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Abstract
We prove the existence of infinitely many solutions u € Wé 2(€Q) for the Kirchhoff equation
~(a+p f IV dx A = Gl + uf () in
Q
where Q c RY is a bounded smooth domain, a(x) is a (possibly) sign-changing potential, 0 < g < 1, @ > 0,

B =0, u > 0 and the function f has arbitrary growth at infinity. In the proof, we apply variational methods
together with a truncation argument.
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1. Introduction

In this paper, we consider a version of the problem
—(cx +ﬁf |Vul? dx)Au =h(x,u) inQ,ue€ WS’Z(Q),
Q

where Q ¢ R" is a bounded domain, & > 0 and 8 > 0. It is the stationary state of the
hyperbolic equation

Vi — (a +,Bf |Vv)? dx)Axv =h(x,v) inQx(0,T),
Q

which was proposed, for N = 1, by Kirchhoff [10] as an extension of the classical
d’Alembert wave equation for free vibrations of elastic strings. The main point in
this model is that it allows changes to the length of the string during the vibration.
Such problems are called nonlocal due to presence of the term fQ |Vv|> dx. After the
paper of Lions [11], this kind of problem has been the subject of intensive research.
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In [2], the authors presented a variational approach to deal with the stationary equation.
Since then, many authors have applied critical point theory to obtain existence and
multiplicity of solutions for related problems.

Here we are interested in the case where the right-hand side of the equation presents
a competition between concave and convex terms near the origin. More specifically,
we shall consider

—(a +p f |Vul? dx)Au = a()|u" 'u+ pf(x,u) inQ,
u=0 ondQ,

(P)

where Q c RV, N > 3, is a bounded smooth domain, 0 < g < 1, > 0,8> 0 and u > 0.
The main assumptions on f are that:

(fo) fe€CEQxR,R) and there exists 6 > 0 such that f(x, s) is odd in s for any x € Q
and |s| < §; and
(f1) f(x,s)=o0(sl?), as s = 0, uniformly in Q.

In order to introduce the regularity condition on the potential a(x), we define
2% :=2N/(N — 2) and consider the sequence (p,) C R defined as p; := 2* and

Npn .
— if2p, <N,
Pns1 =3 N —=2p, P (1.1)

pnt1l  if2p, >N,

for each n e N. A straightforward calculation shows that (p,) is increasing and
unbounded. Hence
m:=min{n e N : 2p, > N}

is well defined. The main assumption on the potential a(x) is
(ap) ae€ L74(Q), with oy := p,, /(1 — q).

We denote by H the Sobolev space W(;’Z(Q) with the norm ||u|| = (fg [Vul? dx)'/2.
From the variational point view, the equation in (P) is the Euler-Lagrange equation of
the energy functional

1
1) = P + Bt - —— fa(X)Iul‘“' dx — fF(x, u)dx, (1.2)
2 4 g+1
where F(x,s) := fos f(x, ) dt. Since we have no control over the behaviour of f at
infinity, this functional is not well defined in the entire space H. However, in view of
(fo)—(f1), it is finite for every function u € H N L*(£2) such that ||ul|z~(q) is sufficiently
small.

In our first result, we consider the definite case and prove the following theorem.

TueorEM 1.1. Suppose that O < q < 1, the function f satisfies (fo)—(f1), the potential a
satisfies (ag) and

(ay) there exists ag > 0 such that a(x) > ay, for almost every (a.e.) x € Q.
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Then, for any a@ >0, >0 and u > 0, the problem (P) has a sequence of solutions
(u) C W&’Z(Q) such that ||ugl|~q) — 0 as k — co. Moreover, I(ux) < 0 and I(ux) — 0
as k — co.

We emphasise that the theorem holds independently of the growth of f far from the
origin. In order to proceed variationally, we use an argument borrowed from [12]. It
consists of considering a modified functional Jy, defined in the entire space H, whose
critical points with small L*-norm are weak solutions of (P). After obtaining infinitely
many critical points for Jy, we use a kind of iteration regularity process to prove that
these solutions go to zero in L*(Q).

