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DISCRETE QUADRATIC ESTIMATES AND
HOLOMORPHIC FUNCTIONAL CALCULI IN BANACH SPACES

EpwiN FRANKS AND ALAN MCINTOSH

We develop a discrete version of the weak quadratic estimates for operators of type w
explained by Cowling, Doust, McIntosh and Yagi, and show that analogous theorems
hold. The method is direct and can be generalised to the case of finding necessary
and sufficient conditions for an operator T to have a bounded functional calculus
on a domain which touches o(T) nontangentially at several points. For operators
on LP, 1 < p < oo, it follows that T has a bounded functional calculus if and only
if T satisfies discrete quadratic estimates. Using this, one easily obtains Albrecht’s
extension to a joint functional calculus for several commuting operators. In Hilbert
space the methods show that an operator with a bounded functional calculus has a
uniformly bounded matricial functional calculus.

The basic idea is to take a dyadic decomposition of the boundary of a sector S,.
Then on the k" interval consider an orthonormal sequence of polynomials Y }]9‘;1.
For h € H®(S,), estimates for the uniform norm of » on a smaller sector S, are
obtained from the coefficients ax ; = (h,ex ;). These estimates are then used to prove
the theorems.

1. INTRODUCTION

Given a closed densely defined operator T acting on a complex Banach space X, and a
function f which is bounded and holomorphic on an open neighbourhood of the spectrum
o(T) of T, the Riesz—Dunford functional calculus allows one to define a bounded operator
f(T). Bounds for many interesting functions of an operator may be obtained in this
fashion. However, some functions, such as the imaginary powers and rational functions
of the square root, may fail to be bounded and holomorphic on an open neighbourhood
of the spectrum of T. Good methods for defining f(7') exist whenever f is bounded
and holomorphic on an open set §2 such that the closure  contains o(T’), the boundary
09 touches o(T') at finitely many points nontangentially, and T has no point spectrum
contained in this intersection, and has resolvent bounds near it. See [13, 2] for the case
when T is type w and € is a sector.
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In general f(T) may be an unbounded operator [12]. If the norm of f(T') is com-
parable to the supremum of f, then we say that T admits a bounded H*°(2) functional
calculus. Investigation of a necessary and sufficient condition for T to admit a bounded
H>(2) functional calculus, namely that T satisfies quadratic estimates, was begun by
the second author in [13]. Subsequent investigations of quadratic estimates and related
generalisations include (2, 5, 7, 9].

Of particular interest for this work is the paper {6] where among the many results,
Cowling et al. show that weak quadratic estimates are equivalent to the boundedness of
the holomorphic functional calculus for operators in a Banach space X. They restrict
their attention to operators T' with spectrum contained in the closure S, of an open
sector S, (defined below), and consider the question of whether T' admits a bounded
H>(S,) functional calculus for some p > w. Since S, contains S, and 8S, touches S,,
nontangentially at 0 and oo this question fits into the framework described above. The
methods used in [6] to prove this result are quite technical, and their use of the Mellin
transform would be less natural in more general settings. Specifically, they require some
Fourier analysis to pass between continuous and discrete versions of the weak quadratic
estimates. We avoid the use of Fourier analysis by directly formulating the problem in
discrete terms. This gives simplified proofs of some of the results in [6] and allows an
immediate extension to the more general situation outlined above.

Our techniques also generalise to several variables. For commuting operators on
L?, 1 < p < oo, which individually admit a joint functional calculus, one easily obtains
Albrecht’s extension to a joint functional calculus for several commuting operators. Uni-
form bounds on matricial functional calculi for operators in Hilbert space are shown, and
used to prove similarity results.

Recently, Lancien, Lancien and Le Merdy have used this work to prove results about
the boundedness of joint functional calculi on various types of Banach spaces, with ap-
plications to maximal regularity [10, 11].

We now give a brief outline of the paper. In Section 2 we attend to definitions and
recall some required results in operator theory. In Section 3 we construct a sequence of
functions {®p ;} € H*(S,) which spans H*(S,) and has the property that, if 4 < v,
then any linear combination of the ®,, 4 ;’s with bounded coefficients is in H*(S,). In
Section 4 we use the ®,, x ;’s with an operator argument to provide some discrete quadratic
estimates which an operator must satisfy in order to have a bounded H*(S,) functional
calculus. These discrete quadratic estimates easily generalise in LP, 1 < p < o0, to the
case of several commuting operators, and so provide a rather direct proof of the existence
of a bounded joint functional calculus [1, 3]. Section 5 extends the results of Sections
3 and 4 to more complicated domains. In Section 6 we use the results of Section 5 to
show that on Hilbert spaces, the operators considered in Section 5 possess uniformly
bounded matricial functional calculi, and apply this fact to a special case of the so-called
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“polynomially bounded” question of Halmos.

