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Abstract  One of the most fundamental problems in the study of Lagrangian submanifolds from a
Riemannian geometric point of view is the classification of Lagrangian immersions of real-space forms
into complex-space forms. In this article, we solve this problem for the most basic case; namely, we
classify Lagrangian surfaces of constant curvature in the complex Euclidean plane C2. Our main result
states that there exist 19 families of Lagrangian surfaces of constant curvature in C2. Twelve of the
19 families are obtained via Legendre curves. Conversely, Lagrangian surfaces of constant curvature in
C2 can be obtained locally from the 19 families.
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1. Introduction

A submanifold M of a Kaehler manifold M is called Lagrangian if the almost complex
structure J of M interchanges each tangent space of M with its corresponding normal
space. Lagrangian submanifolds appear naturally in the context of classical mechanics
and mathematical physics. For instance, the systems of partial differential equations of
Hamilton—Jacobi type led to the study of Lagrangian submanifolds and foliations in
the cotangent bundle. Moreover, Lagrangian submanifolds are part of a growing list of
mathematically rich special geometries that occur naturally in string theory.

For a Lagrangian submanifold with mean curvature vector H and shape operator A,
the dual 1-form of JH is the Maslov form. A Lagrangian submanifold is called Maslovian
if it has no minimal points and if its Maslov vector field JH is an eigenvector of Ap.

One of the most fundamental problems in the study of Lagrangian submanifolds from
a Riemannian geometric point of view is to classify Lagrangian immersions of real-space
forms into complex-space forms. Such a submanifold is either totally geodesic or flat
if the immersion is minimal [17,21]. For the non-minimal case, Lagrangian submani-
folds of constant curvature ¢ in complex-space forms of holomorphic sectional curvature
4¢ were determined in [19] by using the notion of twisted products. Also, Maslovian
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Lagrangian immersions of real-space forms into complex Euclidean spaces were classi-
fied in [12,16]. Moreover, Lagrangian surfaces in the complex Euclidean plane C* have
been studied recently by many geometers (see, for example, [1-6,9,12,15,22,23]). In
particular, several important families of Lagrangian surfaces of constant curvature in C2
were constructed in [3,9,15]. (For the recent survey on Lagrangian submanifolds from a
Riemannian point of view, see [10].)

In this article we classify Lagrangian surfaces of constant curvature in the complex
Euclidean plane without the Maslovian condition. Our main result states that there are
19 families of such Lagrangian surfaces. Twelve of the 19 families are constructed via
Legendre curves. Conversely, Lagrangian surfaces of constant curvature in C? are locally
obtained from these 19 families. As an immediate byproduct, many new examples of
Lagrangian surfaces of constant curvature in C? are discovered.

2. Preliminaries

Let M be a Lagrangian submanifold in the complex Euclidean n-space C™. We denote
the Levi-Civita connections of M and C™ by V and V, respectively. The formulae of
Gauss and Weingarten are given, respectively, by (see [7])

(2.1)

VxY = VxY +h(X,Y),
Vx&=—A:X + Dx¢,

for tangent vector fields X and Y and normal vector field &, where D is the connection
on the normal bundle. The second fundamental form A is related to the shape operator
A by (M(X,Y),£) = (A X,Y). The mean curvature vector H of M is defined by H =
(1/n) Tr h, where n = dim M. A point p € M is called minimal if H vanishes at p.

For vector fields X, Y, Z and W tangent to the Lagrangian submanifold, we have

(see [17])
DxJY = JVxY, (2.2)
(h(X,Y),JZ) = (h(Y.Z),]X) = (MZ.X), ]Y). '
The equations of Gauss and Codazzi are given, respectively, by
(R(X,Y)Z,W) = (Any, 0y X, W) — (Anx. )Y, W), (2.3)
(Vh)(X,Y,Z) = (Vh)(Y, X, Z),
where R is the curvature tensor and Vh is defined by
(Vh)(X,Y,Z) = Dxh(Y, Z) — h(VxY, Z) - h(Y,Vx2). (2.5)

We recall the following theorems for later use (see [8,18]).

Theorem 2.1. Let M be a simply connected Riemannian n-manifold and let o be a
T M -valued symmetric bilinear form on M satisfying the following conditions:

(i) (o(X,Y), Z) is totally symmetric,
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(i) (Vo)(X,Y,Z2)=Vxo(Y,Z)—0(VxY,Z) —o(Y,VxZ) is totally symmetric; and
(it) R(X,Y)Z = o(0(Y, 2),X) — o(0(X, 2),Y).

There then exists a Lagrangian isometric immersion L : M — C" whose second funda-
mental form h is given by h = Jo.

Theorem 2.2. Let L1, Ly : M — C™ be Lagrangian isometric immersions of a Rie-
mannian n-manifold with second fundamental forms h' and h?, respectively. If

(WM(X,Y),JL1,.Z) = (h*(X,Y), J L2 Z) (2.6)

for all vector fields X, Y, Z tangent to M, then there exists a bi-holomorphic isometry
¢ of C™ such that Ly = Ly o ¢.

3. Legendre curves

A curve z = z(t) is called regular if its speed v(t) := |2/(t)| is nowhere zero. A regular
curve z : I — S3(r) C C? in the hypersphere S3(r) of radius 7 centred at the origin of C2
is called Legendre if (2'(t),iz(t)) = 0 identically. It is known that a unit-speed Legendre
curve 2(s) in S3(r) C C? satisfies 2/ (s) = ik(s)2’(s) —2(s)/r?, where k(s) is the curvature
function of z in S3(1) (see [8]).

A unit-speed curve z(s) in S3(r) satisfies 2”(s) = —z(s)/r? if and only if it is a
geodesic. A geodesic in S3(r) can be either Legendre or non-Legendre. For example,
2(s) = (cos s,sin s) is Legendre and z(s) = (e!*,0) is non-Legendre in S3(1) C C2.

For a regular curve in S3(r) with speed v, we have the following.

Lemma 3.1. For a positive number r, the following results hold.

(1) If z: I — S3(r) C C? is a Legendre curve, it satisfies

() = IN#)Z () + %z’(t) - 2(0), (3.1)
where \ = kv with Kk being the curvature of z in S3(1).

(2) Conversely, if a regular curve z = z(t) in S3(r) C C? satisfying (3.1) for some
nowhere-zero real-valued function A\, then z = z(t) is a Legendre curve.

Proof. (1)Ifz: I — S3(r) C C?is a Legendre curve, we have (z,iz’) = 0. Since |z| = r
is constant, we also have (z, 2’) = 0. Thus, z, iz, 2’ and iz’ are mutually orthogonal. By
differentiating (z’,iz) = 0, we find (z”,iz) = 0. Hence we have 2" = i\(t)z’ + puz’ + pz for
some real-valued functions A, 1, ¢. From the identity (2”,2) +v? = (2, 2)’ = 0, we find
o = —v?/r?. Also, by differentiating (2', 2’) = v2, we have (2", 2’) = vv’, which implies
i = v'/v. Further, after reparametrization of the Legendre curve by its arc length, we
find A = kv. Consequently, we have (3.1).
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(2) Conversely, let z(t) be a regular curve in S3(r) satisfying (3.1) for some real-valued

nowhere-zero function A. It follows from (z,z) = 72 that (2, z) = —v?. Also, from

(z/,2') = v2, we have (2”,2') = vv’. Combining these with (3.1) yields (iz’,z) = 0.

Hence, z is a Legendre curve in S3(r). O
Let

S*(3) ={(z1,22,23) €R® 12 + a3 + 23 = 1}

Then the Hopf fibration 7 : $3(1) — CP'(4) = S2(3) is
m(z,w) = (2w; 5(|2]* = [w]?)) (3:2)

for (z,w) € S3(1) C C%

For each Legendre curve v = «(t) in S3(1) C C2, the projection 7 o is a curve in
52(3). Conversely, each curve £ in S?(3) gives rise to a horizontal lift € in §3(1) via =,
which is unique up to a factor €'?, 6 € R. Each horizontal lift of £ is a Legendre curve in
S$3(1). Since the Hopf fibration 7 is a Riemannian submersion, each Legendre curve v in
53 is projected to a curve ¢ in 5’2(%) with the same curvature function.