In our second result, we consider potentials which can be indefinite in sign.

THeEOREM 1.2. Suppose that 0 < g < 1, the function f satisfies (fy) — (f1), the potential
a satisfies (ag) and

(ay) there exists ag > 0 and an open set Q c Q such that a(x) = ay, fora.e. x € Q.

Then the problem (P) has a sequence of solutions (uy) C Wé’z(Q) such that I(u;) <0
and I(u) — 0 as k — oo when:

i) a>0,B2>0anduecO,u"), for some u, > 0; and
(i) B=20,u>0andac(a*, ), for somea* > 0.

In our final result, we present a version of Theorem 1.2 with no restriction on the
size of the parameters. In this case, we need to replace the condition (f7) by a stronger
one. This result can be stated as follows.

THeEOREM 1.3. Suppose that 0 < g < 1, the function f satisfies (fy) and
(]71) f(x,s) =o(s]), as s — 0, uniformly in Q,

and the potential a satisfies (ag) and (ay). Then the same conclusion as in Theorem 1.1
holds.

We recall that, in their celebrated paper [3], Ambrosetti, Brezis and Cerami studied
the problem
—Au = Aul%u+uP?u inQ,u=0o0ndQ,

with 1 <¢g <2 and 2 < p <2*. Among other results, the existence of two positive
solutions is obtained for A > 0 small. After this work, many authors have considered
the effect of concave—convex terms in Dirichlet problems. Since it is impossible to
give a complete list of references, we just cite some results closely related to ours.

In [12], the author considered the local case @ =1, =0, u =1 and a(x) = 1> 0.
Under the conditions (fy)—(f1), he obtained the existence of infinitely many solutions
as in Theorem 1.1. The same result was proved in [8], by assuming that a € C (ﬁ) has
nonzero positive part and f satisfies (f]) instead of (f;). For the nonlocal problem,
we can cite the paper [6], where the authors considered a more general nonlocal term,
a(x)=A>0,u=1and f(x,s)=|s|P"'s, with 1 < p < (N +2)/(N —2), and obtained
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infinitely many solutions for low dimension N < 3 and some technical conditions on
the size of the parameters A and 5. We also refer to [4, 13] for some related results.

The main theorems of this paper extend and complement the aforementioned works
in several ways: in contrast to [8, 12], we consider the case 8 > 0; our potential a(x)
can be nonconstant, nonsmooth and indefinite in sign; there is no restriction on the
dimension; and there is no restriction on the size of 8. It is worth mentioning that,
even in the local case 8 = 0, our results seem to be new. Finally, we notice that the
same results hold for N = 1 and N = 2. In this case, it is sufficient to consider 2* = +oo
and choose p; € (1, +o0) in a arbitrary way.

The rest of the paper is organised as follows. In the next section, after presenting
some auxiliary results, we prove the first two theorems. In the final section, we prove
Theorem 1.3.

2. The case f(x,s) = o(]s|?)

For any u € L'(Q), we write only fu to denote fu(x) dx. If 1 < p < oo, ||ul|, stands
for the LP(Q)-norm of the function u € L”(Q)). Hereafter, we assume that conditions
(ap) and (fp) hold.

Let H be the Sobolev space Wé’z(Q) endowed with the norm

= [ wak)

As stated in the introduction, the functional I given by (1.2) is not well defined in H.
In order to overcome this difficulty we use a truncation argument. So we start by
presenting a version of [12, Lemma 2.3].

Lemmva 2.1. Suppose that f satisfies (fi1). Then, for any given 6 >0, there exist
0<é<6/2and g e CQXR,R), odd in the second variable, such that

(81) 8(x,5) = f(x,5), forall (x,s) € QX [-£,&].
Moreover, if G(x, §) = fos g(x, 1) dt then, for any (x,s) € Q X R:

(82) &(x,)s —2G(x,5) < 65|+,

(g3) g(x,8)s — (g + 1G(x,s) < Ols]4*";
(g4) 1G(x, $)| < 10Is17"'; and

(g5) lg(x, $)| < 6ls|?.