2. PRELIMINARIES

Let us start with the case when the spectrum of T is contained in a sector. The
more general case is treated in Section 5. Accordingly, for 0 < v < 7, let S, denote the
open sector of angle v. That is, S, = {z € C : |argz| < v}. Let H®(S,) denote the
algebra of bounded holomorphic functions on S,, with norm

lIAlleo = sup |h(z)|
2€S,

Throughout, X denotes a complex Banach space. By an operator in X we mean a
linear mapping T : D(T) — X, where the domain D(T) of T is a linear subspace of X.
The norm || - || of T is the (possibly infinite) number

I T ll= sup{||T'(w)| : w € D(T), || w |=1}.

We say that T is bounded if ||T|| < oo, and write T' € L(X) when T is bounded and
D(T) = X. We call T closed if its graph {(u,Tu) : u € D(T)} is a closed subspace of
X x X. The spectrum and resolvent set of T are denoted by o(T') and p(T') respectively.
The former set is the complement of the latter, which is the set of all complex A for
which there exists a bounded operator, called the resolvent and denoted (A — T)~1, such
that (A — T)(A — T)™! is the identity operator I, and (A — T)~Y(AI — T) is the identity
operator on D(T").

DEFINITION 2.1. An operator T acting on X is said to be of type w, where
0 <w <, ifT is closed, o(T) is contained in the closure of S, and for each y in (w, 7),

(T —2I)7Y|| < clz|™, z€C\S,.

An operator T of type w always possesses an H* functional calculus {13, 2, 6, 4].
That is, for 41 > w there exists a unique algebra homomorphism from H*(S,) into the
space of closed operators on X" which takes (A~z)~! to (A\~T')~!. However, it may happen
that ||R(T)|| = oo, for some h € H*(S,) with ||hllo = 1 [12]. Of course if h € H®(S,)
and h is integrable with respect to |dz|/|z| on the boundary of S,, 3S,, then h(T) is
bounded since it can be represented by a contour integral which converges absolutely in
the operator norm. In order to show that the conditions we derive guarantee a bounded
functional calculus, we need the Convergence Lemma for approximate operators [13, 2].

LEMMA 2.2. (Convergence Lemma) Suppose T is a one-to-one operator of type
w with dense domain and dense range in X, and that p > w. Let {f,} be a uniformly
bounded net of functions in H*(S,) which converges to a function f in H*(S,), uni-
formly on compact subsets of S,,. Suppose further that the operators f,(T') are uniformly
bounded on X. Then fo(T)u converges to f(T)u for all v in X, and consequently f(T)
is a bounded linear operator on X, and ||f(T)|| < sup || fo(T)||-
a
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3. FUNCTION THEORY ON A SECTOR

In this section we develop the relevant function theory. Fix 7 > v > p > 0. We wish
to take a dyadic decomposition of the boundary of a sector between S, and S, in such a
way that the length of each dyadic piece is less than the distance from its centre to the
boundary of both S, and S,,. Accordingly let 8 = (v + u)/2, and choose p > 1 so that

| 1 . /v—pu
- it i8 ==
p—-1< 2dlst(e ySy) 2sm( 5 )

Define a dyadic decomposition of the boundary 85 of Sz by setting for k € Z,
L= {re?: p* <r<p*'}, and Ly = {re™?:pf <r < p*'}.
We refer to the centres of the dyadic pieces as
Z1f = %(p" +p5e® and 2y = %(p" + p*)e 8,

For m = 1,2, let {em0;}32, be an orthonormal basis of polynomials of L?(Ipn o,
|dz|/|z|) obtained from the orthonormalisation of the sequence {2}%2,. Thus each ep g ;
is a polynomial of degree j which satisfies

(1) / w‘e,,.,o,j(w)M =0forall £ < j.
Im,0 |w

For z € I x and k € Z set

em,o,j(ZP—k) 2 € Iny

€m.k (Z) =
i 0 otherwise.

Note that {emk,;}32o is an orthonormal basis of polynomials of L?(In, [dz|/[2[), and
that together the e, ,’s form an orthonormal basis for L2(8Sg, |dz|/|z).
For z on the boundary of S and ( in its interior, define the kernel K by

212¢12

2 K(z,() = ——

) (=0="25
and observe from Cauchy’s theorem that, for h € H*(Ss),
1 dz
(3) h(¢) = o1 Jos, h(2)K (2, () —.

For each ep ; define the holomorphic function ®,, 4 ; on Sg by

(@ Pntsl€) = 5 | emps @K O
8
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Straightforward calculations show that for ¢ € Sy, then |®,,;;(¢)| < c(v — p)~*. It is
also interesting to note that ®p, 4 ;(¢) = ®mo,(Cp7*).

The following proposition shows how functions in H*(Sg) can be decomposed into
sums of the ®,, x ;'s. We note however that, although we provide a method for achieving
such a decomposition, it is not unique.

