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NOTES ON TOPPAIR, TOP, AND REGULAR
FIBRATIONS, COGLUEING AND DUALITY

BY
ROSALITA FUREY AND PHILIP HEATH

This paper can be conceived of as an application of abstract homotopy
theory to topological homotopy theory. Thus our starting point is to ask for
conditions under which a map in Toppair (the category of topological pairs) is a
fibration or cofibration in that category. Our motivation for this is to discover
precise ingredients which will allow formal proofs of the Glueing and Coglue-
ing theorems (3.2 respectively 3.6, cf. also [4: 7.5.7], [6], [9] and [15]) to carry
over to the category Toppair and hence a fortiori to the subcategory Topy of
based topological spaces. We have a special interest in this latter category, and
we wish here to register a protest against the philosophy which fails to
distinguish between free and based results. This manifests itself, for example, in
the fact that the free results of [6] and [4: 7.5.7] have been quoted as if they
were based; similar comments apply to the theory of homotopy pullbacks and
pushouts. Nor, in our opinion, can the situation be satisfactorily resolved
merely by requiring nondegenerate base points throughout as (a) many impor-
tant cases are not covered, for example universal and functional fibrations are
often excluded (functional fibrations are those whose total spaces are spaces of
maps cf., for example, [1], [2] and [3]), (b) it is not immediately obvious, that
the spaces considered do have non-degenerate points, (this is emphasised in the
generalisation to Toppair, see the remark after 1.2), and (c) in the case of the
Topy coglueing theorem they are not needed (cf. 2.14).

Further motivation is contained in the results and techniques themselves. We
show, for example, that if p: (E, E,) — (B, B,) is a Toppair map in which the
Top maps p: E— B and its restriction p,: E,— B, are Hurewicz fibrations
and (E, E,) and (B, B,) are closed with the HEP, then p is a Toppair fibration.
(In particular, p is a fibration in the whole of Toppair and not just in the
subcategory consisting of all pairs closed with the HEP.) Two of the results we
particularly like are those (1.11 and 1.13) which free Topy fibrations of any
condition on the total space, thus allowing for the cases mentioned above. As a
spin off we obtain some connections between Top, and Regular fibrations, and
the result which must surely be known, that every fibration over a LEC Space
(in particular over a CW complex cf. [8]) is Regular. These latter considera-
tions fit well into the level of generality of Toppair, and our working at this
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level answers the natural question as to whether our techniques carry the level
of generality of [11]. (cf. 3.31).

After a preliminary section on Toppair exponential laws we give, in sections
one and two, our main conclusions relating conditions under which a map is a
fibration, respectively a cofibration in Toppair. Section two also deals with the
question of existence of pushouts in Toppair—a non-trivial discussion as
Example 2.1 shows. Finally, section three states, and makes reference to, the
proofs of the theorems which precipitated our discussion. In this last section we
also take the opportunity (3.3II) to amend an inadequate proof in [11].

§0. Toppair exponential iaws. Let f: (X, X,) — (Y, Y,) be a map in Toppair.
We denote by f, the restriction f| X, : X, = Y,. The categories Top and Tops
can be regarded as subcategories of Toppair in the obvious way.

Let (X, X,) and (Y, Y,) be objects in Toppair, the Toppair function space is
the pair

(XY, (Xa XO)(Y,YO))
where XY is the space of continuous functions in Top, with the compact open
topology, and where (X, X,)¥'¥? is the subspace of X¥ consisting of those
maps which map Y, into X,. If (Y, Y,)=(, I), I being the unit interval, we
see,

(XY, (X, Xo) ¥ = (X1, (X, Xo)"™") = (X", X0).