Proor. Given 0 < & < 8/14, we obtain from (f;) a number 0 < ¢ < §/2 such that
max{|F(x, s)|, | f(x, s)s|} < gls|?™t forall (x, 5) € QX [—2¢,2¢£].
Let p € C!(R, [0, 1]) be an even function satisfying, for any s € R,

p=lin[-££, p=0inR\(=2£,28), | <2/é, p'()s <O,
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Pick 0 < y < 0/12, consider Fo(s) := y|s|7*! and define the function g € C(Q x R, R)
by setting
8(x, 5) := p'()F(x, 5) + p(s) f(x, 8) + (1 = p())F () = p' () F o (5).
A straightforward calculation shows that, for any (x, s) € Q X R,
G(x, 5) = p()F(x, 5) + (1 = p(5)) Foo(5).

Using the properties of p, it is easy to see that g is continuous, odd in the second
variable and satisfies (g;), (g4) and (gs). In order to prove (g;), note that

2(x, $)s — 2G(x, 5) = s/ ()F(x, 5) + () f(x, 5) + (1 = p($))FLo(s)
= 50" ($)Foo(5) = 20($)F(x, 5) = 2(1 = p(5)) Foo(5).
Recalling that sF’ (s) = y(g + 1)|s|9"!, we get, for |s| < 2¢,

o(x, 8)s - 2G(x, 5) < 2§§|F<x, 9l + Isf(x. )l + y(q + sl

2
+ 2§?/ISI‘1+1 +2|F(x, 5)|
SOIF(x, )| + [sf(x, )| + 61s|""!
<(7e + 6y)|s|?! < 9|59,
On the other hand, for |s| > 2¢&,
g(x, 8)s — 2G(x, 5) = SF' () — 2F (s) < sF’ (s) < 0]s]7*".

So, we conclude that (g;) holds. The property (g3) can be proved by an analogous
argument. m]
For any 6 > 0, it follows from (g4)—(gs) that the functional
1
Jo(u) := gllull2 + 'ZIIMII4 BPTS fa()C)lulq+1 —ﬂfG(x, u)
belongs to C'(H, R) and, for any u, v € H,

Ty = (a + Bllull) f(Vu-VV)—fa(X)lqu‘luv—#fg(x,u)v.

Thus, if u € H N L*(Q) with |ju|le < &, it follows from (g) that g(x, u(x)) = f(x, u(x))
a.e. in Q. We then conclude that any critical point of Jy with small L*-norm is a weak
solution of (P).

Now we prove a technical result.

Lemma 2.2. Suppose that the functions a and f satisfy (a,) and (fy), respectively. If

(1 —gao
(I+qu’
then Jo(u) = Jy(wu = 0 if and only if u = 0.

0<6< 2.1
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Proor. It is obvious that Jy(0) = J;(0)0 = 0 independently of 6. On the other hand, if
Jo(u) = Jy(u)u = 0, then we can use (a), Jé(u)u —2Jp(u) = 0 and (g») to get

)a
q:’l O |+t < || It + a()ul™!

=p f (8(x, wu = 2G(x, u))

SﬂQ\IW”V+3

The above inequality and (2.1) imply that u = 0. O

Notice that the positivity of the potential  was essential in the above proof. If we
are in the setting of the local condition (a;), we can obtain a priori estimates for the
functions satisfying Jo(u) = Jy(u)u = 0. More precisely, if we set

[ vul

Lemma 2.3. Suppose that the functions a and f satisfy (ay) and (f1), respectively. If

(1 6I)S(q+1)/2

g+1 ’

0<0< (2.2)

then Jo(u) = Jy(wu = 0 implies that ||lu| < (ﬂ/a)l/(l“I).