4. Some existence results
We need the following results in the next section.

Proposition 4.1. Let u = pu(u,v) and ¢ = ®(u,v) be real-valued functions defined
on a simply connected open subset U of R? which satisfy

b ou?
0w 7 y
e e N — Y
(K — p2)3/2 ; /7[(_”27

where K is a real number such that K > p?. Then PJ; := (U, go) equipped with the

metric
2

P
=2 du® + — dv?
90 1% K _ MZ
has constant curvature K. Moreover, up to rigid motions, there exists a unique Lagrang-
ian isometric immersion H ,ffp : Pﬁg — C?, whose second fundamental form satisfies

a 9\ _ oy O
o 0\ _ 5. 0
h(awm)‘“‘]a

’U’
0 0 b 0 0
(g 0) = (e )75 + 2875
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Proof. A direct computation shows that the Levi-Civita connection of Pj; satisfies

9 0 (K —p*)ppy 0

Vojoug, = (Inp)u Y s E—
0 0 " 0

Va/au% = (Inp)y voy T < ufu + (lnds)u) 70’ (4.3)
o Pup.+ (K (*) PP, 0 [ 0

Va/av% - ,LL2( ) au+ (K,UzZ +(1n¢)v>av7

and the Gauss curvature of Plf; is the positive constant K. If we define a symmetric
bilinear form o on P,f; by

NER AP

ou' du) ou’

3 0 5

o 0 0 0
<8v 61}) ( >8u+2¢8v’

then it follows from (4.1), (4.3), (4.4) and the definition of gg that (¢(X,Y),Z) and
(Vo)(X,Y, Z) are totally symmetric in X, Y, Z. A straightforward computation shows
that the curvature tensor R and o satisfy condition (iii) of Theorem 2.1. Thus, The-
orems 2.1 and 2.2 imply that, up to rigid motions, there exists a unique Lagrangian
immersion H /ﬁ : Pﬁj — C? whose second fundamental form is given by (4.2). O

Proposition 4.2. Let u = p(u,v) and ¢ = ¢(u,v) be real-valued functions defined
on a simply connected open subset U of R? which satisfy

Kopu + iy — o e fo)
WK — 152 — 2y 7 e ), e )

My =

where G = 1/\/4AK — 4u% — ¢? and K is a real number greater than 4u* + ¢*. Then

Mlﬁ := (U, g1) with metric g; = p? du® + G? dv? has constant curvature K . Moreover, up

to rigid motions, there exists a unique Lagrangian isometric immersion F| ,ffp M ,ffo — C?
whose second fundamental form satisfies

A b D
9 0\ o 0
h(au 60) Sy (46)

(2O (Yo (1 e
o' ov)  \4K —4p2 — 2 )" ou VAK — 42 —p2) " ov’
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Proof. A direct computation shows that the Levi-Civita connection of M ﬁo satisfies

0 0 0
Vojoug: = (Wpuz- — (4K — Ap® — @2)Mﬂv%7
9 9 dppiy + iy 0

Va/au% = (lnu)v% Ik o2 PRI

< O Apputeen 0 App t e O
9/9v By pRAK —4p? — p2)2 0u - AK — 4p? — 92 Ov’

and the Gauss curvature of M ﬁo is the constant K.
Next, let us define a symmetric bilinear form o on M, by

o 0 0

— )= (K A
U(@u’@u) ( +M)8u’

o 0 5 0

U(@u’@v) =H 5 (4.8)

o 0 1 0 L 1 0
ol—y— )| =|——75—— | =— —.

ov’ Ov 4K — 4p2 — o2 ) du VAK —4p% — g2 ) 0v
It follows from (4.5), (4.7) and (4.8) that (0(X,Y), Z) and (Vo)(X,Y, Z) are totally
symmetric. A direct computation shows that the curvature tensor R and o satisfy con-

dition (iii) of Theorem 2.1. Thus, up to rigid motions, there is a unique Lagrangian
immersion FX, : M, — C? whose second fundamental form is given by (4.6). O

Proposition 4.3. Let u = p(u,v) and ¢ = ¢(u,v) be real-valued functions defined
on a simply connected open subset U of R? which satisfy

2
1o — Koy — ppipy Gy o
v = 0, il 2V = —KuG, 4.9
: u(4/ut2+<p2—4K)3/27é <u>u+(G)v : (49)

where G =1/\/4u?+ 2 — K and K is a real number less than 4u?+ ©?. Then
Nﬁa := (U, g2) with metric go = p? du? + G? dv? has constant curvature K. Moreover, up
to rigid motions, there exists a unique Lagrangian isometric immersion Lff@ ' N ;{fp — C?
whose second fundamental form satisfies

o 0 o, O
g 0\ 5,0
h<8u,av) =uJ5 (4.10)
g 0 1 0 1 0
W) = (e ) T 72
(f%’@v) (4u2+<p24K) u " (\/4u2+<p2—4K) v
Proof. This can be proved in the same way as Proposition 4.2. ([
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5. Main theorem

Theorem 5.1. Up to rigid motions of C?, locally (in a neighbourhood of each point
belonging to an open dense subset), every Lagrangian surface of constant curvature in
C? is given by of one of the following 19 families.

(1) A totally geodesic Lagrangian plane.
(2) A flat Lagrangian cylinder over a curve.

(3) A flat Lagrangian surface L(s,t) = (y1(s),72(t)) which is the direct product of two
regular curves 71, 2 in the complex line C.

(4) A flat Lagrangian cone L(s,t) = sz(t) over a unit-speed Legendre curve z in S3(1) C
C2.

(5) A flat Lagrangian surface defined by L(s,t) = ei*2(t), where c is a positive number
and z = z(t) is a unit-speed Legendre curve in S3(1/c) C C2.

(6) A flat Lagrangian surface defined by L(s,t) = s'*®2(t), where b is a positive num-
ber and z = z(t) is a Legendre curve of constant speed 1/b in S3(1/+/1 + b%) C C2.

(7) A flat Lagrangian surface defined by

Lis,t) = /e

where z : I — S3(1) € C? is a unit-speed Legendre curve in S3(1) defined on an
open interval I 5 0 and 6(t) is a non-constant real-valued function on I.

(8) A flat Lagrangian surface defined by

\/ie(i—Qa)s
cV1+ a?

where a, ¢ are real numbers with ¢ # 0.

L(s,t) = (cos(v'1+ 4a?t),sin(v/ 1+ 4a?t)),

(9) A flat Lagrangian surface defined by
L(u,v) = / p(u,v)z(u — U)ei“ du
0

— el ; f2 uu_—vv dv +/ / z(u —v)), dudv,

where f is a nowhere-zero real-valued function defined on an open interval I 3 0,
p is a solution of the wave equation

f'(u—v) _
Puv — mpv - fQ(U —v)p=0,

with p, # 0, and 2z = 2(t) : I — S3(1) C C? is a Legendre curve with f(t) as its
speed and —1/f(t) as its curvature function.
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(10) A Lagrangian surface of positive curvature b* defined by L(s,t) = (1 + 2%)z(t),
where ¢ Is a positive number and z(t) is a Legendre curve with constant speed

1
2
in S3(1/20) C C2.