ProOPOSITION 3.1. Ifh € H™(Sg), then, as an element of H*(S,),

=D Ok iPmki(),
m,k,j
where
—|dz
(5) O k,j = / h(z)em,,w-(z)ll7|l
Im,k
satisfies

(6) lom k.51 < V1og(p) ||l

PROOF: First note that

2|dz
sup sl <509 3l = [ @ < ooz,

m,k,j mk S,k

Further, for fixed ( € S,, K € L'(8S;, |dz|/|z]), hence (3) and (4) give

dz
B "h_r’nook;nmg Imk C).Z_
=nl—i-*moo Z Z/ Za"‘kuemk] (Z,C)%
k=—nm=1"1mk j
= nli—rvnoo Z Z am,k,jq)m,k,j(C)
k=-n m,j

Thus the proposition will follow if the sequence {®mx,;(¢)} has sufficient decay, a
fact proven in the following lemma. 0

LEMMA 3.2. If¢ € S, and n is chosen so that p* < |(] < p™!, then
|®mki(C)| < cp k2279,

so that forp > 0

sup > |8mri(QF <

“ka

where ¢ depends only on p.
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ProoF: Fix { € S, and choose n so that p* < [¢] < p™*'. Let B, denote the ball
of radius (p¥*! — p*) centred at 2,,4. Observe that By« does not intersect S, or 4S,.
Using the first observation and (2) one sees that

sup |K(z,¢)| < cpmtleml,
ZEBpm

Let
oo .
>t (G55
mkI\ Dk _ gk
o T
be the normalised power series expansion of K(z,({) on By, so that

> 1/2 : Idz| 1/2
12 _ 2 _k-n]/2
{]§=0:|bm,k,1| =1 /6 5 KO s Sy} <ot

Note that I, is contained in a ball of half the radius of By, . Thus for 2 € I, and
NeZ

o] .
Z = Zmk \’ —lk—n|/20—N
5 s ()| < ety
ok, 1 _
e
Finally, from (1), emk,; is orthogonal to (z — 2, x)* for s < j, thus

1 d
BrislO1= |57 [ emes@K (0%
8

1 > Z—Zmk \°
< — ‘ L Amk
o I, |emk(2)] ;j‘bm,k,s (pk+1 - pk)

< cp—l/ﬁlk—ﬂ|2—j_

ldz|
Ed

O
We require two more sequences obtained from the ®,,x ;’s. Let
Am e (C) 0 5(C) = Pmoe(C)
be the inner-outer factorisation of ®m,; on Sy, with Apmy,; the inner factor and 92, .

the outer factor. Set

E’m,k,j(() = Ak (€)Y k,5(C)-

This gives a factorisation @, k,; = Uik ;j¥mk,; with the property that, for ¢ € 85,

|€m k(O] = [Tmp s ()] = |@rmes ()|
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and hence, for p > 0,

(7) sup Z |q>m k,J <e¢

CeS“mlc:]

We remark that any other factorisation with this property would suffice.

4. OPERATOR THEORY

Let A be an operator of type w acting on a complex Banach space X'. Let ®.,4;
be defined as in Section 3. We present the equivalence of A having a bounded functional
calculus with A satisfying discrete weak quadratic estimates.

We say that A has a bounded H®(Sy) functional calculus if h(A) € L(X) for all
h € H®(Sg) with

(Fo) D] < ellhlleo -
We say that A satisfies discrete weak quadratic estimates (W) if

W) 3 (@i (A)u, 0| < clullloll, we X, vexr.

m,k,j

By analogy with Theorems 4.2 and 4.4 of [6] one has the following theorem.

THEOREM 4.1. Let A be an operator of type w acting on a complex Banach
space X which is one-to-one and has dense domain and dense range. If A satisfies (W)
then A satisfies (), and conversely if A satisfies (F,) then A satisfies (W).

PRrROOF: Let h € H*®(Sp) and decompose h as in Proposition 3.1,
=D mp®Pmps(C),

mk,j

where the amg ;’s are as in (5). Observe that if (W) holds then using (6) one sees that
for all u € X, and v € A",

(A4, )| = | 3 (amts@mns(A), )< clibllollulloll
m,k,j

hence A satisfies (Fp).
Conversely, suppose A satisfies (F,). For u,v fixed, choose unimodular constants
ki SO that

D |(@mps( A, )] = (3 bk B (Ao ).

mk,j mk,j
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Now the hypothesis, Lemma 3.2, and the Convergence Lemma show that the above is
bounded by

csup| 3 b ;B (O lullel] < cllullfol
(ES“ka

Thus (W) holds. 0

We now show the equivalence of discrete weak quadratic estimates with discrete
quadratic estimates when X = L?”.

Let T be an operator of type w acting on L?(2), 1 < p < oo, where (2,dz) is a
o-finite measure space. Let ¢ be the conjugate exponent to p and let T* be the adjoint
of T with respect to the bilinear pairing between LP(2) and L9(Q). Let W, 4 ; and Uy s ;
be defined as in Section 3. Let f € LP(Q)) and g € L(Q)). Consider the following discrete
quadratic estimates which 7" might satisfy.