Proor. If Jy(u) = Jj(u)u = 0, then the equality Jy(u)u — (g + 1)Jg(u) = O implies that
a(l - ,3(
2

I| 11>+

I| I —uf(g(x wu = (g + DHG(x, w)). (2.3)

It follows from (g3), the embedding H < L9*'(Q) and (2.2) that

a(l -¢g) (I-9)
Sl < s 4 < B L

and the result follows. |

Lemma 2.4. For any 6 > 0 the functional Jy is coercive and satisfies the Palais—Smale
condition.

Proor. Since the sequence (p,), defined in the introduction, is increasing,

Pm 2* 2* ( 2* )/
> > =
l-q 1-¢q 2*-(qg+1) qg+1

24)

O'qz
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and therefore 1 < o7(q + 1) <2*. Hence, we can use Holder’s inequality, (g4) and the
Sobolev embeddings to get

@ 2 ﬁ 4 q+1 /10 gq+1
ofa) 2 Sl + el = =l el 1, = S5
@ o By +1
> —|lull” + =ull” = Cllul|?*,
2|| Il 4|| | [leell

for some constant C > 0. Recalling that (¢ + 1) < 2, we conclude that Jy(u) — oo if
[|lu]| = +oo, that is, Jy is coercive.

Suppose now that (u,) C H is such that Jy(u,) — ¢ and J;y(u,) — 0. By the above
considerations, (u,) is bounded. Hence, up to a subsequence, for some A > 0 and
ueH,

|zl = A, wu, — uweakly in H, u, — u strongly in L”(Q),

for any p € [1,2%). By (2.4), there exists pg € (¢ + 1,2%) such that oy = (po/(g + 1))".
Holder’s inequality and the above convergence results imply that

‘fa(x)mnlq_lun(”n - Lt)

< llalle llunllpo Nt = wllpy, — O

as n — oo. Moreover, by (gs) and Holder’s inequality again,

'fg(x’ un)(un - u)

0n(1) = T} (1)1t — 10) = (a+ﬁ||un||2>(||un||2 - f Vit - Vu)+on(1>.

< Olluall2, et = tll g1 = O.

Thus

Taking the limit, we obtain (& + BA%)(A% — ||u|*) = 0, which implies that |ju|| = A. Tt
follows from the weak convergence that u,, — u strongly in H. O

In order to prove our result, we shall apply the following variant of a result due to
Clark [5] (see also [9, Theorem 2.1, Proposition 2.2]).

Turorem 2.5. Let X be a Banach space and let J € C'(X,R) be an even functional
bounded from below that satisfies the Palais—Smale condition and J(0) = 0. If, for
each k € N, there exists a k-dimensional subspace X* c X and p;. > 0 such that

sup J(u) <0, (2.5)

k
ueX' ﬂSl,k

where S, :={u € X : |lullx = p}, then J has a sequence of critical values (cx) C (=00,0)
such that ¢, = 0 as k — +oo.

We are now ready to prove our first result.
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Proor oF THEorEM 1.1. Let & > 0 be given by Lemma 2.1 with 8 > 0 satisfying (2.1).
As noted before, any critical point of Jy such that ||u||., < & is a weak solution of (P).
We are going to apply Theorem 2.5 with this modified functional and show that the
solutions we obtain have small L*-norm.

It is clear that the even functional Jy satisfies Jy(0) = 0. Moreover, by Lemma 2.4,
it also satisfies the Palais—Smale condition. Since Jy is bounded on bounded sets of H,
we also conclude from the same lemma that Jy is bounded from below.

For any given k € N, we set X := span{¢, ..., ¢}, where {¢,}nan is a Hilbertian
basis of H. Since all the norms in X* are equivalent, we can use (a;), (g4) and
0<6<(1-qag/(1+qu<ag/(1+ qg)uto get, for any u € X,

(07 a,
Jo(w) < Sl + §||u||4 = qflnunf;} + ‘genung:}
(07 a
< Sl + §||u||4 - " T Cll™ (2.6)

for some constant C > 0 independent of u. Recalling that (¢ + 1) < 2, we can choose
pr > 0 to be small in such a way that Jy satisfies (2.5).