(11) A Lagrangian surface of positive curvature b* defined by
t
L(s,t) = % 4(1) +/ 2 (t)e” B0 d,
0

where b is a positive number, 6(t) is a non-constant real-valued function defined on

an open interval I > 0 and z : I — S3(1/2b) C C? is a Legendre curve with speed
1

5
(12) A Lagrangian surface of positive curvature b* defined by

b2 cos?(bs) — 2 + ibsin(bs)) cos(bs)

L= ( z(t),

exp{ib—! tan~!(sin(bs)/+/b? cos?(bs) — c2)}

where b and ¢ are positive numbers with b > ¢ and z(t) is a Legendre curve with

speed 1/v/b2 — 2 in S3(1/(b? — c?)).
(13) A Lagrangian surface of positive curvature b* defined by

b2 cos?(bs) + ¢2 + ibsin(bs)) cos(bs)

L= ( z(t),

exp{—ib—lctanh ™! (csin(bs)//b? cos?(bs) + ¢2)}

where b and ¢ are positive numbers and z(t) is a Legendre curve with speed

1/Vb% + c2 in S3(1/(b% + ¢?)).

(14) A Lagrangian surface of negative curvature —b? defined by

L(s,t) = z(t)(b + iV c2e=2bs — b2) exp{2bs — ib~ '/ c2e—2bs — p2},

where b and ¢ are positive and z(t) is a Legendre curve with speed ) /c in

S3(1/c?).
(15) A Lagrangian surface of negative curvature —b? defined by

I— (y/c? — b? cosh?(bs) — ibsinh(bs)) cosh(bs) (),

exp{—ib—lctan~!(csinh(bs)/\/c® — b2 cosh?(bs))}

where z(t) is a Legendre curve with speed 1/v/c? — b% in S?(1/+/c? — b2) with ¢ >
b>0.

(16) A Lagrangian surface of negative curvature —b? defined by

(y/c% — b?sinh2(bs) — ib cosh(bs)) sinh(bs)
L(s,t) = — — - z
{ib—1tctanh™ " (ccosh(bs)/+/c? — b? sinh?(bs))}

where z(t) is a Legendre curve with constant speed v/b2 + c2 in S3(1/v/b2 + c2).

(1),
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(17) A Lagrangian surface ijp given in Proposition 4.1.

(18) A Lagrangian surface M /fo given in Proposition 4.2.

(19) A Lagrangian surface N, jfo given in Proposition 4.3.

Proof. Let M be a Lagrangian surface of constant curvature K in C2. Denote the
tangent bundle of M by T'M. If M is minimal in C?, then it is totally geodesic (see [17]).
So M is an open portion of a Lagrangian plane in C2. This gives (1).

Next, let us assume that M is non-minimal. Then U = {p € M : H(p) # 0} is a
non-empty open subset. In the rest of the proof, we shall work only on U. For each
point p € U, we define a function ~y, by 7, : TZ}U = R:v = 7,(v) = (h(v,v), Jv), where
TyU = {v € T,U : (v,v) = 1}. Since Ty U is a unit circle which is compact, there exists a
vector v € TZ}U such that v, attains an absolute minimum at v. Since p is a non-totally
geodesic point, (2.2) implies that -, # 0. So, by applying linearity, we have ~,(v) < 0.
Because 7, attains an absolute minimum at v, it follows from (2.2) that (h(v,v), Jw) =0
for all w orthogonal to v. Thus, by using (2.2), we know that v is an eigenvector of the
shape operator A ,. Hence, there exists an orthonormal basis {e1, e2} of T, M with e; = v
which satisfies

h(e1,e1) = MJey, h(e1,ez) = pJes, h(ea, ex) = uJer + pJes (5.1)

for some functions A, p, ¢ with (A + u)? + ¢® > 0 on U. From (5.1) and the equation of
Codazzi we find
e1p = pwi(er) + (A = 2p)w7 (e2),
ead = (A — 2u)wi(er), (5.2)
eap — erp = 3w (e1) + pui (e2),

where Vxe; = w?(X)es. Also, from (5.1) and the equation of Gauss we have

Mt — p? = K = const. (5.3)

Case A. p = 0. We divide this into several cases.

Case A.1. (A — p)u = 0. In this case, the Lagrangian surface is a flat Lagrangian
H-umbilical surface. Thus we obtain (2) and (7) by the main theorem of [9].

Case A.2. A\ =24 # 0. We have (10) and (11) by applying Theorem 1 of [12].
Case A.3. u #0 and X # p,2u. We have K # 0. Since ¢ = 0, (5.2) reduces to
erp = (A — 2p)w?(ez), eapt = 3uw?(er), ead = (X — 2p)wi(ey). (5.4)

Differentiating (5.3) with respect to es and applying (5.4) yield wi(e;) = 0. Hence
there exists a local coordinate system {s,u} on M such that

g = ds* + G?(s,u) du? (5.5)
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for some function G with 9/9s = ey, 3/0u = Ges. It follows from (5.4) and w?(e1) =0
that eaA = e = 0. Hence we have A = A(s) and p = u(s). Using (5.5), we find
0 0 9 Gs
Va/aug = (In G>S%’ wi(ez) = a (5.6)
Thus, by (5.4)—(5.6), we obtain (InG)s = p//(A —2u) = pu' /(K — p?), which implies
that G = F(u)/+/|K — p2| for some function F. Thus, (5.5) becomes

F2(u) 2
g=ds* + ——L— du?. 5.7
K20 >0
If ¢ denotes an anti-derivative of F'(u), then we obtain from (5.7) that
dt? 1
g=ds"+ o——s,  G¥(s) = g 5.8
K-er TR o

Case A.3.i. K = b? > 0. Since G satisfies G4 + KG = 0, we have G = ¢; cos(bs) +
o sin(bs) for some constants cq, ¢z, not both zero. Thus we obtain G = r cos(bs + ¢) for
some constants r # 0 and c. So, after applying a suitable translation in s and a suitable
dilation in ¢, we obtain G' = cos(bs). Therefore, we obtain g = ds? + cos?(bs) dt? and

0
Va/asa =0,

Va/[;s% = —btan(bs) 0 (5.9)

aa
0 0
Va/ata = bsin(bs) cos(bs)%.
Case A.3.i.a. K =b? > p? and b > 0. In this case, we have b% = p? + sec?(bs) > 1.
Without loss of generality, we may assume that
2b% — sec?(bs)
b2 — sec?(bs)
and p = /b? — sec?(bs). Thus, by applying (5.1), (5.9) and Gauss’s formula, we find
2 cnp2
L. =i 2b* — sec?(bs)
b? — sec?(bs)

A=

89

Lg = (1v/b? — sec2(bs) — btan(bs)) Ly, (5.10)

Ly = (iv/b? cos?(bs) — 1 + bsin(bs)) cos(bs) L.

After solving the first two equations of this system, we know that L is congruent to

I (/b2 cos?(bs) — 1 + ibsin(bs)) cos(bs) (1) (5.11)
exp{ib—! tan~!(sin(bs)/v/b? cos2bs — 1)}
for some C2-valued function F'(t). Substituting this into the last equation of (5.10) yields
2" (t) + (b — 1)z(t) = 0. Also, from (5.11), we find |2(¢)] = 1/(b* — 1), (iz,2’) = 0 and
|2/(t)]? = 1/(b* — 1). Thus 2(t) is a Legendre great circle in S3(1/(b? — 1)) with speed
1/4/b? — 1. Hence we obtain (12) with ¢ = 1 and z as a Legendre great circle.
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Case A.3.i.b. K = b < pu? and b > 0. In this case, we have p? —b? = sec?(bs). Hence
we may assume that A\ = (2b2 + sec?(bs))//b% + sec2(bs) and p = /b2 + sec?(bs). Thus
we obtain from (5.1), (5.9) and Gauss’s formula that
. 20 + sec?(bs)
22 T A

b2 + sec?(bs)

5.12

Lgt = (i/b? + sec?(bs) — btan(bs)) Ly, ( )
Ly = (iy/b? cos?(bs) + 1 + bsin(bs)) cos(bs) L.

After solving this system in the same way as in Case A.3.i.a, we obtain (13) with ¢ =1
and z as a Legendre great circle.