($) “{g_lwm,k,,-(:r)f(-)lz}l |, <ellslh
(5%) H{;JI\PMJT‘ AP, < clgle
() ||{gl;f”wm,k,jw)f(-)|2}”2Hp < el
(5 ||{él?‘f”@m.k,j(r)g(o|“’}‘”Hq < cllgll

Clearly (8) and (S*) imply (S) and (S*) respectively. Moreover if X = LP(Q) and
(S) and (S*) hold, then (W) holds for A=T.
THEOREM 4.2. Let T be an operator of type w acting on IP(Q), 1 < p < oo,
which is one-to-one and has dense domain and dense range, then;
(i) IfT satisfies (F,) then (S) and (S*) hold.
(ii) If (S) and (S8*) hold then T satisfies (Fg).
(iii) If (S) and (S*) hold then T satisfies (F.,).
PROOF: To see (i), apply the randomisation lemma as in [6] (or in the proof of
Theorem 4.3) to the sum in (S) to obtain

H{:L;_I\I/m’k’j(T)f(')[z}I/ZH c sup ”(Z amk,; mk,J ))f“p

llallo=1

Therefore (S) follows from the hypothesis and (7).
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(4%) Let h € H*(Sp) and again decompose h as in Proposition 3.1. Hence

(MT)f,9) = Z (0mki®mii(T)f,9)

mk,J

= Z (am,k,j Won kg () f, CI}m,k,j (T*)g)

m,k,j

= / Z amk,j Ymki(T)f(z) \‘Ivlm,k‘j(T‘)g(z‘) dz

Qm,k,j
and so
1/2”
q

(D1,9)] < e[ { S 1 mrs 7O} | [{ S [EmassO )
m,k,j m,k.j

Thus T satisfies (Fp) since (S) and (S*) show that the last line of the above is bounded
by cllAllooll fllollglle-

To see (ii2) note that if h € H*(S,) then by considering the power series of ~ on
By, x as defined in the proof of Lemma 3.2 and arguing similarly one can show that

- _ldz »
amsg = [ o 12 < el
Im.k |Z|
A calculation similar to the one used to prove (i7) shows that T satisfies (F,). 0

We now treat the case of several commuting operators on LP(2), 1 < p < oo.
Let T = (Ty,T2,...,Ty) be a d-tuple of commuting operators with T; of type w; and
possessing a bounded H*(S,,) functional calculus for some y; > w;. Choose §; > w;,
and set (8) = (81,02,...,04), Sy = Sp, X S, X ... Sp,, and let H*(S4) denote the
space of bounded holomorphic functions on Sig. In [1] Albrecht proved with a careful
application of the Rademacher inequalities that 7 has a bounded H*(Ss)) functional
calculus, that is for h(2) = h(z1, 2o,. .., 24) € H*(S(g))

|A(T)|| = |M(T1, T2, .. ., Ta)|| < cllPlloo-

See also [3]. We present an alternative proof of Albrecht’s theorem using discrete
quadratic estimates.

Let (m, k, j) be a multi-index (my,...,my,k1,... kg, J1,---,Ja) withm; = 1,2, k; €
Z,and j; = 0,1,2,.... Construct functions em, x, 5,y Pm, k151> Y,y k151> and \imlykl)jl as
in Section 3. For ¢ in Sg) set

q’(m,k,j)(() = (I)ml,kl,jl (Cl)q)mz,kz,jz (CZ) ce (I)md,kd,jd(Cd)'

\i(m,k ) Yimk.j) and e(m,j) are defined similarly. Let

J(m,k) = Imy by X Irm.kz X oo X Iy kg

https://doi.org/10.1017/5000497270003224X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270003224X

280 E. Franks and A. McIntosh [10]

Every element h € H*°(S(3)) has a decomposition as a sum of the ®(m xj)’s. In fact
for ¢ € S, one has,

h(¢) = Z Q(m k,5) P(m k.5) (€),

(m,k.j)
where
——— |dz| [dzs|  |dz4|
Ak =/ e (@) ., \dad]
(m,k.5) oty (m.k,5) 21| |22l |24
As before,
2|d21| IdZQI |dZd|
SUp |Q(mk )| & sup Om k = sup/ h(z)
(mk ,;)| el < (m k)%l ol = (m.k) J(,,,.:,l | |lz1] |2 |24]
< cllhll

With everything defined as above we have the following theorem.

THEOREM 4.3. (Albrecht) Forl € i< dfix0 < wi << fBi<n IfT =
(Ty, T3, . ..,Tq) is a d-tuple of commuting operators, with T; of type w; and possessing
a bounded H*(S,,) functional calculus, then T has a bounded H*(S()) functional
calculus.