From Theorem 2.5, there is a sequence of critical points (1) C H which satisfies
Jo(u) = ¢ = 0 as k — oo. Since (i) is a Palais—Smale sequence at level ¢ = 0, by
Lemma 2.4, we may suppose that u;y — u strongly in H. Hence Jy(u) = Jj(u)u = 0 and
we infer from Lemma 2.2 that u = 0, that is, u; — O strongly in H.

Notice that each function u; is a weak solution of

a1 g (x) + pg(x, g (x))
a@ + Bllull*

If we denote by A, the right-hand side of the first equation above, by (gs), we see that

[he ()| < @ (ja(O)|lug(X)|9 + pblug(x)|?) a.e. in Q. Hence

f () sclcﬂ*( f la(O) g + (uo)* f |uk|q2*),

with Cy := 2%~ Since o7y, > 2*/(1 — q) > 27,

9q )/ 994
=ql=| = <1l
=5 T -2

Thus Holder’s inequality implies that

q/7q ¥
2 2% 2% 2% 2 2
f aGoF it <l f > ) < Callal?

—Au in Q, u =0 on 0Q.

and

> >
f|uk(x)|q < Csllullf

with C, := |Q40-7)/% and C5 := |Q|'"7. We conclude that & € L* (Q) and therefore,
by the Agmon—-Douglis—Nirenberg result [1] (see also [7, Lemma 9.17]), uy € W22(Q)
and there exists C4 = C4(€2) such that

ltellyzz < Calllllor < Cslluellg. < Cilluell, 2.7)
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for each k € N, where Cs = Caa{C1(Callall}, + C3(u6)*)}'/* and C, = CsS92,
Since u; — 0 strongly in H, we see that ||ug||y22» — 0. If m = 1, thatis, 2p; =2 -2 > N
(see the definition of m and of the sequence (p,) in (1.1)), the continuous embedding
W22 (Q) — C(Q) implies that ||u|ee — 0.

On the other hand, if 22" < N (that is, equivalently, m > 1), the embedding
W22 (Q) — LP2(Q) and (2.7) imply that, for some Cg = C¢(Q) > 0,

lleerllp, < Cellugllyz2r < CoCrllugll?,

where p; is the second term of the sequence defined in (1.1). Furthermore, since, in
this case, oy > p»/(1 — q) > p>, we can argue as above to conclude that /i € LP2(Q).
Hence u; € W>P2(Q) and

—~ 2
letkllyzr, < Colluglld, < Collugl”,
D

where C7 > 0 is independent of k and 52 = C7(C65 4.
Since oy > p,/(1 —q) > p, forn =1,...,m, we can repeat this argument until we
get u; € W>P»(Q) and _
luellwzom < Conllull, (2.8)

with Em > 0 independent of k. Then, ||u|ly2rn — 0 as k — oo. But 2p,, > N provides
W2Pn(Q) < C(Q), and therefore we conclude that |ju|l — 0. So there exists ko € N
such that

lletellco < g for all k > ko,
and the theorem is proved. 0

Proor or THEOREM 1.2. In the setting of item (i), that is, @ > 0 and § > 0 fixed, we
suppose that 4 < 1 and choose

. (1-¢q (g+/2 Ao
0<9<m1n{TSq+1 ,m}

In the setting of item (ii) (8 > 0 and u > 0 fixed) we choose

(1 =g g2 do
0<9<m1n{—Sq ,—}.
2 e Tu(+g)

In order to obtain a sequence of critical points for J, we argue as in Theorem 1.1.
The first difference appears when we try to prove (2.5). Indeed, since a is no longer
positive, we need an alternative construction for the finite-dimensional subspace. For
any given k € N, we choose k linearly independent functions ¢, ..., ¢ € C5' (L),

where the open set Q c Q comes from the condition (ay). Since a(x) > ap a.e. in
Q, the inequality (2.6) still holds for u € X*. Hence, there is a sequence of critical
points (u;) C H such that Jy(ui) = cx — 0 as k — oo. Again, there exists u € H such
that u; — u strongly in H. Although we cannot guarantee that u = 0, it follows from
Lemma 2.3 that

