the
spectral properties of its mean value matrix A.

The literature on limit theorems for P6lya urn models is enormous and any attempt to give
a complete survey here is hopeless, but we mention some relevant references and results in
this direction. For additional results, the reader is referred to the cited articles and the refer-
ences therein. In 1930, in his original article [10], Pélya investigates a two-color urn process
with replacement matrix L being the identity. If L is a non-random, irreducible matrix with
exclusively nonnegative entries, then it is well established that the sequence B°(n)/n converges
almost surely to u as n goes to infinity, where u is the left eigenvector associated with p, the
spectral radius of A =[EL. The coordinates of u are all nonnegative and normalized in such
a way that they sum up to one; see [2, 5, 9, 12] for more details. The second-order behav-
ior of the sequence (B°(n)),en depends on the second eigenvalue A, (ordered by real parts)
of A. If Re(Ay), the real part of the second-largest eigenvalue, is less than or equal to p/2,
then the fluctuations around the limit u are Gaussian (with a random variance). The magnitude
of the fluctuations is of order /n when Re(A2) < p/2 and of order log (n),/n in the critical
case Re(A2) = p/2. Conversely, if Re(A2) > p/2, then the fluctuations are non-Gaussian and of
higher order. See Janson [5] for this trichotomy and [11] for an approach based on the spectral
decomposition of a suitable finite-difference transition operator on polynomial functions.

Apart from these seminal results, the model of Pdlya urns has been extended and more
precise asymptotics are known. Several generalizations are considered in [5]. Another possible
extension is to consider measure-valued Pélya processes; see the recent work [6] for second-
order asymptotics of such processes for infinitely many colors and the literature cited there for
additional results.

The model and our contribution. In the current paper we consider a modification of the
Pélya urn model containing two urns marked U; and U,. For a fixed J € N representing the
number of colors, we consider the random J x J matrix L as above, with independent column
vectors LY and expectation matrix A = EL. With these initial conditions, we define the N/-

valued stochastic process (B(n)),en as follows, with B(n) = (B{(n), . . ., Bj(n)). Suppose that
at time 0 we have one ball of type (coloy) Jo in urn U;. We draw this ball from urn U;, and we
put into urn U, a collection of balls LU0) = (L(fo’l), e LVOJ)) (this notation means that for

each i € [J], we put LU0-) balls of type i into urn U). Thus we now have 3"7_; LU0 balls in
urn U;. At the next step, we draw balls from urn U uniformly at random, one after another,
and for any ball of type j drawn we add an independent collection of balls with distribution
LY into urn U;. We continue until urn U, is empty, and then we exchange the roles of urns
U; and U;. We emphasize that, unlike in the Pélya urn model, in the two-urn model it is more
convenient to consider drawing without replacement; that is, the ball drawn in each step is
not returned to either urn, but only determines the future addition of balls. In particular, all
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FIGURE 1. The model with two alternating urns and deterministic replacement matrix after n =4 draws.

coefficients of L are nonnegative. For j € [J], by Bj(n) we denote the total number of balls of
type j that have been added to one of these two urns up to (and including) the nth draw.

Graphically, we can draw a random tree in order to visualize the step-by-step evacuation
of one urn and the refilling of the other one, as follows: we color the nodes of the tree in
colors {1, ..., J}; the content of urn U; represents the root of the tree colored with some fixed
joe{l, ..., J},ie. the zero generation; after one draw of the node of type jo, the content L00)
of U, represents the first generation. Then, after choosing balls (i.e. nodes of the tree at level
one) uniformly at random without replacement and putting their offspring in the other urn Uy,
we create step by step the second generation of the tree, and step by step we fill up U; again.
Thus what we propose here is a more refined branching process where the transition from
generation k to generation k + 1 is considered after each member of generation k reproduces.
If we visualize the process as a random tree that grows after each node is chosen, the quantity
Bj(n) represents the number of nodes of type j and Z}:] Bj(n) represents the total number of
nodes in the tree after n steps of the process, that is, after n balls have been drawn from U,
and U,. For better understanding, we illustrate this process in an example in Appendix A and
Figure 1.

The main focus of the current work is to investigate first- and second-order asymptotics
of Bj(n) as n — oo, j € [J]. It may happen that with positive probability LY vanishes for all
i € [J]. In such a case we do not add any new balls to the urn; we just remove the selected ball
of type j. In particular, it can happen that after a finite number ng of steps, both urns are empty;
in such a case we define B(n) = B(ng), for n > ng. Since we are interested in the long-term
behavior of the urn process, we restrict the analysis to a set where this does not happen, i.e. to
the survival event S = {|B(n)| — 00}.

We can also define the corresponding sequence (B°(n)),>¢ that represents the types of the
balls drawn up to time n. While it is possible to ask about limit theorems for B°(n), the method
developed in this paper for studying B(n) is directly applicable to B°(n). Therefore, we focus
our attention exclusively on the sequence (B(n)),eN-

The approach we use to investigate (Bj(n)),>0, j€[J], is to embed it into a multi-
type discrete-time branching process (Z,),en With offspring distribution matrix L. A similar
approach using the Athreya—Karlin embedding allowed Janson [5] to study (Bj‘? (n))n>0 for the
Pélya urn model. One difference between our model and the one in [5] is that, in the latter, the
process is embedded into a multitype continuous-time Markov branching process, and an indi-
vidual reproduces after an exponential clock rings. In our model, in the embedded branching
process, an individual reproduces after deterministic time 1. The lattice nature of the model
manifests itself in the second-order behavior of (B;(1n)),>0.
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Assumptions. In this work we use the following assumptions:

(GW1) The matrix A has spectral radius p > 1.

(GW2) The matrix A is positively regular.

(GW3) We have 0 # Z,L] Cov [LY] and Var[L'/] < oo for all i, j € [J].
(GW4) For every i, j € [J], the expectation E[LY) log L#7] is finite.

In the third condition above, 0 is the J x J zero matrix, and for j € [J], Cov [L(i)] represents
the J x J covariance matrix of the vector LY. If the matrix A is irreducible, the Perron—
Frobenius theorem ensures that the dominant eigenvalue p of A is real, positive, and simple.
If p > 1, this means that the multitype branching process with offspring distribution matrix L
is supercritical, i.e. P(S) > 0. If u is the corresponding eigenvector for p, then clearly all the
entries u; are strictly greater than zero for any j € [J], and we assume that u is normalized in
such a way that ZJ-E[ 51 i = 1. First-order asymptotics of Bj(n), j € [/], are determined by p
and the vector u.

Theorem 1. Assume (GWI), (GW2), and (GW4) hold. Then for any je[J] we have the
following strong law of large numbers for the total number of balls of type j after n
draws:

Bj(n)

lim = puj, PS-almost surely.
n—oo n

Thus, the first-order behavior of Bj(n), j € [J] resembles the first-order behavior of Bj‘?(n)
from the model with one urn [5]. In order to understand the second-order asymptotics of B;j(n),
we need full information on the spectral decomposition of the mean replacement matrix A. We
denote by o4 the spectrum of the matrix A and define aj ={r€oa: [A]l> . /p}, aj ={re
oa: |A| =./p}, and finally aj ={A€oa: |A| < /p}. Then we can write

O’AZO’AIUG/%UO'A?).

For a simple eigenvalue A € o4, we denote by u* and v* the corresponding left and right
eigenvectors. We set

y =max{|A|:h €04\ (p}} and T={heaos:|2|=y).

so p — vy is the spectral gap of A, and I" is the set of eigenvalues of A where the spectral

gap is achieved. For a complex number z we set log , z = ]1 ggg ; , where z — log z is the principal

branch of the natural logarithm. Denote by {e;} ;<[] the standard basis vectors in R’. Forje[J],
consider the following row vector in R!*/:

wj:ejTA—puj], (D
where the ith entry is w;; =a;; — pu; = E[LEGD] — pu;, for 1 <i<J. In the above equation,

1 denotes the vector in R'*/ with all entries equal to one. Our main result provides the second-
order behavior of (Bj(n)),eN-
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Theorem 2. Assume that (GWI1)—(GW3) hold, all . € T are simple, and there exists § > 0 such
that E[(L(i’j))2+8] < oo foralli,je [J). Then for any j € [J] the following trichotomy holds:

() If y > \/p, then for any A € I there exist a 1-periodic, continuous function f; : R — C
and random variables X, X, such that the following holds:

Bi(n) = puj-n+ Z '8 £ ( log, n — X)X + OP(nlogﬂ V).
rel

(ii) If y = /p and for some A € aj and i € [J] we have wjuA #0 and Var[v*Le;] > 0 for
w; defined as in (1), then there exist a 1-periodic, continuous function ¥ : R — (0, co)
and a random variable X such that, conditionally on S, the following convergence in
distribution holds:

Bj(n) — pu;-n
Jn logp n W( logp n—X)

(iii) If y < /o and for some A € aj and some i € [J] we have Wju)‘ # 0 and Var[v*Le;] > 0
with w; defined as in (1), then there exist a 1-periodic, continuous function ¥:R —
(0, 00) and a random variable X such that, conditionally on S, the following conver-
gence in distribution holds:

—d>N(O, 1), as n — oo.

Bj(n) — pu; - n
/n¥( log, n—X)

i)N(O,l), as n — 0o.

A more general and quantified result where the periodic functions are explicitly defined is
provided in Theorem 4.