PRrOOF: As in the proof of Theorem 4.1

)] < { 3 Wenea 0P} 2 Fenamael} ]

(m.k.5)

q

Define the product of Rademacher functions on [0, 1]®% by setting

T‘(m‘k,j)(t) =Tm, (tl) < Tmy (td)""k,(td+1) cThy (tgd)rjl (t2d+1) e Thg (t3d),

where each of the r’s is the Rademacher function corresponding to its subscript. Letting
dt = dt,dt, . .. dtsg one has, using the inequalities for Rademacher functions [16], that

® ”{(gj)l‘l’(mxd)(T)f (-)|2}1/2
=/(/ ‘ Y Tk (O¥mp)(T)f (2 )I ) "

©NCD 1k )

S¢ 7m k) () ¥ (m ) (T dzd.
/[01]( )/l > Tk O ¥me )f(z)l T

(mk.j)

P
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Fori=1,2,...,d and t € [0,1]®9, set
Fi(tw C) = Z Tm; (ti)’rki (td+i)rji (t2d+i)‘1’mi,ki,ji (C)
mk,j
Now T; has a bounded H*(S,,;) functional calculus hence, by Lemma 3.2,
Sl:p”F,'(t, T)“ < Sl:p sup lZ Tm; (ti)rki(td'*‘i)rji(t2d+i)q,mi,khji(<) <ec
(#3) 'm k5

It follows that (8) is bounded by
P
sup| (A6 T (Bt To) (- (Futt T 1)) | < el

Using this, together with an analogous calculation with T, we have

|a(1)£,9)| < ell Flblglles

so that T has a bounded H*(Ss)) functional calculus. a

REMARK. Subsequent to the first draft of the current work, Lancien, Lancien and Le
Merdy have shown how to use our discrete weak quadratic estimates to prove the bound-
edness of joint functional calculi in various classes of Banach spaces {10, 11].

5. SEVERAL POINTS OF CONTACT.

In Sections 3 and 4 we developed some necessary and sufficient conditions for an
operator to have a bounded H* functional calculus on an open set whose boundary
touches its spectrum nontangentially at the two points 0 and co. In this section we
generalise these arguments to the case of several points of contact. We begin as before
with the function theory.

Let A be a compact subset of C. We consider three bounded open sets, O; C O, C
O3, with connected closures which contain A, and whose piecewise smooth boundaries
touch A nontangentially at finitely many points Z = {z), 22,.. ., zy}. We further require
that the boundaries are piecewise linear in a neighbourhood Z, meet each other nontan-
gentially at Z, and that O, is the interior of its closure. The nontangentiality gives that
for w, € 80,,n=1,2,3, and n # j,

(9) dist(wn, A) = lsl?st dist(wy, 2;), and dist(w,, 80;) = lsl?st dist(wy, z).

Construct a reproducing kernel analogous to K for O, by choosing for 1 < i Na
biholomorphic mapping ¢; of a neighbourhood of the closure of O3 which maps O3 to a
bounded domain contained in the right half plane and takes z; to 0. Set

N 1/2
(1T w0)ei(2)) i
’C(Z, C) = =1 (Z _ C) ) —1\7—
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The differentiability of the ¢;’s show that for ( € Oy,

/ kG0l < / X

Therefore K(-,() is bounded in L'(80,,|dA|) uniformly for ¢ € O,. Let h € H®(0,),
and observe from Cauchy’s theorem that for ¢ € O,,

h(Q) = 5 /a h(2)K(z, ).

02

1/2

N
-0 -2

~ ldz| € c.
IZ—CIHIIZi—Zl
1=

We now construct a decomposition of 80,;. Let [y be the union of all the closed
curves in O, which do not intersect Z. Choose subarcs {7y }52, of I so that

~ ~ 1..
ok =sup{ly — 9l : ¥, ¥ €Yo} < gdlst('yo,k, 00, U 80%).

Decompose the remainder of the boundary into curves I'y,, 1 £ m < N, which intersect Z
at one of their end points. Let ym o and ym o denote the end points of I',, with ¢, 00 € Z.
Choose points Ym,1, Ym,2, - - - along I'y, so that the subarcs {vm i}, which connect y,, «
to Ymk+1 partition Iy, and satisfy

~ ~ 1.
Smk =sup{|ly — 7 : ¥, ¥ € Ymp} = gdlst('ym,k,aol U 803).

Since the boundaries of the O;’s are piecewise linear in a neighbourhood of the z;’s
and meet each other nontangentially at the z;'s, it follows that 4, eventually tends
exponentially to 0 as & — co. Equivalently, {ym«} eventually tends exponentially to
Ym,co- Hence there exists a positive ‘integer k,, and a constant p,, > 1 such that, for

k> kn,
(10) Yk — Yool = cpplEHm).

If k¥ < k,p, then the fact that the y;’s are biholomorphic shows that

N 1/2
sup [K(z, Q)] [ wilOei(2)|
Z2€%Ym, k i=1

N 1/2
~ [T - Otz - 2)|
i=1
~ inf -2 1/2.
(11) odnf I¢ -4l
Let ¢ € O,, and choose 1, so that
(12) Pl 7km) ¢ = Yool < pRlTm R,
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From (10) and (12) one has, for &£ > &y, and z € Y4,