1/(1-q)
“) . (2.9)

] < (—
o
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As in the proof of Theorem 1.1, we see that u; € WZ_’I""(Q) and inequality (2.8)
holds. Hence, we can use the embedding W7 (Q) < C(Q) to get
litelloo < Colluellwarm < CoConlluaell?”

for some constant Cy = Cy(Q2) > 0. Since ||ug|| — ||ull, it follows from (2.9) that there
exists ky € N such that

" (-g)
llurlloo < CoC27 ('L—l) for all k > k.
a

A simple inspection of the proof of Theorem 1.1 shows that the constant Cp= Am(y, a)
is directly proportional to both zz and @~!. Thus, if @ > 0 is fixed (item (i)), the L-norm
of the function u; becomes small if y is close to zero. On the other hand, if u > 0 is
fixed (item (ii)), the same occurs if @ > 0 is large. In both cases, the approximated
solutions are weak solutions of (P). m]

3. The case f(x,s) = o(|s|)

In this section, we prove Theorem 1.3. The ideas are analogous to those used in the
previous section. We only need to adapt the auxiliary results.

Lemma 3.1. Suppose that f satisfies (]71). Then, for any given 0 > 0, there exist
0<&é<6/2 and g € CQXR,R), odd in the second variable, such that (g1) (see
Lemma 2.1) holds. Moreover, if G(x, s) := fos g(x, 1) dt, then, for any (x,s) € Q X R:

(&) 8(x, )5 = (g + DG(x, ) < bIs;
(82) |G(x, 5)| < 36Is; and
(85) lg(x, )| < Olsl.

Proor. It follows from (?1) that, for any given 0 < & < 6/14, there exists 0 < & < /2
such that

max{|F(x, s), |f(x, s)s|} < els>  forall (x,5) € Q% [-2¢,2¢€].

The argument now is analogous to that presented in the proof of Lemma 2.1. We omit
the details. O

As in the previous section, for any 6 > 0, we consider the function g given by the
above lemma and define Jy : H — R by setting

Jo(u) = %nunﬂgnuu“—qﬁ f A — f Gx, ).

In the next result, we denote by A; > 0 the first eigenvalue of (-A, W(;’Z(Q)).
Lemma 3.2. Suppose that the functions a and f satisfy (a;) and (ﬁ), respectively. If

(I - glad

0<6<
2u

(3.1)

then Jo(u) = Jy(uw)u = 0 if and only if u = 0.
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Proor. If Jg(u) = Jy(u)u = 0, it follows from (2.3), (g3) and Poincaré’s inequality that

a(l

_ ) 9
PP <p | (geowu— g+ DGxw) <pd | uf < E .

2 Q /ll
The result follows from (3.1). O

Lemma 3.3. For any 6 > 0 satisfying (3.1), the functional Jy is coercive and satisfies
the Palais—Smale condition.

Proor. As in the proof of Lemma 2.4, 1 < a';(q + 1) < 2*. Hence we can use Holder’s
inequality and (g4) to obtain

@ o B 1 +1 2
Ja(u)ZEIIMII +ZIIMII ——Ilalla,,llullﬁ’ﬂ(qﬂ)——Ilullz
a (1 Jad
> Sl + 5 B ——|| ally, | ||§*§q+l)—#n ull3
(1 +q)cv ﬁ

4 1
— lull* + |Iu|| = Cllull*,

for some constant C > 0. It is sufficient now to argue as in the proof of Lemma 2.4. O

The proof of our last result is now straightforward.

Proor or TueorEM 1.3. The proof is a consequence of the above lemmas and the same
argument used in the proofs of Theorems 1.1 and 1.2. o
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