We abuse notation and write this as (X, X,)".
There is a Toppair exponential law. Let Y be locally compact then there is a
bijection
Toppair((Z, Z,) X (Y, Yo), (X, X,)) =Toppair((Z, Z,), (X, (X, Xo) ).
Here (Z,Z)%X(Y,Yo)=(ZXY,ZyxXY,). In case (Y, Yy =(II) we write
(Z,Z)*% (Y, Y,) as (Z, Zy) X I or as (Z X I, Z,x I). In this case the exponential
law reduces to

Toppalr((Z’ ZO) X I’ (X~ XO)) = Toppair((za ZO)9 (X’ XO)I)-

We note that our exponential law does not generalize the usual one in Topy
associated with the smash product. There is, however, a Toppair exponential
law which is motivated by the Top, situation, namely that which is associated
with the “tensor product” of pairs

(X, X0)®(Y, Yo):=(XXY, XX Y, UX,XY).
The corresponding function space pair is
(Y; YO) m (Za ZO) = ((Z’ ZO)(Y’YO), Z(}( ]

and the Top, situation is recovered by considering X, Y,, Z, as singletons,
and identifying the subspace of the tensored product to a point.
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This second rule has been generalized to the category of M-ads in [4].
Furthermore our exponential law also generalizes to this category. The first
rule in Toppair is however sufficient for our purposes. In fact our proofs in
Toppair will a fortiori give us proofs in Topy. These proofs however, because
the Toppair exponential law does not generalize the Top, one, are rather
different from those which would attempt formal proofs in Topy. Our consider-
ations allow a reasonable adjointness of homotopies via the cylinder object
(I I) in Toppair (cf. [13: 1.5, 1.6]), and enable us to set up the machinery
which mimics the abstract homotopy situation making available formal proofs
of 3.7 and 3.6.

§1. Fibrations and the CHP

DEerintTiON 1.1. Let p: (E, E,) — (B, B,) be a map then p is said to have the
covering homotopy property (CHP) for (X, X,) if given any commutative
diagram

(X, Xo) —L—(E, E,)

(X, Xo) X I—F" (B, By)

where go(x) = (x,0), then there exists a map F: (X, X,)xI— (E, E;) with
=f and pF=F. If p has the CHP for all (X, X,) then p is said to be a
Toppalr fibration, or simply a fibration where no confusion arises.

We list some elementary properties; Isomorphisms and projections are
fibrations, the composition of fibrations is a fibration, the pullback (see below)
of a fibration is a fibration, finally if p: E— B is a fibration in Top and
E,=p '(B,), then p: (E, E,) — (B, B,) is always a fibration.

Let f: (X, X,)— (B, By), g: (E, Ey) — (B, By) then the pullback of f and g
exists in Toppair, and can be written (XM E, X, E;) where m denotes the
standard topological pullback. The two possible topologies on X, E, coin-
cide, so there is no confusion.

The usual Top proof of the factorisation lemma easily adapts to prove

Prorosrtion 1.2. Any map f: (E, E,) — (B, B,) can be factored as (E, E,)-*>
(EmB', E;mB{)-%(B, B,) where u is a homotopy equivalence and 6 is a
fibration.

Here EmB' is the mapping track in Top consisting of {(e, A)e E X
B*| A(0) =f(e)}. We call the pair (Er B, E,1B{) the mapping track of f. For
arbitrary f it is not clear that this pair has the HEP even if (E, E,) and (B, B,)
do. This raises one of the difficulties encountered in a formal proof of 3.2, cf.
1.7 and the remark preceding 1.8.
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Given a map p: (E, E,) — (B, B,) there is an induced map q =g, : (E, E,)' —
(EmB’, E,B}) defined by q(A)=(A(0), pA). The following characterization
essentially generalizes [14].

Prorosrtion 1.3. Let p: (E, E,) — (B, B,) be a map, then the following are
equivalent
(1) p is a fibration,
(i) the map q, has a section (i.e. a right inverse),
(ili) any map h: (X, X,) = (EmB', E,mBg) lifts over q,,
(iv) p has the CHP with respect to the ‘“test pair” (EmB', E,mBY).

The proof is an easy exercise in the exponential law and is left to the reader.