N

l;[l(zi ~ )z — 2)
Z = ym,OOI + IC - ym,oo|
1/2

|1/2

|’C(Za<)| =~ |

(p'—n(k—kM)p;l("m_km)
(13) ~

inf — |2
prlEEm) L o (rm=km) (it e0) €=l

s p-ml/2 gt — 2|2,
Pm (2i#Ym,o0) IC 1|

Let {em#,;}52 be an orthonormal basis of polynomials of L?(Ym, |[dA]) obtained
from the orthonormalisation of the sequence {2z’ }%2o- As before, each en x; is a polyno-
mial of degree j which satisfies

/ Zempj(2)|dA =0 forall £ < j.
TYm,k
For each epk ; define the holomorphic function @, ; on Oz by the formula

1

P k,i(C) = i

/ emk,;(2)K (2, ¢)dA.
80,

For ( € Oy and ry, as in (12), the estimates in (11) and (13) show, using the same
methods used in Lemma 3.2, that

2-7 3 — 2|12 ifk <
c (lsl?SfN)K | if k € kn,

(14) |@mk,i ()] <

cpr* 2273 inf (- &2 if k> k.
(2i#Ym,c0)

Note that (14) implies that, if h € H®(O,), then, as an element of H*(O;), we may de-
compose h as a sum of the ®,, x ;'s. In fact, we have the following analogue of Proposition
3.1.

PropPosITION 5.1. Ifh € H®(O,) then as an element of H*(O,)

h(¢) = Z Ok, P g (€

m,k.j

where
Qi =/ h(2)emx,i(2)|dAl.
Tm k

As in Section 3 we need to factor the @, ;’s. However, as O; may not be simply
connected, inner-outer factorisation may be unavailable. The following lemma guarantees
the necessary factorisation.
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LEMMA 5.2. For {®n;} as above, there exist sequences of functions {¥,, ;}
and {Upmk,;} in H®(O,), such that for ( € O, and ry, as in (12),

‘I’m,k,j(C)“f’m,kJ(C) = ®ni,i(¢), and

c279/2 inf |¢ — |V ifk<k
(1€igN)

@ (O], [T (O)] <

com® A= inf ¢ — |V ifk > k.
(zi#¥Ym,—o0)

PROOF: Let ¢, be the previously selected mapping which takes y,; 0 to zero. Set

1/4 ]
2 ’/2([1 (O)iums)) if k <k

Y (€)= / (H 0i(Q)ei( ymk))
—i/2 i=1 -
i Omp(Ym k)2 — Pma ()12 ik > km,
and set
(15) Tpnoi(€) = (Tmps(©)) ™ P (€)-

The fact that the ¢;’s are biholomorphic shows that, for k¥ < &k,

[Trmes(Q m 2797 inf 1€ =l

Fix ¢ € Oy, let 7y, be as in (12). From (9) and (10) one has that, for & > k,,

1/4
TG~ (e = )|

Ui i(Q)] = 2792 —=2
| m,kJ( )I = Iym,k _ ym,ooll/"’ + IC _ ym‘m|1/2

—(k‘kM)p—('m —km) 1/4

Pm
-i/2 ( - '
= c2 prlbkml2 4 plrm—km)/2 (z.;éxrflnfm 6=

> cz—j/2p;l|k—rm|/2 inf IC _ zi|1/4-
(zi?éym,uo)

Further estimates show that, for k > k.,

[Fmig (] 2772 imf ¢ = 2!/ gl

Thus by (15) the lemma holds. 0

We are now ready to consider the operator theory. Let A be an operator acting on a
complex Banach space X and T be an operator acting on LP(2), 1 < p < oo, with o(A)
and o(T) contained in A. We also assume that for z outside Aand 1 i< N

(16) Itz = )7 Iz = T)7!|| < e(dist(z, 4)) ™", and
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(17) z;I — A and zI — T are one-to-one closed operators

with dense domain and dense range.

As before, let u € X, v € X*, f € LP(), and g € L(2), and consider the following
conditions that A and T might satisfy.

W) 5 |(@rmes ()| < clullo

(8) H{myzjlwm,k\,-(T>f(~)|2}”2Hp < ellfl
(5) H{g@m,w(:r')g(-)lz}mll < clglle
(s) “{i;_,, (gL} <l
© 5 7o) <ot

An operator L has a bounded H*(0O) functional calculus if L satisfies,
(Fo) - ||R@D)]|  cllhlleo  for all b € HX(O).

The function theory developed in this section allows one to prove the following
theorems, using virtually the same proofs as Theorem 4.1 and 4.2.

THEOREM 5.3. Let A be an operator acting on a complex Banach space X
which satisfies (16) and (17). If A satisfies (W) then A satisfies (Fp,), and conversely if
A satisfies Fop, then A satisfies (W).

THEOREM 5.4. LetT be an operator acting on LP(Q2), 1 < p < oo, which satisfies
(16) and (17), then;

(1) IfT satisfies (Fo,) then (S) and (S*) hold.
(ii) If (S) and (S*) hold then T satisfies (Fo,).
(iii) If (S) and (S*) hold then T satisfies (Fo,).

Also, using essentially the same proof as Theorem 4.3, one can show that several
commuting operators acting on L?, 1 < p < 0o, which individually satisfy (Fp,) admit a
joint functional calculus.