Note that the result above slightly differs from that of the one-urn model, where the func-
tions W and f; are actually constants. What might be even more surprising is that, in our model,
the phase transition occurs at ,/p rather than at p/2 as observed in the Pélya urn model.
The heuristic explanation is as follows: the growth in mean of the corresponding continuous-
time branching process is driven by the semigroup ¢4 In particular, the leading asymptotic is
¢'? and the next order is |e/*?| = ¢'R®*2. We anticipate observing Gaussian fluctuations in the
branching process at the scale +/e’® (with possible polynomial corrections), providing a natu-
ral threshold for Re), in relation to p/2. On the other hand, the two-urn model is embedded
into a discrete-time branching process whose growth in the mean is driven by the semigroup
A" (or (I + A)" in the model with no replacement). Thus, the leading term is at scale p” and
the subleading term is at scale |12|". As before, we expect to observe Gaussian fluctuations
at scale /p", which induce natural distinctions depending on the relative locations of |A;|
and ./p.

Structure of the paper. In Section 2 we introduce multitype branching processes (Z,),eN
and Crump—Mode—Jagers processes (Z,(lI> ey counted with a characteristic @ :7 — R/,
Then in Section 3 we show how to relate our model (B;(n)), with two interacting urns, to a

branching process (Zfi Jnen counted with a characteristic & . By applying [8, Proposition 4.1]

to (Z,?/ )neN, We then obtain first-order asymptotics of (B;(n)),en for any j € [J] (Theorem 1).
The main result is proved in Section 4. We conclude with Appendix A, where the model with
two interacting urns is illustrated by an example with deterministic replacement matrix, and
Appendix B, where higher-moment estimates for (Zf ) are given for general characteristics .
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2. Preliminaries

For the rest of the paper, (2, A, P) is a probability space on which all the random vari-
. . a.s. P
ables and processes we consider are defined. We write — for almost sure convergence, — for

convergence in probability, < for convergence in distribution, and = for stable convergence
(cf. [1] for the definition and properties). We also use PS to denote the conditional probabil-

. . PS 48 w8
ity P[ - |S], and the corresponding convergences are denoted by —, —, 22 We use the

notation N={1,2,...,}and Ng={0, 1,2, ..., }.
Stochastic processes. Our convergence results for stochastic processes use the usual space
D of right-continuous functions with left-hand limits, always equipped with the Skorokhod J;
topology. For a finite-dimensional vector space E and any interval J C [ — oo, 00], we denote
by D(J) = D(J, E) the space of all right-continuous functions from J to E with left-hand limits.
For an n x m matrix A = (a;); ; with m, n € N, the Hilbert—Schmidt norm of A, also called
the Frobenius norm, is defined as

n m ) 12
1Als = (DY lagl?)

i=1 j=1

Since for any vector its Hilbert—Schmidt norm coincides with its Euclidean norm, for the rest
of the paper we write only || - || instead of || - || gs.

Ulam-Harris tree U/,. An Ulam—Harris tree U/, is an infinite rooted tree with vertex set
Voo = Upen, N, the set of all finite strings or words i - - - iy, of positive integers over n letters,
including the empty word & (which we take to be the root), and with an edge joining ij - - - i,
and iy - - - iy for any n € Ng and any iy, - - - , in41 € N. Thus every vertex v=ij - - - i,, has
outdegree oo, and the children of v are the words v1, v2,.... We let them have this order
so that Uy, becomes an infinite ordered rooted tree. We will identify Uy, with its vertex set
Vo, When there is no risk of confusion in doing so. For vertices v=1ij - - - i, we also write
v=_>1,...,In), and if u=(j1, ..., jm) we write uv for the concatenation of the words « and
v; thatis, uv= (1, ..., jm, i1, .- ., in). The parent of iy - - - i, is i1 - - - iy—1. Finally, for u € Ux,
we use the notation |u| =n to mean u € N" (i.e. u is a word of length (or height) n; in other
words, it is at distance n from the root &). For any u € V, by T,, we mean the subtree of
U rooted at u, that is, u together with all infinite paths going away from u, and for u, v € Uso
we denote by d(u, v) their graph distance. For trees rooted at &, we omit the root and we
write only T. For J € N, a J-type tree is a pair (T, t) where T is a rooted subtree of U, and
t: T— {1,...,J} is a function defined on the vertices of T that returns for each vertex v its
type t(v).

Multitype branching processes. Consider the random J x J matrix L with independent
column vectors LY, for 1 < j <J, as in the introduction. Multitype Galton—Watson trees are
random variables taking values in the set of J-type trees (T, t), where the type function t is
random and defined in terms of the matrix L. Let (L(«)),ez4,, be a family of independent and
identically distributed (i.i.d.) copies of L indexed over the vertices of Uy,. For any i € [J], we
define recursively the random labeled tree T rooted at @, with the associated type function
t=t:T'— (I,...,J}, as follows: @ € T’ and (@) = i. Now suppose that u =i ...j, € T’
with t(u) =, for some j € [J]. Then

j1...jmkeT ifandonlyif k<LYV@w)+-- 4+ LI W),
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and we set t(uk) = £ whenever
LDy + -+ LDy <k < LV D) + - - 4+ L99(w).

The multitype branching process Z, = (Z,ll, ..., Z)) associated with the pair (T, t), and
starting from a single particle (or individual) of type iy € [J] at the root & (i.e., t(&) =ip) is
defined as follows: Zy = ¢;,, and forn > 1,

Z) =#ueTO: |ul=nand t) =i}, forielJ],

so Z! represents the number of individuals of type i in the nth generation, or the number of
vertices u € T with |u| =n and t(u) = i. The main results of [8] that we use in the current
paper hold under the assumptions (GW1)-(GW3) on (Z,),eN, Which we suppose to hold here
as well. In particular, (Z,),cN is a supercritical branching process.

Spectral decomposition of A. Recall the decomposition of the spectrum o4 of the matrix
Aasog=0 f{ U Uj U 02. From the Jordan—Chevalley decomposition of A (which is unique up
to the order of the Jordan blocks) we infer the existence of projections () )yeq, that commute
with A and satisfy » ., ., 71 =1 and

Am, =mA = Amy, + Ny,

where N, =, N, = N, 7, is a nilpotent matrix. Moreover, for any A, A» € o4 it holds that
Ty Ty =T, Lin,=2,)- If A € 04 is a simple eigenvalue of A and u*, v* are the corresponding
left and right eigenvectors, normalized in such a way that v*u* =1, then m; =u*v*. If we
write N = Z,\EUA N,, then N is also a nilpotent matrix and we have Nm; = N,. Thus A can be
decomposed into its semisimple partt D =), . o, A7, and a nilpotent part N, as A =D + N.

For any A € o4, we denote by d, > 0 the integer such that Nf* #0 but Nf”l =0 (hence
d), + 1 is at most the multiplicity of 1). So d;, = 0 if and only if N, = 0, and this happens for all
A if and only if A is diagonalizable (that is, A has a complete set of J independent eigenvectors).
Since p is a simple eigenvalue, we have N, =0 and d, =0, and 7, = uv. We set

= Z m, 7%= Z m, 7= Z 5,
reo) reo? rea]
and for i = 1, 2, we define
Ai=AxD + (1-=D).
The process (W,(,i))n <y defined by
Wi =A "7z,

is a Aj-martingale, where (A,),>0 is the filtration A, = o ({L(x): |u| <n}). According to
[8, Lemma 2.2], W,gl) converges in EZ(Q, A, P) to a random variable W whose expectation
is EW!) = 7 (e, . In particular, we have the convergence

0 "Z,— an(l) =Wu, asn— 0o,

in £2, and the random variable W is given by W =v - W) with EW = v0 > 0. The classical
Kesten—Stigum theorem [7] states that under (GW1), (GW2), and (GW4) the convergence
above holds almost surely. For the rest of the paper, when we use the random variable W, we
always mean the limit random variable from the Kesten—Stigum theorem.
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2.1. Branching processes counted with a characteristic

We recall that a characteristic of dimension one is a function @ : Z — R*/, so that for
each k € Z, ®(k) is an R!*/-valued random variable defined on the same probability space
(2, A, P) where the Galton—Watson process (Z,),en and its genealogical tree T are defined.
A deterministic characteristic is just a fixed function ® : Z — R!'*/ For a random function
®:Z — R/ and the multitype Galton-Watson tree T, the process (Z>),eny which for any
n € N is defined as

Z9 =" ®u(n— luDeqw

ueT

is called the multitype Crump—Mode—Jagers (CMJ) process counted with characteristic ®,
or simply the branching process counted with characteristic ®, where (®,),¢, 1s an i.i.d.
copy of ®. First- and second-order asymptotics for (Z®),cy, under mild assumptions on ®,
are considered in [8, Proposition 4.1] and in [8, Theorem 3.5], respectively. We use these
two results below for a particular choice of the characteristic ®, and show how the branching
process with this particular choice of characteristic can be related to the two-urn model with
alternating urns U; and U,.

The choice of the characteristic. Let U ~ Unif[0, 1] be a uniform random variable taking
values in [0,1] and defined on the probability space (€2, A, P). For every threshold x € [0, 1)
we define the characteristic ®! : Ng — R/ by

L (k)e; = 1p=1) + L=y Ljy<y, for 1 <i<J, ()
or, in a simplified way, for 1 <i </,

1, fork>1,
@' (k)e; = { 1 with probability P(U < x) = x, for k=0,
0 with probability P(U > x) =1 —x, for k=0.