Case A.3.ii. K = —b?> < 0 and b > 0. Since G satisfies G5 + KG = 0, we obtain
G = c¢; cosh(bs) 4 ¢o sinh(bs) for some constants ci, ¢z, not both zero. Thus, by applying
a suitable translation in s and a suitable dilation in ¢, we obtain

Lss =

Sy

g =ds? + cosh®(bs) dt?, g =ds® +sinh?(bs)dt®> or g¢g=ds®>+e®tdt?.  (5.13)

Case A.3.ii.a. g = ds® + cosh®(bs) dt>. From (5.8) we find sech® bs = b? + p2. Thus
we have 1 > sech? bs > b% and p = ++v/sech?bs — b2. Without loss of generality, we may

assume that
~ sech®(bs) — 2b?

sech?(bs) — b2
Thus, by applying (5.1) and Gauss’s formula, we obtain

2 __9p2
L. —i sech”(bs) — 2b L.
sech?(bs) — b2

5.14
Lgt = (iv/sech?(bs) — b? 4+ btanh(bs)) Ly, (5.14)

Ly = (iy/1 — b? cosh?(bs) — bsinh(bs)) cosh(bs) L

and p = \/sech®(bs) — b2.

Solving this system gives (15) with ¢ =1 and z being a Legendre great circle.

Case A.3.ii.b. g = ds? 4 sinh?(bs) dt2. From (5.8) we find cosech? bs = b 4 p2. Thus

we obtain
p = £V cosech? bs — b2.

Without loss of generality, we may assume that

B cosech? (bs) — 2b2

cosech?(bs) — b2 1 = 1/ cosech?(bs) — b2.

Thus we obtain

. cosech?(bs) — 2b2
i
cosech?(bs) — b2
Ly = (iy/cosech?(bs) — b2 + bcoth(bs)) Ly,
Ly = (iy/1 — b2 sinh2(bs) — bcosh(bs)) sinh(bs) L

Lss =

Sy

(5.15)
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Solving this system yields (16) with ¢ = 1 and z being a Legendre great circle.

Case A.3.ii.c. g = ds? +e?** dt?. From (5.8) we find p? = =2 — b2, Without loss of
generality, we may assume that

—2bs __ 2b2
A= \e/ﬁ and o= e_%s — b2,

Thus, by applying (5.1) and Gauss’s formula, we obtain

e~ 2bs _ 9p2

\/ﬁLS?

Ly = (iv/e 25 — b2 4 b)L,, (5.16)
Ly = (iv/e 2bs — b2 — b)e®** L.

Solving this system yields (14) with ¢ = 1 and z being a Legendre great circle.

Lgs =1

Case B. ¢ # 0 on some open subset V' of U. We divide this into two cases.

Case B.1. V., e; =0 on an open neighbourhood W of a point p € V' of a point. Since
Ve,e1 = 0, there exists a local coordinate system {s,u} on V such that

g = ds® + G?(s,u) du? (5.17)
with 9/0s = ey, /0u = Gea. Since V., e1 =0, (5.2) reduces to
ep=(A—=2pwi(ez),  eaA=0, e —e1p=pwi(es). (5.18)

Differentiating (5.3) with respect to ez and applying (5.18) give (A —2u)eap = 0. Thus
we have A = 2 or esp = 0 at each point of W. If A = 2u on some open subset Wy C W,
then K = p? on Wy, which implies that y is constant on Wj. So, we also have eau = 0
on Wj. Consequently, eapr = 0 holds identically on W. Therefore, (5.18) yields

eip = (A — 2p)wi(es), esd = e =0, e1p = —pwi(es). (5.19)
It follows from (5.19) that A = A(s) and p = p(s). We also obtain from (5.17) that
9 0 2 G
Vojoug: =(InG)sz-,  wile2) = = (5.20)
By applying (5.19), (5.17) and (5.20), we get (InG)s = —(In ), which implies that
F?(u) 0 v 0
=ds? + T gy ? S -7 9 21
g=ds” + 2 du, el 55 e Fu) 0u (5.21)

for some positive function F'(u). Thus, by applying (5.21) and the Gauss equation, we
have ppss — 292 = Kp?. After solving this differential equation, we obtain

Asec(bs + B) if K =052 >0,
A
= if K = 5.22
4 cs+ B ' 0. (5:22)

Ae=(0s+B) - Asech(bs + B) or Acosech(bs + B) if K = —b* <0,
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where b > 0, ¢ are real numbers and A(u) # 0, B(u) are functions on V;. Let t(u) be an
anti-derivative of 1/A(u). Then (5.21) and (5.22) imply, for some function 6(t), that

ds? + cos?(bs + 0(t)) dt? if K =02 > 0;
ds? 4 (cs + 6(t))? dt? if K=0,
9= ds? 4 e2(bs+0() g42 (5.23)
or ds® + cosh?(bs + 6(t)) dt? if K =-b2<0.

or ds? + sinh?(bs + 6(t)) dt*

Case B.1.i. ¢ # 0 and X\ = 2u on an open subset Uy C W. In this case, both A and
p are constant and K = p? > 0 on U; according to (5.3).

Case B.1l.i.a. ¢ # 0 and A = p =0 on a neighbourhood Uy 1 of a point in Uy. In this
case, we get K = 0. Thus we obtain from (5.22) and (5.23) that

H(t)
o 2 2 2 — = =
g=ds” + (cs +0(t))" dt=, A=p=0, S0_cs—|—9(t)
) 9 c_ 9
Va/asg =0, Va/asa = maa (5.24)
d 0 '(t) o
Va/m& = —c(es + Q(t))% B mﬁ’

where H (t) is nowhere zero on U;. Without loss of generality, we may assume that H(t)
is defined on an open interval I > 0.
From (5.1), (5.24) and Gauss’s formula we have

Lss = 07

CLt
bm B (5.25)
Ly = —c(es+0(t))Ls + (iH(t) * CSi—%)Lt.

If ¢ = 0, then after solving (5.25) we have L = ¢15+ z(t), where ¢ is a vector and z(t)
a vector function satisfying 2/ (t) = (1H(¢) + (In6)'(¢))z'(¢). From the last equation we
obtain

t
2(t) = co + 02/ o(t)e® dt,
0

where f(t) is an anti-derivative of H(t). Hence, after applying a suitable translation, we
get

t
L(s,t) = c1s + ¢ / (t)e® dt. (5.26)
0

Since |Ls| = 1, |L¢|* = 6%(t) and (Lg, L;) = (Ls,1L) = 0, we obtain from (5.26) that
ler] = |e2| =1 and (eq, c2) = {(¢1,ica) = 0. Hence, we obtain (3).
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Next, let us assume that ¢ # 0. Then, after solving the first equation in (5.25), we
have L = z(t)s + Q(t) for some functions z, Q. We may assume that z, @ are defined
on an open interval I 5 0. Substituting this into the second equation in (5.25) yields
cQ'(t) = 6(t)2'(t). Thus L is congruent to

L(s,t) = z(t)s + ! /t O(t)2'(t) dt. (5.27)
¢ Jo

If 6 is constant, we obtain (4) after applying a suitable translation in s.
If 0 is non-constant, then (5.27) gives

Ly = 2(t),
L= (s %2) 0, -
Ly = 6/?) 2/ (t) + (s + eg))z”(t).

From (5.24) and (5.28), we obtain |z(¢)|?> = 1 and |2/(¢)| = ¢. Since L is Lagrangian,
(5.28) also implies that (z,iz’) = 0. After substituting (5.27) into the last equation
in (5.25), we find 2" (t) —iH (t)2'(t) + c?2(t) = 0. Thus z(¢) is a Legendre curve of speed c
in $3(1) C C2. Therefore, after reparametrization of the Legendre curve by its arc length,
we obtain (7).