More can be said for operators on Hilbert space. In [13] the second author showed
that if T is an operator of type w acting on a Hilbert space with a bounded H*(S,)
functional calculus for some v > w, then T has a bounded H*(S,) functional calculus
for every 1 > w. An analogous fact holds in this setting. Let O be any open set whose
closure contains A and whose boundary touches A nontangentially at z;, 29, ..., zy. With
everything defined as above we have the following theorem.
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THEOREM 5.5. LetT be an operator acting on a complex Hilbert space H which
satisfies (16) and (17). If T has a bounded H®((©,) functional calculus, then T has a
bounded H>*(O) functional calculus.

Proor: To show that T has a bounded H*(0O) functional calculus, it suffices to
consider T restricted to the closed separable invariant subspaces generated by a vector
v and the functional calculus of 7', namely, the closures of subspaces of the form #, =
{r(T)y : h € H*(O)}. Thus, since any separable Hilbert space is unitarily equivalent
to L?(Q2), we may assume without loss of generality that % = L?(2). We also assume
without loss of generality that @ C O, and has a piecewise smooth boundary. Since T has
a bounded H*®(O,) functional calculus, Proposition 5.1 and the constructions preceding
it allow one to decompose the identity operator I as follows

I=Y Omro(T).

mk

We need a somewhat different factorisation of the ®,,0’s, and accordingly, we let
©mg be the previously selected mapping which takes ym o to zero, and set

N 1/8
( Il ‘pi(O‘Pi(ym,k)) if k < km,

Omi(C) = (Iljl ‘Pi(C)wi(ym"‘)) "
Pmp (ym,k)l/4 — Pmp (C)l/4

if k > k, and

-1

Am,k(() = (em,k(C)) ‘I’m,k,O(C)-

Estimating in the same manner as in the proof of Lemma 5.2 gives

. _ . 1/8 . <
(1é?sfzv) ¢ = 2 if k < kpn,
(18) 1Om i (¢)] =
—|k-rm|/8 . 1/8
- inf -z if k> kp,
P (zi#Ym,00) lc 1I
so that
. L 11/8 . <
c(lsl?st) I€ - z| if k <k,
(19) [Amx(Q)] <

comt ™V inf ¢ — Y ik > k.
(zi#ym,c0)
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Let h € H®(O) and let f,g € L%($). Then
(W(T)f,) = (W(T) > nsa(D)S 9)

< Supllh(T Ok (D) 2l Am (DA Zm ()|

m,k

< sup[[aensm (| S A0/ ) "
/lemko (@) dz) "

Using the randomisation lemma, (18), (19) and the fact that 7" has a bounded
H*(0,) functional calculus, one sees that the above is bounded by

c sup |A(T)YOm i (T) |11 £ 11 4ll-

m)

Further by (18) one has,

amensm) << [ |22 < copino

Thus T has a bounded H*(Q) functional calculus. I
We close this section with the remark that the kernel X(z,() could be replaced by

any other kernel which reproduces the value of holomorphic functions on O, and is in
LY(80,,|dA|) uniformly for ¢ € Oy.

6. MATRICIAL FUNCTIONAL CALCULUS ON HILBERT SPACE.

Let T be an operator acting on a complex Hilbert space H with ¢(T') contained in
A, which satisfies (16) and (17). Using the results and objects defined in Section 5 we
consider holomorphic matrix-valued functions of T. We show that if T has a bounded
H®(0,) functional calculus then T has a bounded H*(Oj3;C"*") functional calculus,
with bounds independent of the dimension n (see also {14] and [8]).

First we note that if [f,,] € H®(O3; C**") then, as an element of H*(O;; C™*"),
one has the following decomposition:

(20) (£ Q) = Y @i (Ol ),

m,k.j

where the matrix o], .] is given by the formula

m,k,j

(05 = [ emes(fralan,

m.k
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and hence

o illleo < elllfrsllles

Let (H)™ denote the space of n-tuples of vectors in H. For u € (H)™ set

n 2\ /2
lullzz = e(3 lluel?)
=1

With this definition we have the following theorem.

THEOREM 6.1. LetT be an operator acting on a complex Hilbert space H which
satisfies (16) and (17). Suppose T has a bounded H*(Q©;) functional calculus. Then for
n=12,..., [frs(2)] € H®(O3;C™"), and u,v € (L?)™

(DN, 0)| < e[ el Mullazlolzz

where ¢ does not depend on n.