Similarly, for j € [J], we define <I>fc :Ng — RI*/ by

@/ (k)e; = L1y (e, Lei) +l=oyliw<n(ej, Lei), for1<i<J, 3)
N e’

=L

SO @ﬂ;(k)e,- = CI>}C(k)e,-L(i’j). For the uniform random variable U on [0,1], let (U,),c14,, be an
i.i.d. copy of U. For u € Uy, let CD;’M (respectively <I>§,u) be defined through (2) (respectively

(3)) with U, L being replaced by U,,, L(u). Then the family ((L(x), ® . @ﬁ;,u))ueuoo isaniid.

collection of copies of (L, CI>§C, Qﬁ;), forj e [J].
For the characteristic CI>}C from (2), threshold x € [0, 1), and multitype Galton—Watson

ot e .
tree T, the process (Z,, X)n> counts the total number of individuals u € Uy, born before time n

0
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(including the root), and those born at time n with U,, < x, since we have

n—1
2 =30 - luew=Y Y 1+ Y ey

ueT k=0 ueT;|u|l=k u€T; |ul=n

n—1
=Y 1zd+ Y. L=
k=0 ueT; |ul=n

where |Z,| = Zle Z{, represents the size of the nth generation of the Galton—Watson process.

On the other hand, Le; :L(f). represents the random collection of individuals born from an
individual of type i, while L) = (ej, Le;) represents the random number of offspring of type j

of an individual of type i for i, j € [J]. Therefore Zf,b'/‘ counts the number of individuals of type

Jj born up to time 7, and those of type j born at time n + 1 but with threshold < x, so Z,?/‘ can
be written as

. n—1
Z,?]X:Z Z (ej, L(u)ewu)) + Z L, <}

k=0 ueT;|u|=k ueT;|u|l=n+1,t(u)=j

since ch = ZueT;|u|:k<ej7 L(u)ey)) represents the number of offspring of type j in the (k +

1)th generation and |{u € T; |u| =n+ 1, t(u) =j}| = Zil Summing up over all j € [J] gives

+1°

ot ! o

Z,5 —1=> "7,
j=1

\ .
and an application of [8, Proposition 4.1] to Z:,D * and Z,?{", for j € [J], yields the law of large
numbers.

Proposition 1. Under the assumptions (GW1), (GW2), and (GW4), for any threshold x € [0, 1)
and characteristic @; (respectively @, j € J]) defined in (2) (respectively (3)) we have the

following:
t
) Zf ! 1 S
lim =/ = (— +x> W, P°-almost surely,
n—oo pn —1
j
I/ 1 S
lim = (— —}—x) Wpou;, P°-almost surely.
n—oo ph p—1 ’

Proof. Since for any fixed x € [0, 1) the random variables (1{y,<x})uers,, are i.i.d. and
Bernoulli-distributed as Bern(x), in view of the strong law of large numbers we obtain

1
nlin;o A Z Liy,<q =x, PS -almost surely,
n ueT; |ul=n

and similarly

1
nl;n;oz—J Z ‘l{Uqu}zx, PPS-almost surely.
" Jul=n,t(u)=j
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For the deterministic characteristic 1x>1) and the corresponding branching process counted
with this characteristic, by applying [8, Proposition 4.1(i)] we get

ii) w Zkz() pik a.s.
—xW
q>1
Zy " 1 1
R ) SRS D ST
k>0 |u|l=k lu|=n
as. (1 1 1
— (—Z—k—i—x)W:(——i—x)W, asn— oo,
PP p—1

and this shows the first part of the claim. For the second one, from the Kesten—Stigum theorem

we know that 2 p RES Wu; as n — oo for any j € [J], and for the characteristic @ﬁc, since we

have
i n .
=Y "7+ > Lu,=g.
k=0 ueT; |u|l=n+1,t(u)=j
we obtain
—w Tiz0 "y L5 pxWu;
: r—’— .
Zd”* 1
_n Z Z I{qux}
k= '0 |u|=n+1,t(u)=j
a.s. 1 1 1
— (— Z — +x>W,0uj= (— +x)Wpuj, asn—» oo,
PioP p—1
and the proof is completed. (|

Following the notation from [8], for every characteristic ® : Z — R!*/ we define the two
vectors X;(®P) = ZkeN E[@(k)]n(l)A;k, for i=1, 2. In particular, since ]E[@L(O)] =xl1, we
have

o o
Xi (@D}) =xlx® + 1793 " AF =170 <x[—|— ZA/‘)
k=1 k=1

=170 (x+(Ai—I)_1), fori=1,2. (4)

For any random characteristic ® : Z — R!*/ that satisfies the assumptions of [8, Theorem
3.5]—i.e. for which (GW1)~(GW3) hold, 3", |E[®(0)]| (o~ + #*) < oo for some ¢ <
/P, and finally } ", » [ Var[®(k)][|l p~* < co—we set

F? =x1(D)ATWD + x,(0)ASZ. 5)
Recall that the constants aez, for£ =0, ...,J — 1, are defined as
o=t
02 = oX(®) = > Var[a(@)mia = A0 L]u. ©)

Qe+ 12 ~
A€oy
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Let £ be the maximal integer such that o,(®) > 0, and set £ = —% if there is no such integer.
Then Theorem 3.5 of [8] states that, for a standard normal variable A/(0, 1) independent of W,
the following stable convergence holds:

VA

1——>G¢, as n— 0o, @)
n@-‘rj ,On/2\/W
where G® = oy(P)N(0, 1) if not all oy are zero, and G® = o (P)N(0, 1) otherwise, while
o (®) is defined by
(@)=Y p *Var[@(k) + U ®)]u, 8)

keZ

and W is the centered characteristic given by

k) = Z Ed(k — ¢ — DA Pk, £)(L — A).
LeZ

Above, the matrices P(k, £), for k, £ € Z are defined as

PG, ©) 7D + 7 P10y + 710y, ifk <0,
—ﬂ(l)l{g<o} — n(z)l{g<0} + JT(3)1{[20}, if k > 0.

3. The embedding of the urn model into the branching process

Notation. We slightly abuse notation and write ! (respectively @, j e [J]) for the whole
family {dﬁ}xe[o,l) (respectively { Cbﬁc}x <. 1)) of characteristics indexed over the threshold x €
[0, 1). We denote by C the set of characteristics & which are linear combinations of ®t and
@/, for j € [/]. Again by abuse of notation, by ® € C we actually refer to the whole family of

characteristics {®y}re0,1); that is,
O={d,eC:xe0, )} =]adl +bP:a,beR, jelJ], xe[0, D).

Extension of x € [0, 1) to x € R. Instead of working with thresholds x € [0, 1) and corre-
sponding characteristics ®,, we can extend the domain of x to the whole of R as follows. For
any ¢ € C and any x € R we define

D, (k) = qD{x}(k + [x]).

The corresponding CMIJ process (Z,iI> IneN satisfies Z,;D = Z(c)I> " for every n€ N and x € R,
and finally we define

) Oy
Z7x) = Zy",

and similarly F®(x) =F8I> *. For any x € R, (7) yields the existence of a Gaussian process
{G®(x); x € R} such that the following convergence holds:

Z(D _ o o
(x+nl) Fnt+x) *3 Qq’(x), as n — oo. ©)]
n€+jpn/2 /W
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The Cramér—Wold device implies that, in fact, the convergence holds for finite-
dimensional distributions and the limiting process G® is jointly Gaussian with gq’(x)i

o 260(DN(O, 1) or G2 (x) 4 p/26 (D )N(0, 1) depending on the value of the con-
stants op or o, respectively. Furthermore, we write 2!, Ft, Gt (respectively 2/, 7/, G/) for
Z® F® G®if & = d! (respectively ® = &). Since, with probability one, all the random vari-
ables (Uy)ye4,, are different, the process (Zt(x))xzo at its jump point increases by 1. Therefore,
the following stopping times are well defined: for k € N, define 7 as

t=inf {x>0: 2'0) =k}. (10
Remark 1. With the stopping times (7x)xen just introduced, we have
Bj(k) = Z/ (),

and this is exactly the number of balls of type j added to the two urns after k draws, for which we
seek first- and second-order asymptotics. Our strategy is as follows: first we prove functional
limit theorems for the processes {Z!(x); x € R} and {Z/(x); x € R}, and then we conclude the
corresponding limit theorems for Bj(k), for j € [J]. We start with the description of the leading
term in the asymptotics of Z%(x), for any characteristic ® € C.

Periodic functions. For any A € C, we introduce the function

L :[0,00) > R definedas L, (x)=(1+ (» — Dixhr~™, (11)
where A' = ¢/1°2* and z+— log z is the principal branch of the logarithm. The function [, is
continuous and 1-periodic, and it satisfies

AL (x0) = A (1 4+ (0 = D).
Moreover, the mapping x — A*l; (x) equals A* for integer x and is linear in between.