CoroLLARY 1.4. Any Topy fibration is a Toppair fibration and if p: E — B is
a Top fibration then p : (E, &) — (B, &) is a Toppair fibration.

We merely observe that if E, and B, are singletons (empty) then so is
E,B{ a singleton (empty).

CoroLLARY 1.5. If p: (E, Ey) — (B, By) is a Toppair fibration then p: E — B
and p,, are Top fibrations (see §0 for the notation p).

Proof. If s: (EmB’, E;mBg)— (E', Eg) is a section to g, then s and
So : E;m1B§— E§ are sections to the Top maps “q,” and q,,.
In the opposite direction we have

ProrosiTioN 1.6 (cf. also [11: p. 1153]). If p:(E, Ey) — (B, By) is such that
p: E— B, po: E,— B, are Top fibrations then p has the Toppair CHP with
respect to all pairs (X, X,) that are closed with the HEP.

The proof involves lifting F, of 1.1 in Top to E, at f, by p,, then using
Strgm’s relative lifting Theorem [18: Th. 4] to lift F extending fxX0U
Fy: XX0UX,xI—E.

In view of 1.6 and characterization 1.3(iv) we investigate conditions under
which the test pair (EmB', E,B{) is closed with the HEP (in Top). We
prove more generally

ProposiTion 1.7. Let p: (X, X,) — (B, By), q: (Y, Y,) — (B, B,) be maps in
Toppair such that the maps p, po, 4, qo are Top fibrations. If the pairs (X, X,),
(Y, Y,) and (B, B,) are closed and have the HEP then the pair (XY, X, Yy)
is closed with the HEP.

We would like to acknowledge the comments of the referee of an earlier
manuscript which enabled us to dispense with a condition on (B, By).

Proof. The proof depends on two results of Strém.
Firstly [19] that if p: E—~>B is a fibration and B, B a closed cofibration
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then so also is p~'(By) < E; secondly [20] if in the composite A->B->C, j and
ji are cofibrations then so also is i. Writing X,=p '(B,), Yo=q (B, we
deduce from the above that the following are closed cofibrations X, X5 X,
and Y,% Yo< Y. Furthermore from the pull-back diagrams,

XY= XY, XomYo—XomY, XomY,— XY

e

X, — X, Y,——Y, B,——B

in which one easily verifies that the right hand vertical maps are fibrations, we
deduce that each of the inclusions

XYoo Xom Yoo X Yoo XmY

is a closed cofibration. The result follows.
Since I is compact and (B, B,) is closed with the HEP we deduce from [20]
that (B', B{) is closed with the HEP and conclude from 1.3(iv):

Cororrary 1.8. Let p: (E, E,) — (B, By) be a Toppair map with p and p,
Top fibrations: suppose further that (E, E,) and (B, B,) are closed with the HEP
then p is a Toppair fibration.

Corollary 1.8 gives very simple conditions which will allow a formal proof of
3.2 in Toppair; in Tops we can do even better, as we are able to free ourselves
of conditions on the total space. To do this we need to consider the relation of
Topy and regular fibrations [14]. First some notation.

For each topological space X, let §: X — X' denote the map which takes x
into the constant path at x. If p: E— B is a map we can thus regard E as a
subspace of E’. It can further be regarded as a subspace of EMB’ via the
double pullback diagram

EErmB'—>E

L1k

B >B'—>B
Diagram 1.9

Now this situation gives us a Toppair map
q,:(E', E)— (EmB. E)

defined as in 1.3.
The reader is left to check the following definition against Hurewicz’s
original one [14].

DeriNiTION 1.10. The map p: E — B is a regular (Top) fibration if and only
if there is a Toppair section s to the above map (.

https://doi.org/10.4153/CMB-1981-049-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1981-049-2

322 R. FUREY AND P. HEATH [September

A section s:(EmBY E)— (E', E) restricts to a section (EmB, e;)—
(E", e,) for each choice of e, € E, using 1.3(ii) we have proved the first part of

Prorposition 1.11. Any regular fibration p: E— B is a Topy fibration
p: (E, eo) = (B, p(ey)) for all choices of ey € E. In particular this is the case if B is
a CW complex, or if B is LEC [8].