PROOF: As in the proof of Theorem 5.5 we assume without loss of generality that
H = L*Q). Fix (fs(z)] € H®(O3;C™") with ||[f,,]||°o =1, and u,v € (L?)™. Let
{-,-) denote the bilinear pairing between (L?)™ and itself, and (-, -)¢» denote the bilinear
pairing between C" and itself. Decompose {f, ;] as in (20) so that

’({f”(T]u v)‘ Zl(émk,, [amk]]u,v>‘

zr«vmm [aw]u,amm>|

m,k,j

mk,]

Now, the Cauchy—~Schwarz inequality and Lemma 5.2 show that the above is

<o [ 3 (S lnss@utal’)” (ZI s @) "

mkj £€=1

<< et )‘”n)‘”<z||<z|wwmv, 0"

m,k,j

< cllullzz2livllz,e-

Hence T has a uniformly bounded matricial functional calculus. 1]

We now discuss an interesting special case of Theorem 6.1. Let D denote the
open unit disk in C, and let T be an operator acting on a Hilbert space which has a
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bounded H*(D) functional calculus. We also suppose that there exists finitely many
points 2y, 2, . . . , 2, contained in 0D such that for z outside D,

(21) lz—T)7Y| < cm}p|(z - z,-)‘ll.

It follows that there exists a closed set A contained in the closure of I which touches
the boundary of the D nontangentially at 2, 2,,...,2, and for which (21) holds with
a possibly larger constant. If 7 < 1, then Theorems 5.3 and 6.1 show that 7T has
a uniformly bounded matricial functional calculus on . Examination of their proofs
shows that for [f,,(z)] € H®(D;C™"),

sup|[fra D] < ell sl

In [15], Paulsen showed that this implies that T is similar to a contraction. We record the
above observation in the following theorem stated in the language usual for this problem.

THEOREM 6.2. IfT is a polynomially bounded operator for which there exists
finitely many points 21, 2a, . . ., 2, contained in D such that (21) holds, then T is similar
to a contraction.

An operator T is polynomially bounded if for every polynomial p, ||p(T)|| < sup|p(2)|-
z€D

REFERENCES

[1] D. Albrecht, Functional calculi of commuting unbounded operators, Ph.D. thesis (Monash
University, Melbourne, Australia, 1994).

(2] D. Albrecht, X.T. Duong and A. Mclntosh, ‘Operator theory and harmonic analysis’,
in Workshop on Analysis and Geometry, 1995, Part III, Proceedings of the Centre for
Mathematics and its Applications 34 (C.M.A., A.N.U., Canberra, Australia, 1996}, pp.
77-136.

(3] D. Albrecht, E. Franks and A. McIntosh, Holomorphic functional calculi and sums of
commuling operators (Macquarie University Mathematics Report, 1998).

{4] P. Auscher, A. McIntosh and A. Nahmod, ‘Holomorphic functional calculi of operators,
quadratic estimates and interpolation’, Indiana Univ. Math. J. 46 (1997), 375-403.

[5] K. Boyadzhiev and R. de Laubenfels, ‘Semigroups and resolvents of bounded variation,
imaginary powers and H* functional calculus’, Semigroup Forum 45 (1992), 372-384.

(6] M. Cowling, I. Doust, A. McIntosh and A. Yagi, ‘Banach space operators with a bounded
H®* functional calculus’, J. Austral. Math. Soc. Ser. A 60 (1996), 51-89.

(7] E. Franks, ‘Polynomially subnormal operator tuples’, J. Operator Theory 31 (1994),
219-228.

(8] E. Franks, ‘Modified Cauchy kernels and functional calculus for operators on Banach
space’, J. Austral. Math. Soc. Ser. A 63 (1997), 91-99.

[9] E. Franks, ‘A new approach to quadratic estimates, functional calculus, and similarity
for type w operators on Hilbert spaces’, (in preparation).

https://doi.org/10.1017/5000497270003224X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270003224X

290
(10]
(11]

[12]

[13]

(14]
[15]

(16]

E. Franks and A. McIntosh [20]

F. Lancien, G. Lancien and C. Le Merdy, ‘A joint functional calculus for sectorial oper-
ators with commuting resolvents’, Proc. London Math. Soc. (to appear).

G. Lancien and C. Le Merdy, ‘A generalized H*™ functional calculus for operators on
subspaces of L? and application to maximal regularity’, (preprint).

A. MclIntosh and A. Yagi, ‘Operators of type-w without a bounded H* functional cal-
culus’, in Miniconference on Operators in Analysis, Proc. Centre. Math. Analysis 24
(A.N.U., Canberra, Australia, 1989), pp. 159-172.
A. Mclntosh, ‘Operators which have an H® functional calculus’, in Miniconference on
Operator Theory and Partial Differential Equations, Proc. Centre Math. Analysis 14
(A.N.U., Canberra, Australia, 1986), pp. 210-231.

C. Le Merdy, ‘The similarity problem for bounded analytic semigroups on Hilbert space’,
Semigroup Forum 56 (1998), 205-224.

V.I. Paulsen, ‘Every completely polynomially bounded operator is similar to a contrac-
tion’, J. Funct. Anal. 55 (1984}, 1-17.

E.M. Stein, Singular Integrals and Differentiability Properties of Functions (Princeton
University Press, Princeton, New Jersey, 1970).

Department of Mathematics
Macquarie University

New South Wales 2109
Australia

e-mail: edwin@mpce.mq.edu.au

alan@mpce.mq.edu.au

https://doi.org/10.1017/5000497270003224X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270003224X