Prqposition 2. Assume (GWI), (GW2), and (GW4) hold, and for any j € [J] let ® =ad! +
b®/, with a, b € R. Then it holds that
200 2%

. S
xli)rgo ) = lim S+ (o — DD W, P°-almost surely. (12)

= (a+bpw)

p—1
Proof. Because of the linearity of CMJ processes, for x € R it holds that

Z°x)=aZ'(x)+ bZ/(x) foranya,beRandjel[J],

so it suffices to prove the PS-almost sure convergence for Z'(x) and Z/(x) separately,
as x — 0o.

t
Case 1: x€[0, 1). Forn e Nand x € [0, 1), since Zi(x +n) = Z:,D", in view of Proposition 2.1
we get
Z'x+n) 1
%

pHl+(—1x) p—-1
Case 2: x € [0, 00). This case can be reduced to the previous one, where x € [0, 1), as follows.
In view of Equation (13), for any x € [0, 00), with m = n + | x| we obtain

Zlatn 2 tntl) A 4m) e ]
P ) plE(+ (o = D)) e+ (0= D) p—1

W, P -almost surely as n — oo. (13)

W, as m — oo.
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In the last equation above, we used the fact that
P = pITA + (p = Dixh) = 0, (x+ ).

We still have to prove that the above PS-almost sure convergence holds for x — oo, that is,
that

zt 1
im ﬁ =—W, PS -almost surely.
0 o, p—1

Indeed, from any sequence tending to infinity we may choose a subsequence (x,) such that {x;,}
converges to some xg € R. Then for any § > 0 and large #, in view of

t t
Pl Lt +x0-9) Plxg-0)

t
Z(1xn] +x0 =) =2 1 xg—5] = Z| x| 4308

we have

2l +x0-8) s o =8 _ 2w

pLX"JJ'_xO_(Slp(xO —9) LpOen) 7 p%nlp(xn)
Z el +20+8) L _pyes Lo +8)
- ,OL"”H"OHIp(xQ—i—S) 1y (xn) :

Taking the limit first as n goes to infinity and then as 6 goes to 0, we get the desired conver-
gence, since x > [,(x) is uniformly continuous. The same argument can be used to show that
for any j € [J] we have

Z/(x) 1 S
im = ——Wpu;, [P”-almost surely,
=00 p¥ly(x)  p—1

and this proves the claim. ]
An immediate consequence of Proposition 2 is the following corollary.

Corollary 1. Under the assumptions of Proposition 2, for ® = ,oujCIDt — &/, we have

z® z°®
lim ») = lim ®) =0, PS -almost surely.
x=>00 p¥ly(x)  x—00 plI(14(p — D)fx})

Also, the strong law of large numbers for (Bj(k))ren follows immediately from Proposition 2.

Proof of Theorem 1. Since t; goes to infinity as k does, we have

. Btk . Z(w) Z(%) p ™1+ (o — Di{nd)
lim —— = lim = lim .
k—oo k k—oo Z4 1)  k—oo pl®l(1 4+ (p — D{w}) Zl(ty)
LI ! PS -almost surel
— u; - = puj, -almost surely,
,O _ 1 10 ] %W 10 ] y
P
and this finishes the proof. U
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4. Proof of the main result

The proof is completed in several steps:

e InLemma | we investigate compositions of the fluctuations 7t and /.

e In Theorem 3 we prove weak convergence of the processes A t = Zt—Fland AV =
2/ — FI (rescaled appropriately) to Gaussian processes G' and G/ respectively, for any
jelJl

o Continuity and strict positivity of the variances of the limiting processes G! and G/ are
analyzed in Proposition 4 and in Lemma 2.

e Localization of the stopping times T, is done in Proposition 5.

o Finally, the limit theorems for B;(n) are given in Proposition 6 and in Theorem 4.

4.1. Leading asymptotic terms

We start by describing the leading terms in the asymptotics of 2! and of 2/ for any j € [J].
We recall first that for a characteristic ® € C, the leading term in the asymptotics of Z? is
given by F®; for simplicity of notation, for x € R we write

XP)=2%x) — FO().
In particular, for & = ®' and ® = &/ respectively, we write
Xl =2 - Flo) and V() =2/ x) — F ).

Lemma 1. Assume (GW1)~-(GW3) hold. Then for sufficiently large arguments the inverse
function F™V = (FY~! is well defined, and for every j € [J] we have

lim sup 57! ‘]:j(]:inv(t + s)) —F (]_-inv(t)) — pujs‘ =0, PS_almost surely. (14)

t—00 s>1
Proof. For any k € Ny, x € [0, 1), the equality
E[®L(k)] = (1 — x)E[D (k)] 4+ XE[DY(k 4 1)]

together with Equation (5) gives us

t t t
Fat=(1=0F, 0 +3F, " ;

that is, for any x > 0, Fl(x) is a linear interpolation between FY(|x]) and Fi(|x] + 1). On the
other hand, as, in view of (4) and (5), for n € N we have

Flin) = p"x1 (@ATm, W = LW + 0(p"),
we conclude that the following holds:
Floo) = pp—_xllp(x)W + o(p") and

(FY) ) = oW + 0(p") for x ¢ Z.
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By the same argument, for j € [/] we obtain
Flx)= p(x),oujW + o(p™) and

(f/)(x) ol pujW—i—o(px)forxgéZ

In particular, F! is eventually increasing PS-almost surely and thus the inverse function (F tH—1
is well defined for large arguments. Furthermore, if 7™ (¢) ¢ N and  is large enough then we
have

(F) (F™)
(FY (Fnv())

— pu;, ast— oo,

(F o F™) () = (FY (F™ @) - (F™ @) =
since FI"V(f) diverges to infinity. Finally, since for large 7 it holds that
FF™+5) = F(F™0) = / . (F o F™) (wydu,
t
we obtain (14). O

4.2. Limit theorems for X! and X/

To prove weak convergence of the processes { X(n+x);xe R} we follow the

Z
+2 p”/ YW
well-known technique: we first prove weak convergence of the finite-dimensional distributions,
then prove tightness. According to [8, Theorem 3.5], the finite-dimensional distributions of the

aforementioned processes converge jointly; see also Equation (9) and the discussion thereafter.

Theorem 3. Suppose that (GWI1)-(GW3) hold and L satisfies E [||L||2+5] < 00 for some § €
(0, 1). Then for every j € [J], the family of distributions

1 .
{I—Xf(n +x);x€ R}
[+jpn/2

with respect to P is tight in the Skorokhod space D(R) endowed with the standard J topology.

Proof. First let us observe that for any k € Z, m € N, the concatenation is a continuous
mapping from D([k, k + 1)) x - - - x D([k +m — 1, k + m)) to D([k, k + m)). Consequently, it
suffices to prove tightness in the space D([0, 1)). For x € [0, 1), j € [J], and n € N we set

. 1
Vin+x)= —Xf(n + x),
zpl’l/z

where ¢ may be —% in Case (i) of [8, Theorem 3.5], and the characteristic &' = (CDfC)xe[o,l) is
defined as in (3). In view of [3, Theorem 13.5], it suffices to show that forany 0 <x <y <z <1,
A > 0, and n large enough, it holds that

P([201 4+ ) = Y+ 9] A [Yn+2) = Yn+3)| 2 2) = A2z = xp,

where p := (2 +6)/2 € (1, 3/2) and C > 0 is some constant. A more restrictive condition is the
following inequality:

E[ 37014+ 9) = Y+ 0" Y+ = Y+ )| | < Cle— a7,
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By Holder’s inequality, we have
E[ Y01+ 3) = Yn+ 917 130+ 2) = Yn+ )P |
¥ . 2 , j 2 p/2
<E|E[1201+ ) = Y+ 0P P 0i+2) = Yo+ »P ]|
so it remains to show the estimate
E[19701-+5) = Y+ 0 1991+ 2) = YW+ 9P| Ay | < Hyle — 2P,

for some random variables H,, with bounded p/2 moment. Recalling that for 0 <x <1 we

have
n—1 )
Z(n —i—x):ZZf(—i— Z 1u,<x,
k=0 u€T;ul=n+1;t(u)=j
we deduce that for0 <x <y < 1,
Zn+y)— Fn+x)= > Li<t,=y)-

ueT;|ul=n+1,t(u)=j
We also have
Fin+y) = Fn+9 = (x1(@)) = x1(®))) AW 4 (xa(®]) = x2(@))) 4370
=y —0Ae] T VATWD + (v — vAe] 7437
=y —nAe] (tVATWD + 7@ A17)
= —-0F =@ -2, — @ —F),

where W : Ny — R/ is the characteristic given by W (k) = l{kzo}e]TL = 13—0)(e;, L). Hence
Z,\ll’ counts the number of individuals of type j in the (n 4 1)th generation. We then obtain

yf(n—i—y)—yf(n—i—x):[l— (X (n+y)— X (n+x)
nt+3 pn/2

- [(Z(n+y)— Zn+x)— (Fn+y) — Fn+x)]

nt+s o2
1 ‘ Y _F}
T > lpcv, s = O =02 + 0 =0, —F, )]
n'p ueT;|u|=n+1;t(u)=j
1
= Tz[ 2 (Ix<tizyy = 0= 0) - 140 =02, _F’?)]'
n Tz ,On/ u€T;|ul=n+1;t(u)=j
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Since Z{l 41 and Zr‘f’ —F ,‘11’ are A,-measurable, by applying Lemma 5 to the intervals I = (x, y),
J=0,2),withag,=1,A=(y — x)(Z,‘lI’ - Fl‘f), and B=(z — y)(Z,‘,p — F,;I’), we finally obtain

E[129(1+3) = Yn + 0P - 170+ ) = Y-+ )1 A |
1 2 '
fc(m) ((y_X)(Z_y)(Ziz-H)z+A4+B4)

5C(z—x)2< )4 [(z,;P —F,?)4+(zjl+])2] =:Clz — xI*H,,

nt+1 pn/2
for some absolute constant C. We have Z{z = Z,;I’ , so Theorem 5(i) implies that ]E[(Z{; =
O(pP™). On the other hand, Corollary 4 yields that E[(ZY — F)')%] = O(n®*FPpPm). As a
consequence, the random variables H, have bounded p/2 moments, and in turn the process
{ L Xin+tx);xe R} is tight in D(R). O

alta o2

As a consequence of the previous result we obtain the following.