Tulley [21] has shown that if B is a zero set in B' for some continuous
function ¢ : B' — I then any fibration over B is regular. Strgm [20: p. 441], in
a different context, notes the existence of such a ¢ for CW complexes, while
the existence of a ¢ for LEC spaces is a simple consequence of the definition
given by Dyer and Eilenberg [8], (who also show that a CW complex is LEC).

RemMark 1.12. 1. Although we believe the result is known that, any fibration
over a CW complex is regular, we know of no statement or proof of this fact
in the literature.

II. Since B is always a deformation retract of B', the additional information
of B being a zero set in B* ensures that & in 1.9 is a cofibration, we can thus
deduce Tulley’s theorem using our techniques.

III. The freeing of the results in Propositions 1.11 above and 1.13 below,
from conditions on the total space is particularly useful when studying universal
fibrations or functional fibrations, i.e. fibrations whose total spaces are spaces
of maps (cf. for example [1], [2] and [3]), where non-degenerate base points in
the total space are not generally available.

ProrosiTiON 1.13. Let p: E — B be a (Top) fibration and b, a closed non-
degenerate point of B then p: (E, ey) — (B, b,) is a Topy fibration for all choices
of eq€ F, the fibre of p over b,.

Proof. If we replace the left hand B in 1.9 by singleton * then the left hand
arrow of the corresponding double pullback diagram becomes F— *. We
conclude that the pair (EMB% F) is closed with the HEP and hence there
exists a section s to (E', F) - (EmB’, F). Selecting the base point and restrict-
ing s gives the result.

§2. Pushouts and cofiberings in Toppair. The existence of pushouts in
Toppair is not quite as simple as the pullback situation. One might expect the
pushout of

(X, Xo) ——(A, A))—2>(Y, Yy)

to be (Xu1Y, X,u1'Y,) where L1 denotes topological pushout.
However this is not necessarily the case.
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ExampLE 2.1. Let (X, X,) = (L I), (A, Ag) =(I, 0), (Y, Y,) = (*, %), the single-
ton pair, f: (A, Ag) — (X, X,) the inclusion, g: (A, Ay) — (Y, Y,) the unique
map then (XY, X,1Y,) = (%, I) which is clearly not a pair.

We will see later (2.6.1) that even when XY, is a subset of XY the
subspace and the pushout topologies need not coincide.

Pushouts, however, do exist in the category Toppair as we now demonstrate.
Consider the unique function foL1g, : XoL1 Yy — X11Y induced by the univer-
sal properties. As example 2.1 shows f,Lig, need not be injective. Define an
equivalence relation ~ on X,1Y, by w;~w, if and only if (foLigy)(w,)=
(foLago)(wy). The function fyiig, induces an inclusion of the quotient set
(X, Yy)/~ into XY,

ProrosiTioN 2.2. The pair (XY, (Xow1Yo)/~) is a pushout of (X, X,)<-
(A, Ag)2 (Y, Yy if we give (Xy11Y,)/~ the subspace topology with respect to
XuY.

Proof. Maps h: (X, X,)— (Z, Z,), k:(Y, Yy)— (Z, Z,) compatible with f
and g define a unique Top map hiik: X11Y — Z. As a function the compo-
site (hiuk) e (forago) factors through (X,11Y,)/~, by the universal property of
quotient sets. The above composite by assumption has its image in Z, so the
factored “‘restriction” of hiik is continuous by the universal property of the
initial topology on Z,.