Case B.1.i.b. ¢ # 0 and XA = 2 # 0 on a neighbourhood Uy 2 of a point in U;. Without
loss of generality, we may assume that A = 2u = 2b > 0. So we have K = b% > 0.
From (5.22) and (5.23) we obtain

g=ds®ds+ cos?(bs + 0(t)) dt ® dt, © = H(t)sec(bs +6(t)),

0 0 0
Vojosg- =0, Vajasg, = —btan(bs +0(t)) 7, (5.29)

9
ot’

where H is nowhere zero on Uj 2. Hence, (5.1), (5.29) and Gauss’s formula give

Va/at% = 1bsin(2bs + 29(t))% —0'(t) tan(bs + 6(t))

Lgss = 2ibLy,

Ly = ibsec(bs + 0)e 9L, (5.30)

Ly = ibcos(bs 4+ 0)e T Lo 4 iH(t) — 0’ tan(bs + 6)) L.

If 6 is constant, we may choose 6 = 0 by applying a suitable translation in s. Hence,
we obtain from (5.29) and (5.30) that g = ds® + cos?(bs) dt? and

Lgss = 2ibLy,
Ly = ibel® sec(bs) Ly, (5.31)
Ly = ibe % cos(bs)Ls 4 iH (t) L.
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After solving the first two equations in (5.31), we know that L is congruent to L =
(e?®s 4 1)z(t) for some vector function z(t). Substituting this into the last equation
in (5.31) gives 2" (t) = iH(t)2'(t) — b*2(t). Thus 2(t) is a Legendre curve in $3(1/2b) with
speed 1. Hence, after reparametrization of z(t), we obtain (10).

Next, assume that 6 is non-constant. Then, after solving the first equation in (5.30),
we obtain L = A(t)e?®s + B(t). Differentiating this equation with respect to ¢ yields

Li = A'(t)e? + B/'(¢). (5.32)

Substituting this into the second equation of (5.30) yields B’ = e~2% A’. Hence, we get
L, = A'(t)(e 4+ e=29®), Thus, after applying a suitable translation, we obtain

t
L =e?4(t) + / 2 (t)e 201 qt, (5.33)
0

where z(t) = A(t) + ¢1 for some vector ¢;. Hence we have

Ly = 2ibe?s 2,
L= (e2ibs + 67216)2/, (534)
Ltt _ _210/672192:/ + (e2ibs 4 ef2i9)2//.

Since the immersion is Lagrangian, (5.34) gives (z,1z") = 0. Also, by substituting (5.33)

into the last equation in (5.30) we have 2" (t) — i(H (t) + 0'(t))2'(t) + b*2(t) = 0. Thus we

find |Lg|? = 4b2|2(¢)|? and |L;|? = 4 cos?(bs + 0)|2’(t)|?. Comparing these with the metric
tensor gives |z| = 1/2b and |2/| = 1. Hence we obtain (11).

Case B.1.ii. ¢ # 0 and X\ # 2u on an open subset Us.

We divide this case into several cases.

Case B.1l.ii.a. A # 0 and p = 0 on a neighbourhood Us 1 of a point in Us. From (5.3)
and (5.18) we have K = w} = e\ = e1¢ = 0. Thus there exists a coordinate system {s,¢}
with e; = 9/9s and ex = 9/0t. Hence we get g = ds? + dt?, A = A(s) and ¢ = p(t).
Therefore, by (5.1) and Gauss’s formula, we obtain

Lss = l)\(S)LS, Lst = 0, Ltt = lgﬁ(t)Lt (535)

After solving this system, we know that L is congruent to

Lis,t) = &1 / exp(i/x)\(u) du) dr + ¢ /t exp(i/ygo(u) du) dy.

Thus, we obtain (3) after choosing suitable initial conditions.

Case B.l.ii.b. A = i # 0 on a neighbourhood Us 2 of a point in Us. From (5.3) and
(5.18) we get K =0 and

er(lnp) = —w%(eg), es\ = equ = 0, e1p = —pwi(ey). (5.36)
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Thus, A and p depend only on s due to (5.21). Combining the first equation in (5.36)
with (5.20) gives G = F(u)/u(s). If t(u) is an anti-derivative of F(u), we get g =
ds?+p~2(s) dt?, which implies (1/u)” = 0. Thus we obtain, for some constants a, b, that

g = ds?® + (as + b)? dt?. (5.37)

If a = 0 and b # 0, we get wj = 0. Combining this with (5.36) implies that ¢ = ¢(t)
and A = p = ¢ for some real number ¢ # 0. Without loss of generality, we may assume
¢ > 0. Hence, we obtain from (5.1) and Gauss’s formula that

Ly, = icLs, Ly =icLy, Ly = icLg +ib Y (t) L. (5.38)

Solving the first two equations of (5.38) gives L = e'®*z(t). So, using (L, L;) = 0, we
have (iz,2’) = 0, (2,2) = 1/c. Thus z(t) is a Legendre curve in S3(1/c). By substituting
L = ei°*2(t) into the last equation of (5.38), we find b2"(t) — p(t)iz/(t) + bc?z(t) = 0.
Hence z = z(t) is of unit speed. Consequently, we obtain (5).

Next, assume that a # 0. Then, after a suitable translation in s, (5.37) becomes

g = ds? + a%s? dt?, A=p=(as)"". (5.39)
Without loss of generality, we may assume a > 0. From (5.39) we get

0 0 10 0 0
Va/as% =0, Va/asa = ETE Va/ata = —a25%. (5.40)

Using the last two equations in (5.36), we get ¢ = s~ !f(t) for some function f(t).
Hence (5.1), (5.39), (5.40) and Gauss’s formula imply that

i

Lss = 7[/57
as
a—+i
Ly — Li, (5.41)
as

Ly = (i—a)asLs +iaf(t)Ls.
Solving the first two equations in (5.41) shows that L is congruent to
L(s,t) = s"12(t),b=a" 1. (5.42)

It follows from (5.42) that (iz,2’) =0, |2|?> = 1/(1 + b2) and |2/|> = 1/b%. Hence, 2(t)
is a Legendre curve in S3(1/4/1 + b2) with speed 1/b. Hence we obtain (6).

Case B.1.ii.c. A # p and p # 0 on an open subset W1 C Us. In this case (5.3) implies
that K # 0. Moreover, from (5.3), (5.19) and (5.20), we find that

A=t K (5.43)
wy(e2) = e1(lnV/[K — pi2]) = e1(lng) = —e1(InG)
on Wy, where G is defined by (5.18). Hence, we get

GVIK —p?|=p),  »G= [(t) (5.44)

for some real-valued functions f and p > 0.

https://doi.org/10.1017/50013091504000203 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091504000203

Lagrangian surfaces of constant curvature in C2 353

Case B.l.ii.c.1. K = b*> > pu? > 0 on a neighbourhood W11 of a point p € W1. We
may assume b > 0. From (5.19), (5.23) and (5.44) we get g = ds? + cos?(bs + 6(t)) dt?
and

p?(s) = b* — p?(t) sec?(bs + 0(t)), v = f(t)sec(bs+0(t)) (5.45)

for some functions p > 0 and f with b? > p?. Differentiating the first equation in (5.45)

with respect to t gives
d(Incos(bs + 0(t

Hence p(t) = k(s)cos(bs + 6(t)) for some function k(s). So, by differentiating the last
equation with respect to s we find (Ink(s))’ = btan(bs + 6(¢)). Hence, 6 and p are
constant. So, we may choose 6 = 0 by applying a suitable translation in s. Therefore, we
have g = ds? + cos?(bs) dt? and

20% — c? sec?(bs)

A= ,
b2 — 2 sec?(bs)

= +/b%— c?sec(bs), © = f(t)sec(bs),

0 7] 0
—= — = —btan(bs)— (5.46)
Vo, as 95 0, Vo as o an( S)é%,
0 . 0
Va/[«)t& = %bSlH(ZbS)%,
where ¢ = p is a positive number. From (5.1), (5.46) and Gauss’s formula we obtain

2 _
L. —i 20% — c? sec?(bs) L.
b2 — c? sec?(bs)

4
Lyt = (iy/b% — ¢2sec2(bs) — btan(bs)) Ly, (47
Ly = (bsin(bs) + iy/b2 cos?(bs) — ¢2) cos(bs) Ly + if Ly.

Solving the first two equations implies that L is congruent to

I (1/b?% cos?(bs) — % + ibsin(bs)) cos(bs) (1) (5.48)

exp{ib—! tan~!(sin(bs)/+/b? cos?(bs) — c2)}

for some vector function z(t ) Substituting this into the last equation in (5.47) yields
2'(t) —if(f)2'(t) + (b* — c®)z(t) = 0. On the other hand, we find from (5.48) that
lz(t)] = 1/(b% — 2), |Z/(t)]? = 1/(b* — ¢?) and (iz, 2’) = 0. Hence z(t) is a unit-speed
Legendre curve in S3(1/(b* — ¢?)).