Corollary 2. Suppose that the assumptions (GW1)—(GW3) hold and that the matrix L satisfies
E [||L||2+5] < oo for some § € (0, 1). Then the family of distributions

{I—Xt(n +x);xe R}
nl+3 pn/2
is tight in the Skorokhod space D(R) endowed with the standard J| topology.
Proof. In view of the two equalities Z'(n +x) — 1 = Zle Ziin—1+x) and Fl(n+x) =
Zle F/(n — 1+ x), together with

J
1 1 .
Vin+r)=——Xn+0=) ———X¥n—-1+x),
n(+%pn/2 ; ne+% pn/2
we see that J'(n + x) can be written as a finite sum of tight processes, so it is tight as well. [

The convergence of the finite-dimensional distributions together with the tightness gives the
weak convergence.

Proposition 3. Suppose that the assumptions (GWI1)—(GW3) hold and that the matrix L sat-
isfies E [||L||2+8] < 0o for some § € (0, 1). Then we have the following weak convergence of
sequences of processes in the Skorokhod space D(R) endowed with the standard Ji topology:
for every j € [J] it holds that

{m(?(‘(n +x), X(n+x);xe R} 254G ), F()); x e RY,

4.3. Properties of the limiting processes G! and G/
Notice that for ®( € C, we have

®o(1) = adh(1) + bd)(1) =al + be/ L and E[®o(1)]=al +be] A,
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where a, b € R and j € [J]. On the other hand, taking a = —pu; and b = 1, we recover
wj=e/ A — pu;l = E[®{(1) — pu;dg(1)],

as defined in (1), whose ith entry is given by wj; = E[LG) — oyl =aji — pu;.
Proposition 4. For any ® € C and j € [J], assume that w; # 0 and that

J—1
D) iIVar(wiN“m, L] > 0. (15)

reoy £=0

(1) ]fZAeoj Zé;(l) ||Var(ij€7r;LL)|| > 0, then for any x € [0, 1) it holds that

max{0 <€ <J — 1:62(®x) > 0} = max [z >0: 3 [VarwiN‘m, L) > 0}. (16)
Aeuj
In particular, the largest € such that Uzz(q)x) > 0 does not depend on x.
(ii) Otherwise, for any x € [0, 1) and 0 < € <J — 1, it holds that

07(®)=0 and o*(d,)>0.

Proof. (i) For any x € [0, 1), the vector x2(®y) is given by

o oo
Xa (D)) = Z E[®,()]r P AT* = xwim® 4 wiz® Z Ak
k=0 k=1

If k is at least the right-hand side of Equation (16), then for any A € aj we have ijl)f(L —A)=
0 almost surely. Since A; is invertible, we have

YAy =a"3Y a7 =3 A0 -1,

Jj=1 Jj=0 Jj=0
so from the last two matrix equations we get ijo Az_j =Az ijo Az_j — Az, which in turn
implies (Ay — 1) ijo A2_]=A2. Multiplying this equation by (A, —I)~! from the right
and by A ' from the left, we obtain ij lAz_j = (A2 —D~L; hence it holds that (A —
DYy A5'm;, =m;, and finally it follows that s Ay’ = (0 — DI+ N;)~ L. In view of

the definition (6) of o,(®P), it is enough to understand the term x,(P)m) (A — ADEL — A). Tt
holds that

X2 (D) (A — ADF(L — A) = (xw,m +w ZAz_jm>(A — Db (L — A)
=1
= (xwjm + wi((h — DI+ N;) T )NJ(L — A)

d)—1

= (ijyu +w Y <_Jl> (h — 1)‘1N§>N’;m(L —A)=0,

J=0
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almost surely, and hence g}(d)x) =0. On the other hand, if 0 <£ <J —1 is the maximal
number such that ]P’(ijf(L —A)#0) >0 for some A € aj, then for such ¢ and A, similar
calculations give

dy—1

x2(D )T (A — ADYL — A) = (mm +w; Z <]1) (r — 1)—1—-/N1A'>N§m(L—A)

j=0

=wi(x+ - DT )Nm(L—A)£0

with positive probability, since x 4+ (A — 1)~! 0 because A ¢ R. This implies that olz(tbx) >0,
and this proves (i).

(ii) Assume that Wij(L —A) =0 almost surely for any A € UX and any £ >0. Let t;=
Oo(l)=al + bejTL € R/ be the random row vector whose expectation is E[t;]] = w; # 0 by
assumption, and whose ith entry is denoted by t;;. Note that for x € (0, 1), in view of (8), we
have

oX (@)=Y p~*Var [@x(k) + U (k)] u = Var [©,(0) + ¥**(0)] u
k=0

> E[Var[t1y<q + ¥ (0)|L]u] + Var[E[t Ly <y + ¥ **(0)|L]u]

~

> E[Var[yljy<q [L]u] =x(1 = 0E[ 3" u;] = x(1 —x)ZW 0> 0,

i=1

since by assumption w; # 0. Now we prove that 02(®g) does not vanish. We have ®g(k) =
w; - Lix=1), 50 @o : No > RI*/ ig completely deterministic. Assume that 02(®g) = 0. Then for
any k € Ny it holds that Var [\IJ‘DO (k)] u =0, which in turn implies, as u; > 0 for j € [/], that for
any k € Ng and j € [J] we have Var [W®0(k)e;] = 0. The latter is equivalent to

Z l{k_g_lzl}ijl Pk, £)(L —A)ej =0 almost surely. 17
Lel

We set A, =, A+ A(I — ) and observe that for any n € Z and m € N we have

d, "
Al = (M + Ny, = A" Z A <l> Nim,

i=0

and
4 ¢ m

A £ — i i
> aim= ¥ a+mim= 3 3 (;)vim - ZN > ().
0<t<m 0<tl<m 0<t<m i=0 I=i

where in the second equation we have used A = 1 (if A would be in the spectrum of A). Suppose
now that for some vector z € R’ we have

WjNimZ:O forany)\eo/% and i=0,...,d;, — 1,
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and for any k € Ny it holds that

Z l{k_g_lzl}WjAZ Pk, £)z=0.
LeZ

Note that the left-hand side of the previous equation can be rewritten as

Z 1{k,g,121}WjA[ Pk, £)z= Z Z 1{1<,g,121}wj'14§7'1')L Pk, £)z

LeZ Leoy LeZ

= Z Zl{k—E—lzl}Win”)\P(kv )z

1,3
A€o, Uoy LelZ

== Z Z l{k%*lEl}Winnll{kO}Z + Z Z l{kfeflzl}WjAﬁiTxl{zzo}Z.

Aeaf} e Aegj LeZ

Setting —n =k — 2 > —2, we get

0= Z Z WjAfhl{l<()}7T)\Z= Z Wj(I_A;l)flA;nﬂAZ

Aeaf} {<—n Aeaj
= Z will =AY oo + N Tz
AEGA

dy,

=Sy (7”) 37 (wilt = AN ),

AEGA i=0

which in view of Lemma 6 implies that

will =AY INimz=0 forieo)and i<d;.

Now we can use the decomposition

dy—1
I =AY "m= )" aNym,
i=0

(18)

19)

for some cy, ..., cq,—1, and since (I —A;l)_1 is invertible, we conclude that the matrix
u —A;l)_ln,\ is not nilpotent and hence cg # 0. Now, taking i =d,_1 in (19), we infer that

coijfr]z = 0; that is, we have ijfV]z = 0. Recursively, we see that fori=d — 1, dj, —
2, ..., 0 Equation (19) implies ijiz =0, forany A € a/i. Taking this into account and setting
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n=k— 2> 0, from the condition (18) we get

0= Z Z w,Airru: Z Z WjAf»”)LZ_i_l{leaj} Z WjAfmZ

Aeaj’ 0<t<n Aegj\{l}OSZSn 0<t<n

- Z wj(AA—I)—l(AKH_I)nkz+1“@2} Z will +Np)imz

reai\{1} 0<t<n
d)—1 di—1
= Z Z Wi(Ax — DI NLmz3 " ps i(n) + 1{1603} Z WiN 12p1,ip1(n) + ¢,
reod\(1} =0 =0
eay\{1}

where p,, ; is some polynomial of degree i and ¢ does not depend on n. Lemma 6 implies that
wi(A) — 1)_1N;;7mz =0 forie Uj’ \ {1} and i < d,
and also
wiNimiz=0 ifleo]andi<d,.
The same argument as before gives that WJ'N;;Z =0, for any A € 0’2 and i < d,. Suppose now

that o2(Pg) =0 and also UZZ(CD()) =0 for all 0 < ¢ <J. Then by setting z= (L — A)e; with
Jj € [J] we conclude that for any A € o4 and £ > 0,

Wij?T)\L = WijnAA almost surely.
This contradicts the assumption. (|
Continuity of the limit processes gt and g’
We recall once again the notation G®(x)= pl*/2G®w, where G®W 4 oe(PpN or

G 4 o(dD{x})N , with A/ := N(0, 1) denoting a standard normal variable independent of
W, and G! (respectively G®) denoting G® if ® = ! (respectively ® = ).