Under certain circumstances the equivalence relation of Proposition 2.2
turns out to be trivial. We consider only cases in which either f or g is an
inclusion. This condition is not sufficient as 2.1 again demonstrates. Without
loss of generality we assume (A, A,) is a subpair of (X, X,). We can consider
the sets XoL1Y,, XY as YoU(X\A,) respectively YU(X\A). (Here U
denotes the disjoint union). Clearly we have:

Prorosition 2.3. In the above situation, X,1Y, is a subset of XY if
(Xo\Ay) is a subset of (X\A).

The condition of 2.3 is evidently not satisfied by 2.1.

CoroLLARY 2.4. Let f:(X, Xo) — (Y, Y,) be a map then the Toppair suspen-
sion on (X, X,), cone on (X, X,) and mapping cylinder on f are respectively the
pairs (SX, SX,), (CX, CX,) and (M;, M;).

The suspension and cone can be taken in either the reduced or unreduced
sense. M, for example is the mapping cylinder, in Top, of a map g, and in each
case the second space of the pair is given the subspace topology with respect to
the first.

Proof. We prove only the mapping cylinder result. This follows from 2.3
since as sets M; = Y, X0U XX (0, 1] while M; =Y x0UX x(0, 1].
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ProposiTION 2.5. If f and g in 2.2 are both inclusions then the equivalence
relation is always trivial.

This proposition is easily proved using the explicit description of the counter
images of points under the identifications X, Y, — Xoi Yy, XUY —» X11Y,
together with the evident injection X,U Y, > XUY.

ReEMARks 2.6. I. We wish to emphasize that the subspace topology on
Xo1Y, need not coincide with the identification topology even when the
equivalence relation of 2.2 is trivial. To see this consider the mapping cylinder
of the inclusion (X, A) — (X, X) where A =(0, 1], X =[0, 1]. It is shown in [7:
1.21] that the subspace topology (with respect to X xI) on X x0U A X I is not
the same as the identification topology.

II. The Top, and Toppair mapping cylinder of a map f: (X, xo) = (Y, y,) are
not identical. This is clear since the mapping cylinder of f, : {xo} = {yo} is not a
point.

We turn now to a discussion of Toppair cofibrations.

DEeFINITION 2.7. Leti: (A, Ay)< (X, X,) be an inclusion map in Toppair, then
i is said to be a cofibration if the following diagram

a (A A) —— (X, X,)

ix1

(a,0) (A, A X I—> (X, X)X I

is a weak pushout. That is given maps f: (X, X,) = (Z, Z,), F: (A, Ay) X1~
(Z, Z,) with Feo=fi, then there exists a map F: (X, Xo)xXI— (Z, Z,) with
Feo=f and F(ix1)=F.

Isomorphisms are cofibrations, the composition of cofibrations is a cofibra-
tion, the pushout of a cofibration is a cofibration, the inclusion of a pair into
the disjoint union of itself with another pair is a cofibration.

The following propositions are formal generalizations of Topological ones.

ProrosiTion 2.8, Every map f:(X, X,)—(Y,Y,) factors as (X, Xy
(M;, M; ) (Y, Y,) where i is a cofibration and h a homotopy equivalence.

ProrosiTion 2.9. Let i: (A, Ag)S(X, X,) be an inclusion with X locally
compact. Then i is a cofibration if and only if

i*: (2%, (2, Z)*%9) = (Z*, (Z, Zo) A

is a fibration for all pairs (Z, Z,).
The following characterization dualizes 1.3.
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ProposrTioN 2.10. Let i: (A, Ay) (X, X,) be an inclusion the following are
equivalent:
() i is a cofibration
(ii) The injection q;: (M;, M,) = (X X I, X, X I) has a left inverse.
(iii) Any map h: (M, M,) = (Z, Z,) extends over (X X I, X, XI).

CoroLLARY 2.11. Ifi: (A, Ay) — (X, X,) is a Toppair cofibration theni: A< X
and iy : Ay X, are cofibrations in Top.