Therefore, we obtain (12).

Case B.l.ii.c.2. K = b < p? on a neighbourhood Wi 2 of a point p € W1. We may
assume b > 0. From (5.23) and (5.44) we get g = ds? + cos?(bs + 0(t)) dt? and

p? = b? + p?(t) sec®(bs + 0(t)), © = f(t)sec(bs + 0(t)) (5.49)

for some functions p(t) and f(t) with b2 > p* > 0. Since u = u(s), the first equation
in (5.49) implies that p(t) sec(bs+6(t)) depends only on s. So, we know as in Case B.1.ii.c.1
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that both p(t) and (¢t) are constant. Thus we may choose § = 0 by applying a suitable
translation in s. Hence, we have g = ds? + cos?(bs) dt? and
20% + % sec?(bs)

A= , = /b2 + 2 sec?(bs), = f(t) sec(bs), 5.50
e Bo), o= ft)secbs),  (5.50)

where ¢ = p is positive. By applying (5.1), (5.50) and Gauss’s formula, we find
. 202 + % sec?(bs)
i
b2 + 2 sec?(bs)
Lgt = (iy/b2 + ¢ sec?(bs) — btan(bs)) Ly,
Ly = (bsin(bs) 4 i1/b2 cos?(bs) + ¢2) cos(bs)Ls + if Ly.

After solving this system as Case B.1.ii.c.1, we obtain (13).

Lss =

Sy

Case B.l.ii.c.3. K = —b*> > 0 on a neighbourhood W1 3 of a point p € W;. We may
assume b > 0. In view of (5.23), we divide this into three cases.
Case B.1l.ii.c.3.a.. g = ds? + e?*720(1) 4¢2. From (5.23) and (5.44) we get
,u2 _ p2(t)672bsf29(t) _ b2, o= f(t)efbsfﬂt) (551)

for some functions p(t) and f(¢). Since p = p(s), the first equation in (5.51) implies

that p(t) = ce?® for some real number ¢. Thus we get p? = e~ 2% — b2, Without loss

of generality, we may assume that u = v/c2e~20s — b2. Hence, by (5.43), we have
CQe—Qbs _ 2b2

A= T AT 2e=2bs — b2 o= f(t)e P00, (5.52)

Therefore, (5.1), (5.52) and Gauss’s formula imply that

. 62672175 _ 2b2
L =1 550 > Ly,
c?e=20s —

c?e=2bs — b2 4 b) Ly,
/626 2bs b 2bs+20(t) L +lf()

Solving the first two equations in (5.53) shows that L is congruent to

L(s,t) = 2(t)(b + iV c2e=2bs — b2) exp{2bs — ib~'\/c2e=2bs — p2} (5.54)

for some vector function z(t). Substituting this into the last equation of the differential
system gives 2 (t) —if(t)2'(t) + c2e??® z(t) = 0.

On the other hand, by using (5.54), we find [2(t)| = 1/c?, |2/'(t)]? =e®/c and
(iz(t), #'(t)) = 0. Hence z(t) is a Legendre curve in S3(1/c?) with speed e?(*) /c. Therefore,
we obtain (14).

(5.53)
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Case B.1.ii.c.3.8. g = ds® + cosh?(bs + 6(t)) dt2. From (5.23) and (5.44) we get
12 (s) = p*(t) sech®(bs + 6(t)) — b%, w = f(t)sech(bs + 6(t)) (5.55)

for functions p, f. The first equation in (5.55) is impossible unless p and 6 are both
constant. So we have 6 = 0 after applying a suitable translation in s. Hence, we obtain
¢? sech?(bs) — 2b°

A= ; = /c? sech?(bs) — b2, = f(t) sech(bs), 5.56
c? sech?(bs) — b? H° (bs) o= f(t) (bs) ( )

where p = ¢. From (5.1), (5.56) and Gauss’s formula, we find

; ¢?sech?(bs) — 2b°

Lss = ED
c? sech?(bs) — b2
. (5.57)
Ly = (in/? sech?(bs) — b% + btanh(bs)) L,
Ly = (iv/c® — b? cosh?(bs) — bsinh(bs)) cosh(bs)Ls + if L.
Solving the first two equations of (5.57) shows that L is congruent to
L(s.t) = (v/c® — b2 cosh?(bs) — ibsinh(bs)) cosh(bs) A1) (5.58)

exp{—ib~lctan—!(csinh(bs)/+/c? — b2 cosh?(bs))}

for some vector function z(¢). Substituting this into the last equation of (5.57) gives
2'(t) —if(t)2'(t) + (2 — b?)z(t) = 0.

On the other hand, by using (5.58), we find |z(t)] = 1/(c? — b?), |2/(t)]> = 1 and
(iz(t),2'(t)) = 0. Hence z(t) is a unit-speed Legendre curve in S®(1/+/c2 — b2). Conse-
quently, we obtain (15).

Case B.1.ii.c.3.7. g = ds? + sinh?(bs + 6(t)) dt2. From (5.23) and (5.44) we get
12 = p(t) cosech?(bs + 6(t)) — b2, » = f(t) cosech(bs + 0(t)) (5.59)

for functions p, f. As in Case B.l.ii.c.3.cr, both p and 6 are constant. So, we have § = 0
after applying a suitable translation in s. So, if we denote p by ¢, we obtain

c? cosech? (bs) — 2b2

A= , = y/c2 cosech?(bs) — b2, = f(t) cosech(bs).
e =Y (bs) o = f(t) cosech(bs)
(5.60)
From (5.1), (5.60) and Gauss’s formula, we find
I =i 2 cosech?(bs) — 2b?
* \/® cosech?(bs) — b2 .
(5.61)

Ly = '\/02 COSGCh2(bS) — b2 + beoth(bs)) Ly,

Ly = (in/c® — b2 sinh?(bs) — bcosh(bs)) sinh(bs)Ls + if L.
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Solving the first two equations in (5.53) shows that L is congruent to

(v/c? — b? sinh2(bs) — ib cosh(bs)) sinh(bs)

exp{ib—tctanh™!(ccosh(bs)/+/c2 — bZsinh2(bs))}

L(s,t) = z(t) (5.62)

for a vector function z(t). By substituting this into the last equation of (5.61), we obtain
2 () —if ()2 (t) + (b* + ¢*)z(t) = 0.

On the other hand, by applying (5.62), we find |2(t)| = 1/(b® + ¢*)2, |2/ (t)|* = b* + ¢?
and (iz(t),2'(t)) = 0. Hence, 2(t) is a Legendre curve in S3(1/v/b% + ¢2) with constant
speed v/b? + 2. Therefore, we obtain (16).