Lemma 2. Forj € [J], let H(x) = pujgt(x) — G (x). Under the assumptions of Theorem 3, H(x)
is continuous for any x € [0, 00).

Proof. Since H is a linear combination of the Gaussian processes G! and &/, it is enough
to show continuity for the two terms separately. We start with the continuity of &/. For any
0 <x <y <1, since either

GFO) — G0 2 (0 (®]) — 6 (PN = 0(®] — DN
or
FO) — F ) < (00(P) — 0e( PN = (@], — PN,

depending on whether we are in Case (i) or Case (ii) of Theorem 3.5 in [8], we have to upper-
bound 62(<I>]y — @) and o,éz(dy —d) by some power of |y — x|. The definition of o2(d)
applied to the characteristic &}, — @ yields

(@] — D))= Z o *Var[ejr Dy — )AL — A)u
k<0

+Var[ejlz<v<y, — 7Py — AL — A)u + pVar[(y — x)ejr (L — A)Ju < C(y — x).
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On the other hand, as for <I>’y — @ﬂc it holds that x, = xz(<D§ — <I>fc) =(@y—- x)ejn(z), we conclude
that

ot

o
U‘(q%'_w_(zeﬂ)(e!)z

3 Var [xzm(A _ )LI)KL] u<Cly— x>
Aea}

In particular, in both of the cases (i) and (ii) of [8, Theorem 3.5] we have
E[IF ()~ G0 < Ck ),
and therefore, since G/ is Gaussian, we obtain
E[IF/() — F 0" = 6EIF () — F @I < Cly — 7,

which by the Kolmogorov continuity theorem implies that G/ is continuous. The same calcula-
tions as for G/ can be carried out to prove that G! is continuous, so also H(x) = pujgt(x) — G (x)
is continuous. (]

Localization of the stopping times
This section addresses the localization of the stopping times (tx)reN. On the non-extinction
event S, for any n € N, we define the random variable

n(p —1)
T,=log, —w
and we define the function 2: R — R by
o —1 pl—1
h(x) = |x] + =x+ —{x} (20)
p—1 p—1

Note that 2~ ! is uniformly continuous and given by 1) = |x] + log, (1 +(p — 1){x}).

Proposition 5. Under the assumptions (GW1)—(GW3), and if for k € N we set ty = h(T}), then
for (i) defined as in (10), we have

Iim (tx — )= lim (W(Ty) — ) =0, PS -almost surely.
k— 00 k— 00

Proof. By Proposition 2, the following PS-almost sure convergence holds:

. 2w ATEY) 1
hm = m — = —
x=00 pI(1+ (p— Dix}) 2= ptl,(x) p—1

We recall that [, : [0, 0o) — R is defined as [,(x) =(1+ (p — D{x)Hp~ ™. Since Zl(ry) =k,
we infer that for any 6 > 0 and large enough k we have

k 1 s k 1 _s
We® and We™°.

< >
Pl (t) ~ p—1 Pl (tr—8) ~ p—1

This can be rewritten as

Tk +logp Ly(ti — &) — logp e? <Ti <t + logp Lp(tk) —Hogp .
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Notice that we have
7 +log, I,() = L] +1log, (1 + (o — D{ne) =h ™ (w),

and the inverse of the increasing function h (%) is given by |x]| + % = h(x), which then

yields the following inequalities:
{Ti—log, ¢’} _ 1 plTi—log, e _ 4

<1< LTk—logp ef‘sj—i-——i-&
p—1

P
Ty —log, &°
[Tk —log, €] + -
From the uniform continuity of A(x), by letting § — 0, we obtain the claim. O
The above proposition implies that

7, =log, n+ O(1), PS-almost surely.

4.4. Limit theorems for B;

Proposition 6. Under the assumptions of Theorem 3, let ® : 7. — R/ be any characteristic
such that the following stable convergence holds:

XPn+x) ws .o .
m—)g (x) in D(R), 21

for some continuous Gaussian process G® with Var [gq’(x)] >0, for any x € R. Then there

exists a continuous, positive, 1-periodic function W® such that for t, as in (10) and T, =

log,, "("“71), it holds that

X% (1)
Jn(log, W3 we(T,,)

Proof. The key idea in the proof is to use the functional limit theorem for X'® to replace
X®(z,) by X®(z,). Recall that for & as defined in (20), which is continuous and strictly increas-
ing, we have used the notation #, = h(log, n — log, p—‘f]) = h(T,). Furthermore, for any x € R
and n € N it holds that h(n + x) = n + h(x). Consequently, by (21), we have

X (h(n +x)) _ X®(n+ h(x)) *8 G®(h(x)) in D(R)
ne+%pn/2ﬁ n£+%p”/2\/W ’

and the latter convergence can be rewritten as
X (h(n + x))
(e 0w Var [G ()] )1/

S5 N, 1),  asn— oo. (22)

> % Gk inDR),

for some stationary and continuous process G with G(0) 2 N(0, 1). Note that one consequence
of the convergence in (21) is the following property of the limiting process: G®(x 4 1) 4
VPG ®(x). Hence, the previous convergence is equivalent to

[}
X®(h(n+x)) > =% G(x) inDR).

2041 1

(G4 v 1)** preep =t wvar [G (h((xp)] )
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In other words, for the function W® defined by

1/2
W) = ((0 = Dp~WVar [G° (m(xh)] )
which is continuous and positive, and for
X? (h(x))

12 ’
(v 1)**or ) P

X(x)=

it holds that X(n + x) x5 G(x), and therefore an application of Lemma 3(ii) with a, = log o1
yields

— 4.8
X(h™'(t)) =X (log, n —log, %) =5 G(0). (23)
Since £~ (x) is uniformly continuous, by Proposition 5 we get
h'(t,) — h~'(t,) > 0, PS-almost surely. (24)

We claim that from Lemma 3(i) with N, = [log,, n] and §, = 27" it follows that

X(h () = X(h (1) 250, asn— oo. 25)

Indeed, for fixed m € N, on the event | log, W| < ky, — 28, — 1 —log, (p — 1) and | (t,) —
h=L(t)| < 8, we have

X (h () = X (B~ (1) | < (X, Ky Sim)-
In turn, for any ¢ > 0 we get
P (X (" @) = X (' @)| > &) < P (0K, ks ) > )

+P5(log, W| > kn — 28, — 1 —log,, (o — 1)) + P (1h™"(t) — k™ (ta)] > 8m).

Taking the limit first as n — oo and then as m — oo and using (24), we get (25). Finally, (25)
and (23) imply that

Xd)(fn)
1
(h~Y () v 1)’3+§ JSph @)= )2 ® (h=1(1,))

=X(h~ () =5 G(0),

D -1 -1
W @) g )

which together with (24) and the PS-almost sure convergence of

(T (1y)) Tog,, 1
yields that
X@
@) 23 vo, 1y
Vn(log, M 2W(T,)
that is, (22) holds. This completes the proof. U
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Using the auxiliary result that we have just proved, we can now state and prove our main
result.

Theorem 4. Suppose that (15) holds and all assumptions from Theorem 3 are satisfied. Then

there exists a continuous, positive, and 1-periodic function V such that, for T, =log, %

and any j € [J], we have

. ] inv
Bi(m) fj(fl (n)) L8 N(@©, 1), asn— oo.
Jn(log, )+ 2W(T,)

Proof. Since for any j € [J] we have Z/(t,) = Bj(n) and X/(n)= Z/(n) — F/(n), we can
write

Bj(n) = F/(t,) + X/ (1)
= F(F™(n) + X/ (1) + (F o FV o Fl(z,) — F(F™(n))).
From the fact that Fi(t,) =n — X(z,) together with Lemma 1, we obtain
Flo F™ o Fli(z,) — F o F™(n) + pu;X(z,) = Xl (zy)o(1),  PS-almost surely,
and therefore
Bi(n) — FI(F™(n)) = X(1,) — pujX'(z,) + 0o(1)XY(z,)  PS-almost surely.

By Proposition 4 (positivity of the variances of the limiting process) and Lemma 2
(continuity of the limit processes), the characteristics ® = @&/ — ,oujtbt and ® = &' and the cor-
responding processes X'® with these characteristics satisfy the assumptions of Proposition 6.
Thus we can apply Proposition 6 to the processes X ® = X7 — puX Yand to X! to obtain

Xi(ty) — puiXY(1y) as

1 — N (Os 1)9
Vn(log, m) T 21W(T,)
for some function W which is continuous, positive, and 1-periodic; moreover, L)l .
n(log, n)*2
o(1) S0asn— 00, which completes the proof. 0

Finally, in view of Theorem 4, it suffices to find an expansion of FIF in"(n)) up to an error
of order o(n'°% 7) to prove Theorem 2 ; the latter will then follow immediately from the next
corollary.