Proof. A retraction r:(XXI X,XI)— (M, M,) defines retractions
r: XxXI—-M, ry: XoXI— M, and the proof follows from the characterization
corresponding to 2.10 in Top (cf. [4]).

Remarks 2.12. 1. According to [19: p. 132] the existence of retractions r and
ro as above ensures that the subspace topologies and pushout topologies on M;
and M, coincide.

II. The existence of the retractions r and r, justify our considering only
inclusion maps as cofibrations (cf. [18]).

III. The converse of 2.11 is false, for consider i : (I, 0)<>(I, I). The identifica-
tion map I — S’ is homotopic as a Topy map (I, 0) — (S’, 0) to the constant
map, however as a Toppair map (I, I) — (S, 0) this is not the case.

The reader will note that in the example 2.12.II1, in the usual terminology,
ANX#A. Indeed it is an open question whether cofibrations of pairs
i: (A Ay (X, X,) exist with A N X,# A,. We will consider as candidates for
cofibrations only inclusions for which A N X, = A,. We justify this intuitively as
follows. Consider all maps (X, X,) — (Z, Z,) for fixed X, Z, Z,. Larger sub-
spaces X, will, in general, result in a smaller total number of maps. Similarly
for fixed A, Ao, X, Z, Z,, larger X will allow fewer homotopies (A, Ay) —
(Z, Z,) to extend to homotopies (X, X,) — (Z, Z,).

ProposiTiION 2.13. Let i: A < X be a Top cofibration, if A, is a subspace
of A then (A, Ag) (X, Ay) is a Toppair cofibration.

Proof. A retraction XX I XX0U A XI restricts to a “retraction” AgX
I—- AXOUAXL

COROLLARY 2.14. If i: A X is a Top cofibration then (A, )< (X, &) and,
for each ay€ A, (A, ay)>(X, ao) are Toppair cofibrations.

Thus, in particular, we note that nondegenerate base points are not required
for the pointed glueing theorem cf. 3.6.

ProrosiTiON 2.15. Let A, be a subspace of X, and of A, with X,NA=A,
and the inclusion A, X, a Top cofibration then (A, Ag) (XA, X,) is a
Toppair cofibration.
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Proof. It is easy to see that (A, Ag)<(X,, X,) is a cofibration, and the
diagram

(Ao, Ao) — (A, Ao)

|

(X0, Xo) = (XoL1A, Xo)
is a pushout. The result follows.

CoroLLARY 2.16. Let (Y; Y,, Y,) be a Mayer Vietoris Triad (cf. for example
[4;p.240)), if Yo=Y NY,, then (Y, Yo)(Y, Y,) and (Y, Yoo (Y, Y,), and
their symmetries, are Toppair cofibrations.

Proof. For the first part take Ay=Y,, Xo=Y, and A =Y}, for the second
take Ao=Y, and X,=Y,; and A=Y in 2.15.

ProposiTioN 2.17. Let i: (A, Ay (X, X,) be an inclusion such that (AN
Xo)=Ao XolA =X, UA, and Ay X, and XoUA S X are Top cofibrations
then i is a Toppair cofibration.

Proof. The Map i can be factored as (A, Ay) (X U A, X)) (X, X,), the
first map is a cofibration by 2.15 while the second is by 2.13.

CoroLLARY 2.18. If AsX and B X are closed cofibrations and if AN
B X is a cofibration, then (A, A NB)s(X, B) is a cofibration in Toppair.

Proof. By Lillig [16; cor. 2], the union A UB& X is a cofibration, by [20;
Lemma 5] ANBSB is a cofibration, the result follows from 2.17.

The next corollary generalizes [17; p. 380].

CororLarY 2.19. If Bo Y is a Top cofibration and b € B is non-degenerate in
B or in Y then (b, b) is non-degenerate in (Y, B).

Proof. Putting A=A =b, X,=B, X=Y we see that A;&X, and
Xo,UA G X are cofibrations (use [20; Lemma 5] if b is non-degenerate in Y).