Case B.2. V., e; # 0 on an open subset Vo C U. We have w?(e;) # 0 on Vs. Since
span{e; } and span{es} are of rank one, there exist coordinates {z,y} such that 9/0z,
0/0y are parallel to e; and eq, respectively. Thus, the metric tensor g takes the form

g = E*dz? + G* dy? (5.63)
for some positive functions E, G. If we put 9/0z = Ee;, d/0y = Gea, (5.63) yields

E, ) G _OE e

1 _ "y _ Tz _ Y= _ 9=
Wy (el) - EG7 w1y (62) EG, Yy 8y ) T Oz . (564)

If A\ = 2u on some neighbourhood Va1 of a point p € Vs, then (5.3) gives K = p?,
which implies that p is constant. Thus (5.2) and w?(ey) # 0 give ¢ = 0, which contradicts
the assumption ¢ # 0 for Case B. Hence we must have A\ # 2u. Therefore, we obtain
eaX # 0 on Va due to wi(e1) # 0 and the second equation in (5.2). So, A is not constant.

Case B.2.i. =0 on an open subset Wi C V5. We have K = 0 from (5.3). Also, we
may assume \, ¢ # 0, otherwise it reduces to Case A.1l. From p = 0 and (5.2), we find

gaw%(el) = )\wé (e2), o\ = /\wf(el), e1p = cpw% (e2). (5.65)

It follows from (5.64) and (5.65) that AE = n(x) and ¢G = k(y) for some functions
n(z) and k(y). Hence (5.63) becomes g = A~2n?(z) dz? + »~2k?(y) dy®. So, if u(x) and
v(y) are anti-derivatives of n(z) and k(y), respectively, then we obtain

g =A"2du? + ¢ 2dv?, (5.66)
o 9 ) o 0 o 0 d

From (5.66) we have
0 A O 92X, 0

Vo, = TN ou T ow

Va/au% = TN u oo (5.68)
o 0 _Ned 50
oy~ 3 du @ ov

https://doi.org/10.1017/50013091504000203 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091504000203

Lagrangian surfaces of constant curvature in C2 357
Also, from (5.65) and (5.67), we find
Mwi(er) = @Ay, owa(es) = Apu, 0\ = Vo, (5.69)
Since M is flat, (5.67) and (5.69) imply that
(A7)0 + (A pu)u = 0. (5.70)
Thus, if we put f = o\, /A% = A\p,,/©?, we obtain
PAT2N = Ao 20y = f(u— ). (5.71)
Also, from the last equation of (5.69), we have
Ao = (¢7)u- (5.72)
By applying (5.67)—(5.69) and Gauss’s formula, we obtain

Lyw =0—(InA)y)Ly + (In)y Ly,
Lyy = —(InX)y Ly — (In @)y Ly, (5.73)
Lyy = (n X)Ly + (2 — (Ing),) Ly,

Case B.2.i.a. 1 =0 and A = ¢. In this case, (5.72) reduces to A\, = \,. Thus A = ¢
is a function of w = u + v. Hence, (5.70) yields (In f)”(w) = 0, which implies that
A = ce®( ) for some constants a, c. Therefore, system (5.73) reduces to

Lyy = ({—a)Ly, + aL,,
Ly = —al, —aL,, (5.74)
Ly, =aL,+ (i—a)L,.

From (5.74) we get Ly, + Lyy = (1 — 2a) Ly, Lyy + Lyy = (i — 2a) L, which give

(5.75)

L,+L,=({-2a)L+ H(v),
Ly+ L,=(G-2a)L+ F(u)

for some functions F'(u), H(v). Comparing the two equations in (5.75) gives H (v) = F(u).
Thus H = F is constant. By putting H = (i— 2a)c3 and substituting (5.75) into the first
equation of (5.74), we get Ly, = (i — 2a)(L,, + aL + acs). Hence we obtain

L = exp{(i—2a)u/2}(A(v) exp{ V1 + 4a?u/2} + B(v) exp{—V/1 + 4a2u/2}) —c3 (5.76)

for some vector functions A, B. We may choose ¢s = 0 by applying a suitable translation
on C2. So, substituting (5.76) into the first equation of (5.74) gives

24'(v) = (i—2a+iV1 + 4a?)A(v),
2B'(v) = (i — 2a — i/ 1 + 4a?)B(v).
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Solving these two equations yields
L = exp{(i — 2a)(u + v)/2}(c1 cos(3 V1 + 4a?(u — v)) + c2sin(3V/1 + 4a?(u — v))).
Hence, after choosing suitable initial conditions, we obtain
\/ie(i—Za)(u—i-v)/Z
L="——  (cos(2v/1+4a?(u—)),sin(2 1+ 4a2(u — v))),
where ¢ # 0. Thus we obtain (8) after putting s = (v +v)/2 and t = (v —v)/2.

Case B.2.i.b. u =0 and X # . In this case (5.65) implies that s, e1¢, w?(eq) are
non-zero. If we put p = 1/, then (5.71) gives

pop = —f(u—1). (5.77)
Hence, (5.66) becomes
2 5
=p“d d ————dv®d .
g=p du® u+f2(u—v) v ® dv, (5.78)
which implies that
o, 9 _pd pf?o
91%udu ~ p ou  p, 00
0 py 0 puw [\ O
Va/auav = ou + < o T (5.79)
a . p?}f/ PvPuv 6 Pov f/ a o
Vornngy = (G~ 25 )t (B2 7 ) 1=

From (5.77) we obtain
_ Puv f _ f'(u—v)
I Pv
Substituting this into the last equation of (5.69) gives
(00) 2 punf(u =) = (po) 7' (u = v) = 9 f(u—v)p.

Combining this with (5.77) implies that p satisfies the wave equation:

F (= 0)pu — F' (= v)py — F3(u— 0)p = 0. (5.80)
From (5.67) and (5.78)—(5.80) we obtain

Pu

Luu = (1 + pu>Lu - ﬁfQL’Ua
p P

Luv = &Lu + ﬁfQva (581)
P Pu

Ly = —%”Lu + <i+ ’;”U” + J;)Lm f=flu—w).
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Combining the first and the second equations in (5.81) gives
PP
which gives L, = G(u — v)pe'*T%)/2 1f we put G(u — v) = z(u — v)e!(*~?)/2 we find
Ly = z(u — v)pe'®, (5.83)

On the other hand, by (5.80) and the last two equations of (5.81), we find
L + Loy = (i 4 Puo p“”)Lv. (5.84)
Ps Po

Solving this differential equation gives L, = H(u — v)p,e'(**%)/2 where H is a positive
function. So, if we put H(u — v) = F(u — v)el(*=)/2 we obtain
L, = F(u —v)p,e™. (5.85)

By taking the derivative of (5.83) with respect to v and comparing it with (5.85) and
the second equation of (5.81), we find 2’ = — f2F. Therefore, (5.85) becomes

/
_p’UZ iu

et (5.86)

Also, after taking the derivative of this equation with respect to u and comparing it with
the second equation of (5.81), we obtain

L, =

!
2+ (i - J;) "+ f22=0 (5.87)
by virtue of (5.79), (5.83) and (5.86). Integrating (5.83) with respect to u gives
L(u,v) = / 2(u — v)pe™ du + H(v). (5.88)
0

Differentiating this with respect to v and comparing it with (5.86) yield

H'(v) = —'0;22/ el — /Ou e(z(u — v)p), du. (5.89)

Thus L is congruent to

L(u,v) = /Ou pz(u —v)e' du — /Ov{vaI(;,g_weiu + /Ou e“(pz(u —v))y du} dv.

Using (5.78), (5.83) and (5.86), we find |z|> = 1, |¢/|> = f2. Thus 2 is a curve in
S3(1) € C? with f as its speed. Also, it follows from (5.87) and Lemma 3.1 that z is
a Legendre curve with curvature function —f~1. Therefore, we obtain (9).
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Case B.2.ii. y # 0. We divide this case into two cases: A = g and A\ # p.