Corollary 3. Under the assumptions of Theorem 4, suppose that all eigenvalues in T' are
simple. Then the following hold:

(i) If y > /P, then for any ) € T there exist a 1-periodic, continuous function f : R — C
and a random variable X, such that

Biw) = puj - n+ Y w0 M (T, + op (n% 7).
rerl
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(ii) If y = \/p, then there is a 1-periodic, continuous function ¥ : R — (0, 00) such that the
following convergence holds:
Bj(n) — pu; -n
1
Vn(log, )2 W(T,)

E>]\/(O, 1), asn— oo.

(iii) Ify < ./p, then there is a 1-periodic, continuous function W : R — (0, 00) such that the
following convergence holds:
Bj(n) — puj-n as
(T,

Proof. We handle the case (i) in detail; the other two cases are identical, so we leave the
details to the interested reader. If y > ,/p, then by (5) we have

3 N(0,1), asn— oo.

Fm) =xi(@AWD + x(@)A5Z0= Y Mxi(@m WP + o™
rel'U{p}

= p"x1(@)Wu+ Y A"x (@IWsu* + o(y"),
rel

where we define Wy u* = 7, W for some scalar random variable W, (this can be done since
7, is a projection on the space spanned by the eigenvector u*). In particular, as 7/ and F! are
piecewise linear between consecutive integer arguments, we conclude that

Fi) = p l,(0x 1 (@) Wu+ Y KL 0x1 (@)W +o(y™),

rel

and taking into account that X (<I>’ )= eij, we finally get

Fx) = i+ Z zx<x>WAu +o(y").

Ael“

By the same argument, we also obtain

J
Fly = ZF(x— 1= —lp(x)W~|— Z lx(x)Wx<Zu§\) +o(y).
j=1 Aer i=1

In particular, it holds that

Flx) = pu; - .F(x)—l-z l;(x)( u; —pu](iuf‘>)W)L+o(yx).

)LEl—' i=1

Since for A € I" we have

0 — ; log,, A 0 — , log,, A
A= < e )W]: (x)) (14o0(1)= ( e )W]:( )) +o(y*)on S,
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and F™(n) = t,, + o(1) = h(T,,) + o(1), we deduce that

i( F o L(W(Ty)) ! — I\log, 2 W,
FFY () = pu;j - n+ ; 1108 * lp(h(Tn))l"gp_A ( — puj< ; u’ )) ( ) -

+ op(n'°% ),

and thus (i) holds with

L) ! p—1\log, % W,
fA(X)—W and X}L— u — py; Eu ( ) 1

forevery A €T.
In the case y = ,/p we have

FPm) = p"x1(@®)Wu+ Y W'x1(®)mZo + o(y") = p"x2(®)Wu + 0(p"/?),
rel’

and for y < ,/p we have
Fon) = p"x1(®)Wu + o(p™?).

In both cases we can use the same approach as in the proof of (i), after an application of
Theorem 4; this proves (ii) and (iii). U

Appendix A. Example

We illustrate here the model with two alternating urns using an example with J = 3 colors
(1 =black, 2 =red, and 3 = green in the tree from Figure 1) and deterministic replacement
matrix L given by

102
L=]021
111

and jo = 1; that is, we start with one black ball in U; at time 0, so B(0) = (1, 0, 0). The first
column LD of L tells us that when we draw a black ball from some urn, we add one black
and one green ball to the other urn, so U, is given by the nodes at level one of the tree and
B(1)=(2, 0, 1). Since after one step U; has been emptied, we proceed to draw balls step by
step from Us (from the first level of the tree). After drawing a green ball from U,, since
the third column of the matrix L gives the number of balls of each color added to the other
urn, with probability 1/2 the number of balls added after two steps is B(2) =(4, 1, 2) and
with probability 1/2 it is B(2) =(3, 0, 2). Then B(3) =(5, 1, 3) and U, has been emptied,
so we proceed again to Uy, which now contains 6 balls, and with probability 1/6 we have
B(4)=(5, 3, 4); now we have started to build the third level of the random tree and to fill U,
again.
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Appendix B. Higher-order estimates and additional results

Higher-moment estimates for Z>. We provide here, for a general random characteristic
®, higher-moment estimates for the random variable Zf - x1A’1’W(1) — x2A%Zy. These esti-
mates are needed in the proof of Theorem 3 for the characteristics ®! and & which fulfill the
assumptions of the next result. Recall that ® is called centered if E[®(k)]=0¢€ R/ for any
keZ.

Theorem 5. Let p € [1,2], and let ®:7Z — CY™ be a random characteristic. Moreover,
assume that (GWI1)-(GW3) hold and the second moment of L is finite. Then the following
hold:

(i) 1f Tyez E[I0W0I])"p~* < o0, then B[|Z21P] = O(p™).
Q) I Ypen (E[19WNP]) 7 p7* = OG") for some r = 0, then E[|Z2P] = O(oP"n").
If in addition ® is centered, then the following hold:
@ If Yhep (E[19KR)%]) "7 p~* < 00, then E [|Z21%] = O(p"™).
(i) 1 Ypen (B[I@KNIZ])7 07 = Op"n"), then E[1Z212] = 00" ).
Proof. From the decomposition
zZp =72 E% 1 Z7%,

it is enough to get the desired bound on each term separately. If v is the right eigenvector of A
for the eigenvalue p > 1, then it holds that

<1, Zn> < ml_in vi_1<v, Z,,) =p" ml_in Vi_l(v, W,(ll)),
and further we have

72| <3 IESM — DI1Zid < Y IED( — k(1. Z)
k>0 k>0

<minv; ' ) IER( — (v, Z) <minv; ' Y7 IES@ Ky, o W)
k>0 k>0

- —k (1)
=p" x min v; Z IE®) o~ (v, W, ).

k<n

In view of Lemma 2.2 from [8], the random variables (v, W,El)) are bounded in £2, and
therefore by Minkowski’s inequality the £> norm of ZE:‘D is bounded by a multiple of
" D k<n IE®(k)||p~*. As a result we get
2
E[|Z*[*] = 000

in the case (i) and

E[’chb‘Z] — 0¥ ™)
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in the case (ii). By Jensen’s inequality, the pth moment of Z}];:q), forp € [1, 2], is of order O(pP™)
in the case (i) and of order O(n”” pP™) in the case (ii).

Now we focus on the case with a centered characteristic ¥ := & — [E®. We consider an
increasing sequence (Gy),en of subsets of U, that satisfies the following: U,>1G, = Uxo; for
any n € N, G, =n; if u € Gy, then for any v <u, v € G,. Such a sequence can be constructed
using the diagonal method. If G, = o ({L(«) : u € G,,}), then one can see that ZueGk WV, (n—
|u|)eww) is a Gg-martingale. Indeed, for any u € Gy both t(«) and W, are Gy-measurable, and the
fact that W is centered gives the martingale property. By the Topchii—Vatutin inequality [13,
Theorem 2] applied to ZueG,, W, (n — |ul)eyw) we get

E[| >0 — lubeo| | = GE[ 3 [wutn = lubequ|”]

ueT ueT

<G Y E[IWm—hI]pf <2°C, Y E[Ilom — k)] ok
k>0 k>0

=2G( X @l —pIr) 7o) <26, (3 El1en—bI) " p)

k=0 k>0
Y4 pn pNNL/P —k p
=2 (Y EflowIT]) 7o)
k<n

and the latter expression is of the order O(p”") in the case (i) and O(n"" pP") in the case (ii).
This finishes the proof of the first two statements (i) and (ii).
Now we turn to the proof of (iii) and (iv). Observe that the Burkholder—Davis—Gundy
inequality [4, Theorem 1.1] yields
Zp]

E[[Z,f’}z”] - EH 3 uln — ubewa
< CPIEH 3 | Pun - |u|)et(u)|2‘p] - c,,IE[|Z,;P |”],

2, i.e. the components of W (k)
are squares of the components of ®. Clearly ||V (k)| < || <I>(k)||2, and as a consequence (iii) and
(iv) follow from (i) and (ii) respectively applied to the characteristic W. O

where W is a new characteristic defined by W, (k)e; := |d>u(k)el~

Corollary 4. Let ® : 7 — C"/ be a random characteristic such that

S E@@1] (0~ 495 < oc, (26)
keZ
for some ¥ < /p, and
Y IVarl@@l o~ < oo. 27)
keZ

Suppose that E [||L||21’] < oo for some p € (1, 2). Then, for Ffl) defined by (5), it holds that
np D _ _
]E[|Z¢—F¢|2p]: 0(,0 ) ifforall 0 <¢<J—1,0,=0,
n n
O(n(z”l)ppnp) if0 <€ <J —1is maximal with 6 > 0.
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Proof. The decomposition from Equation (18) in [8] yields
Z9 —Fp =720 + 2 + o(p"?), (28)
where W and W, are two random centered characteristics such that

e for any k€Z we can decompose W| as Wi(k)= W (k)(L—A) for some deter-
ministic characteristic W;’(k) (see the paragraph after Equation (19) in [8]) and
ez E[IW1(0I1P] p~* < 00, and

o 2,2 =xonD(Z, — A1Zp), i.e. Wa(k) = xom DA (L — A)1 (1), for some row vector
X2.