§3. Coglueing and Glueing Theorems. In this section we give versions of
the Coglueing and Glueing Theorems in the category Toppair and hence a
fortiori in the category Topy. We remark that despite quotations to the
contrary the results of [6] and [4: 7.5.7] are for the free cases only. We know of
no other publication with the based results.

Consider the commutative diagram in Toppair
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(A, Ao : (E, Eo)

(A', Ap) £ (E',E})

——

» w

Diagram 3.1

|
(X, Xo) (B, Bo)

THEOREM 3.2 (Toppair, Tops, Coglueing Theorem). If in 3.1 the inner and
outer squares are pullbacks, ®,, ®, and ®; are homotopy equivalences and p
and p' are fibrations in Toppair, then ®, is also a homotopy equivalence. In
particular the result holds if ®,, ®,, ®; are homotopy equivalences and either

(a) if (E, E,), (E', E}), (B, By), (B', B}) are closed with HEP and p, po, p’, P}
are Top fibrations or

(b) if E,, E§, By, B} are singletons, By, B} closed non-degenerate base points
and p and p' Top fibrations.

We will not labour over a proof of 3.2. The conditions in (a) and (b) ensure
that p are p’ are Toppair fibrations. If this paper is read in conjunction with
[11] it will be found that all the formal categorical homotopy theory necessary
to mimic [4] is available. Alternatively one could verify that the Kan conditions
of [15] are fulfilled, this note together with [11] and [15] would then also
provide a proof of 3.2 (see also 3.3.II below in connection with the Kan
conditions).

REMARKS 3.3. 1. Both methods of proof mentioned above include a replace-
ment argument. The precise condition needed for the replacement argument
for f, for example, is that p has the Toppair CHP with respect to (EmB’,
E,mBY) and (EM B, E,1B{) X I. (Compare the proof of 2.4.1 of [12]). This
fact excludes the generality of [11].

II. We take the opportunity to point out and correct an insufficiency in the
proof of Lemma A.1 in [11] (an essential step in the proof of 1.1 of that paper
and hence in 3.2 of ours). The last step to deduce the existence of a map M
extending L would require a relative lifting theorem in the category Toppair.
This is clearly the case for the examples of section two of that paper but may
not be true in general. However the statement of A.1 in [11] is correct. The
proof may be completed by simply lifting K = 0; rel. end maps. Restricting this
lift to the three edges (X, Xo)xO0XI, (X, Xo)XIx1, (X, X)X 1xXI gives the
required lifting.
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CoroLLARY 3.4 (generalizing [6: 14]). Consider the outer square of 3.1. If this
square is a pullback, p a Toppair fibration and f a homotopy equivalence then so
also is g.

If p: E— B is a fixed Topy fibration then Corollary 3.4 can be used, for
example, to choose a classifying map k for p, and a universal fibration
P : E..— B, such that k is an inclusion (this is required for Top fibrations in
[9: p. 45).

CoOROLLARY 3.5. Consider the trapezoid to the right of 3.1. If p and p’' are
Toppair fibrations and ®, and ®; are homotopy equivalences then the induced
map ®,: (F, F,)— (F', F}), of the fibres (F,F,) of be B, and (F',F}) of
®,(b) e B, is a homotopy equivalence.

TueoreM 3.6 (Toppair, Topy Glueing Theorem). If in 3.1 the inner and outer
squares are pushouts, ®,, ®, and ®, are homotopy equivalences and i and i' are
cofibrations in Toppair, then @5 is also a homotopy equivalence.

Theorem 3.6 can be proved in a way dual to 3.2 or, in a convenient category,
by using the techniques of the main theorem of [10]. These techniques were
generalized in [13] and fit the circumstances here.

We leave the reader to give the precise conditions corresponding to section
two, under which 3.6 holds. We would however, point out that because of 2.14,
it is not necessary, for the Topy Glueing Theorem, to require non-degenerate
base points throughout.
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