Case B.2.ii.a. 1 # 0 and A\ = u. If 0 is a solution of A\(1 —2cos? @) = ¢sinf cosd and
é1 = cosfey + sinfeg, éo = —sinfeq + cosfeq, then (5.1) yields

h(é1,é1) = AJéi, h(é1,é1) =0, h(é2,é2) = pJés, (5.90)
where
A = sin? 0(2) cos 0 + @ sin ) + A cos, ¢ = cos® B(pcosf — 2\ sinf) — Asin 6.

So, this case reduces to Case B.1l.ii.a or B.2.i according to V.,e; =0 or V., e; # 0.

Case B.2.ii.b. ;1 # 0 and A # p. From the assumption V., e; # 0 for Case B and the
second equation in (5.2), we get ea\ # 0. Since K = Ay — pu? # 0, we have

pejh = (2u— Neju, j=1,2, (5.91)
which implies eapr # 0 by A # 2u. Combining (5.2) with (5.91) gives
e1p = pwi(er) + (A = 2p)w3 (e2),
e1p = 4wy (e1) + pwy(e2), (5.92)
ez(Inp) = wy(er).
Since K = Ay — p?, the first two equations in (5.92) imply that
dperp+ perp = (4 — 8% — p*)wi(e) = (4K — 4y — p*)wi(ea). (5.93)

Case B.2.ii.b.a. 4K = 4% + p?. We have 0 # ¢? = 4(K — p?), which gives K > p?.
So, we may put ¢ = 21/K — p2. Thus we obtain from K = A\ — p? and (5.92) that

2
e1 = B2 (e2) — 2V/K — pi2es(In p). (5.94)

The last equation of (5.92) and the structure equation yield d(u~*w!) = 0. Thus there
exists a function u with du = p~tw!, 8/0u = pe;. Let @ be a function satisfying

eap® = VK — p2(Ind),,. (5.95)

By applying 0/0u = pey, (5.94), (5.95) and the last equation in (5.92), it is easy to

verify that
2 @62 -0
87.L) A /K — /'L2 o
Therefore, there exists a function v such that 9/0v = Pey// K — p?. With respect to
such a coordinate system {u, v}, we have
o0 _ope
ou v’

g=p*du® + dv?, (5.96)

K — u?
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which implies that

9 _ (K —p*)ppy 0

Va/au% = (lnﬂ)u% T a2 o
0 0 “ 0

Va/au% = (In U)v% + (K'uf 2 + (In ¢)u> 90 (5.97)
o Pup, + (K — p*)dd, 0 L 0

Voroug, =TT E(K 22 ou <K — " (ln@”) 9o’

Using (5.96) we know that the Gauss curvature K and pu are related by

I MKMM) N (2(K—u2)uv+¢uu) } (5.98)

B o (K — p2)7

Thus, by (5.1), (5.96), (5.98), K = Au — p? and Gauss’s formula, we obtain

. (K — 1) g
Luu = {I(K —+ N’z) =+ (h’lu)u}Lu — TLU,
_ .y il 241y
Luw = (Inp)y Ly + {IN + K—2 T }Lm (5.99)
o Qsluu + 2(K — :uz)/f% . My b,

Ly, = — DL, 2iP — ¢ L,.

{K—u2 p(K — p?)? U R R
A direct computation shows that the compatibility conditions: Lyu, = Lyu and

Lyyy = Lyyy hold if and only if (5.96) and (5.98) hold true. Thus we obtain (17).

Case B.2.ii.b.3. 4K # 4% + 2. From (5.91) and (5.93) we obtain w?(es) = e1(InG)

and G =1/y/|4K —4u? — ¢?|. So, we have [ue;,Ges] = 0. Thus, there exist local
coordinates {u,v} with 9/0u = pey, 9/0v = Gez such that the metric is given by

=2 du® + e (5.100)
I TR e = '
If 4K > 4u? + 2, then (5.100) implies that
0 0 0
Va/au% = (lnu)u% — (4K — 44 — 902)##@%7
0 0 App, + ooy, 0
— =(np)y—+ — 2 F_~ .
Vosouzg, (In ) iy 02— 2o (5.101)
v O Apputeen 0 At ope O
9/9v By pRAK —4p? — p2)2 0u - AK —4p? — o2 Ov’
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From (5.1), (5.3), (5.101) and Gauss’s formula, we have

Luw = {iK +ip® + (In )y} Ly — (4K — 4p° — 0% pupty Lo,

_Appa + 9ou |

4K —4p? — 2 [

I i A+ ppu (5.102)
4K —4p? — 02 pP(AK —4p2 - 22 [T

i Apg,
+{ ip L A + ooy }Lv.

VAK — 472 — o2 4K —4p? — 2

By a straightforward long computation we know that the compatibility conditions
(Luw)v = (Luy)u and (Lyy)y = (Lyy)w hold if and only if p and ¢ satisfy

Kou + oupn — 12 u G, o
- (G () — ke, 5.103
K (4K — 4p2 — p2)3/2 [ u+ G ) H ( )

Ly, = (ln:u)vLu + {I,LLQ +

where G = 1/4/4K — 4u? — ¢?. From these we obtain (18).
If 4K < 4p® + ¢?, (5.100) gives

P P P
Vojouge = (npmuzge + (4K —4p* = ") 5,

0 0 A + ppu 0
Vooum— = (Inpt)ym— + o Fr% 2
o/ougy = (IMp)og -+ 17— 17— o (5.104)
v 9 _ dppg +opu O Apupy + oo, O
0/9v 5y pRAK —4p? — p2)2 0u - AK —4p? — o2 Ov’
From (5.1), (5.3), and (5.104) we have
Luw = {iK +ip® + (I p)u } Ly + (4K — 4% — 0*) gy Loy,
. 4 u + u
Lo i Appra + PPu (5.105)
K — AR - (UK A - 0?2 [
{ i dpppy + oo } I
0 —AK + 42 AK —4p2— 2 [T

A straightforward computation implies that the compatibility conditions: (Lyq,)s
(Luy)w and (Lyy)y = (Lyy)w hold if and only if ¢ and ¢ satisfy

2
ooy — Koy — pppiy Gy o
L= , Tu 22 = —KuG, 5.106

where G = 1/1/4p2 + ¢? — 4K. From these we obtain (19). O
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6. Remarks

Remark 6.1. By a very long straightforward computation, we know that the surfaces
given in Theorem 5.1 are Lagrangian surfaces of constant curvature.

Remark 6.2. There exist Lagrangian surfaces in C? which do not contain any Leg-
endre curve in any hypersphere of C2. The simplest example is the Lagrangian circular
cylinder: L(s,t) = (e!*,t), s,t € R. On the other hand, we see from Theorem 5.1 that 12
of the 19 families of Lagrangian surfaces of constant curvature in C? given in Theorem 5.1
can be constructed via Legendre curves.

Remark 6.3. For a non-zero real-valued function f of one variable, the wave equation
Fu—=0)puy = f'(u=v)py = fP(u—=0)p=0 (6.1)

admits infinitely many solutions. For example, every linear combination of

P sin( /0 T dt>, ps = cos < /O T dt) (6.2)

is a solution of (6.1) (see [11, p. 738]). Consequently, the family of Lagrangian surfaces
given in (9) of Theorem 5.1 is very large.

Remark 6.4. Locally, there exist many solutions of system (4.1) (respectively, (4.5)
or (4.9)) according to the Cauchy—Kowaleski theorem (see [20]). Hence there exist many
Lagrangian surfaces of constant curvature K whose second fundamental forms are given
by (4.2) (respectively, given by (4.6) or (4.10)). Hence the families of Lagrangian surfaces
of constant curvature given in (17)—(19) of Theorem 5.1 are large.

Remark 6.5. The complete classifications of Lagrangian surfaces of constant curva-
ture in complex projective plane and in complex hyperbolic plane are obtained in [13]
and [14], respectively.
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