Moreover, the last term o(p"/?) in (28) is deterministic. By Minkowski’s inequality, we have

1/2, 1/2, 1/2
B[lze - 2] <u[@] " ve[@ ] vo. @)

We estimate each of the two terms on the right-hand side separately. In view of Lemma 4, there
is a constant C > 0 such that

E[1wi0017] = c(E [1ei00?] ),

and, in particular,

> o E @I ) =Y p R 19101 < oo,

keZ keZ

Theorem 5(iii) applied to W yields ]E[(Z,\ID ! )2p ] = O(p"P). In order to deal with the second

term |E [(Z,;yz)z" ] on the left-hand side of (29), note that by the definition of ¢ we may write

J-1
k—1 .
s (k) = 1= oyxa? Z < ) ) DFIEINI(L — A)
. J
j=0

T=DAL

k—1 o
= 1{k>0}X2n(2) Z ( ) )Dk_l_'/N/(L—A).
T

In particular, as k goes to infinity we have

n

(E [ll‘lfz(k)llzl’] )1/p =0(p*k*"), so Z pME [||\p2(k)||2ﬂ] )1/1’ = 0(n* ),
k=0

and by Theorem 5(iv) applied to W,, we obtain IE[(Z,\,I' 2)2p | = 0m®+1P p"P), which together
with (29) proves the desired. (]

For any function f : R — R, let

o(f, k, 1) :=sup{lf(x) —fO)|:x,ye [ =k, k], [x—yl <1}

be the modulus of continuity of f on the interval [ — k, k].
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Lemma 3. For a stochastic process X taking values in the Skorokhod space D(R), and for
neN, let X,(t) = X(t + n). Furthermore, suppose that Y = (Y(t));cr is a stationary process
with almost surely continuous trajectories. Then we have the following:

) If X, Ly , Ny is a sequence of natural numbers diverging to infinity, and 5, \, 0, then
there is a sequence ky, /' oo such that

(X, . kn, 8p) = 0, asn— oo. (30)

(i) If, for some real-valued random variable S independent of Y, it holds that (S, X;,) N
(S, Y) as n — 00, then for any sequence a, that diverges to infinity we have

X(ay +5) > Y(0), asn— oo. (31)

Proof. (1): Fix § > 0 and k € N. Then the mapping D(R) > f — o(f, k, §) € R is continuous
at any f € C(R). The continuous mapping theorem yields

lim E[w(Xy,. k. 8) A 1]=E[o(Y, k, §) A 11.
n—o0

Hence, for any ¢ > 0 we have

lim sup E[w(Xy, , k, 8,) A 1] <E[w(Y, k, £) A 1].

n—00
Since ¢ is arbitrary, we can take the limit as & goes to 0, and from the continuity of ¥ we
conclude that
Elo(Xy,, k, 6,) A1]— 0.
In particular, there is n(k) > n(k — 1) such that for all n > n(k) it holds that
Elo(Xn,, k, 6n) A1] < 1/k.

Now for n > n(1) we set k, = k whenever n(k) <n < n(k + 1). Clearly &, / oo and it holds
that
Elo(X,

n’

kny 8n) N 11 < 1/ky,

which implies (30); this proves the first part of the claim.

(i1): The convergence in (31) holds if for any subsequence n; we can choose a further sub-
sequence ny, along which the convergence holds. Since we may replace the sequence a, by
a subsequence a,,, it suffices to show the convergence (31) along some subsequence. Thus,
without loss of generality, we may assume that {a,} — a for some a € [0, 1]. For N, = |a,|
and 8§, = 2|{a,} — a|, we infer from Part (i) the existence of a sequence k, / oo such that (30)
holds.

For Z, = X(N,, + {an} + S) — X(N, + a + S), once again by Part (i) of the proof, we have

P
1Zn| < |NZul1yis1<kn) + 1 Znl {185k} < OXN,,s kny 80) + |1 Za| 11815 k,) = O,

and thus, by Slutsky’s theorem, it suffices to prove

Xy, (@+8) =Xy +a+85) > Y(0).
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Next, observe that the mapping R x D(R) > (s, x) — x(a + s) € R is continuous at any point
(s, x) € R x C(R). Therefore, by the continuous mapping theorem we have

Xy, (@+8) > Ya+S)2 ),
and this completes the proof. ]

Lemma 4. Suppose that X is a random k x m matrix with E[|| X||"] < oo for some r > 1. Then,
forany q < r, there is a constant C = C(m, k, q, r, X) > O such that for any m x k deterministic
matrix A it holds that

E[|AX|"] < CE[AX||9]/4.

Proof. Without loss of generality, by the homogeneity of both sides, we may also assume
that |A|| = 1. Now let N = {a € R”"*¥: gX =0 almost surely} be a linear subspace of R"*k
and V its orthogonal complement. As both functions

ar> E[||aX|"] and a+> E[|aX|9]/9

defined on the compact space V N {||x|| = 1} are continuous and do not vanish, they achieve
their minimum and maximum. We define

- _MaXaeV jal=! E[]|laX||"]
mingey, jlq) =1 E[[|aX]|9]7/9

Finally, by writing A = A 4+ A with A| € N and A, € V, we obtain
E[IAX|"] < E[|A2X|"] < CE[[|A2X[191"/9 < CE[||AX||7]"/4,
and this completes the proof. U

Lemma 5. Let I, J be two disjoint subintervals of [0,1], let N €N, and let Uy, ... Uy be
an independent collection of random variables uniformly distributed on [0,1]. Then for any
sequence a € 0% and any numbers A, B € R, we have

N N
2 2
B[| > Qwien — ai+A| | 3 Agwien = Whai + B |
i=1 i=1

< ClIJlal*(A? + B* + [la)|®) + A* B
S al* + A* 4+ B*,

for some absolute constant C > 0.

Proof. For ease of notation, fori=1, ..., N we set
gi = Luen — )a;  and ri = (Ly,esy — J)ai,
so E[g;] = E[r;] = Elgiq;] = Elr;rj] =0, for i # j. Simple calculations give
Elg;1= (11| - 1II)a; and Elgiri]=—|I|J|aj,

Elgiril= (= I +211*J))a; and Elgir1= (N1 = 31117] + |J])as.

i
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We first have )
E[( > gi+4) ] = (1] = [I]>)N + A% < |I|N + A 32)
i<N

Expanding the expectation, we get
2 2
E[| S g+l [ r+8]= 3 Elangarinl+24 Y Elgin,)
i<N i<N i1,i2./1.J2 Lj1J2
+2B Y Elgiqi,7jl +4AB Y Elgirj] + A’B* =: 1 + I + Il + IV + A*B*.
i1,i2,] ij

We show that each of the terms I, 11, 111, IV is bounded by a multiple of the term |/||J|N (A% +
B2 + N). Note that a nontrivial term of the form E[g;, g;,7;,7j,] is either of the form E [qizrjz] or
of the form E[g;, gi, i, 7,1, which in turn implies

I=Y "Elgir}1+4 Y _ ElgirilElg;r] = NI = 311111+ 17D D af
L, i#f

+200 = I = D Y aia; +4IPIP Y aia; <811l all*.
i#] i#]

Next, K[g;, gi,17] is nonzero if it is of the form E[q%ri]. Hence, we have

H1=2B " Elgir] =2B(— [[|l/| + 21171/ Y _ & =2BII|IJ|Q2lI - 1)) _a}
- i i

1
<4|11J11Blllal®.

By symmetry, we have

11 =24C= |+ 2110 Y ad =2A1IU1@UT = 1) Y @} <4l111J]IAlljal>.
i i

Finally, by the same reasoning as above, we get

IV =—4AB|I|J| ) ai < 4|AB|lI|l/|]lall?,
i

and the claim follows from putting together the four quantities. U

Lemma 6. Let I, N € N and let A1, . . ., Ay be different, nonzero complex numbers. For (i, j) €
No x [£] we define f; j: Z.— C by f; j(k) = ki)»]]-‘. Then the collection of functions {f;;: (i, j) €
No x [£]} is linearly independent. In particular, if, for any i € No and j < £, p; ; is a polynomial
of degree i, then the collection of functions {k +— )x]]-‘pj,,-(k) 1 (i, j) e Ng x [€]} is also linearly
independent.

Proof. Leth=7Y"; j cijfij be a finite linear combination of the functions f; ;. Our aim is to
show that

if (k) =0 for k> N, then ¢; ;=0 forall i, j. (33)
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By dj(h) we denote the maximal power i such that the element f; | ; appears in the combi-
nation of 4. Furthermore, we set d(h) =d(h)+ .. .dy(h). We prove the claim by induction
on d(h). If d(h) =1 then h(k) = A]’? for some j and the conclusion follows. Now suppose that

(33) holds for any h with d(h) =n and take h with d(h) =n+ 1. If dj(h) < 1 for all j < ¢, then

h(k) = ZZJ;II cjmkjlfm for some ji, ..., j.+1 <n+ 1. Since ()»fNHfoJ-m(k))15,{”"5”+1 forms a

Vandermonde matrix, this implies (33). "

Therefore, we may now assume that for some jy < £ we have d;,(h) > 2. We denote by V the
difference operator defined by Vf(k) =f(k + 1) — f(k), and m;, is defined by m f (k) = A]]? 0f (k).
We now define a linear operator Vj, =mj, ijgl. Clearly Vj, acts on the linear combinations
g of fi; with dj(V;g) < dj(g) and also d;,(V,yf: j,) = dj,(fij,) — 1. In particular, 1 <V, h <n,
and hence by the induction hypothesis V; h(k) # 0 for some k > N, which finally implies that
h(k) # 0 or h(k + 1) # 0, thus proving (33). [l
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