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O N CYCLIC S U B G R O U P S O F FINITE G R O U P S

by U. DEMPWOLFF and S. K. WONG

(Received 13th December 1979)

In [3] Laffey has shown that if Z is a cyclic subgroup of a finite subgroup G, then
either a nontrivial subgroup of Z is normal in the Fitting subgroup F(G) or there exists
a g in G such that Z 8 D Z = 1. In this note we offer a simple proof of the following
generalisation of that result:

Theorem. Let G be a finite group and X and Y cyclic subgroups of G. Then there
exists a g in G such that Xs n Y^

Remark. Note that X and Y need not to be conjugate subgroups of G. Our
notation is standard (see [2]). A subgroup H is said to be a component of G if
[H, H] = H, H is subnormal in G and H/Z(H) is a simple group. The product of all
components of G is called E(G). Let F*(G) = F(G) • E(G). Then CG(F*(G))^F*(G)
(see page 165 of [1]),

Proof of Theorem. We choose G to be a minimal counterexample and X, Y chosen
so that max(|X|,|Y|) is of minimal order. Consequently,

(I) We may assume |X| = \Y\ and if Xp is a Sp-subgroup of X then there exists a g in
G such that X«eSylp(Y).

(II) The group X is of square-free order.
Suppose p2 divides |X|. Then by induction, we may assume (by replacing Y by a

suitable conjugate) that L = XDN= Y O N ^ l , where N = (li(Z(Op(G))). First assume
L^G. Since CG(L)<3G and X, Y are contained in CC(L), we have by induction that
G = CG{L).

But by induction on GIL, we have a contradiction. So L$G. Let g e G such that
X 8 n Y is a p'-group. Set X ^ = Op.(Xg) and T=CG(N)XO. Since N^F(T) and
(\N\,\XO\) = 1, we have F(T)^CG(N). Hence F(T) = F(CC(N)) = F(G). By induction,
there exists afisCG(N) such that Xgn(YDT)<F(T) = F(G). Since Lh = L, we have
X E h n Y = X g l n Y = X g l n ( Y n T ) < F ( G ) , and we have a contradiction. This proves
that X is of square-free order.

(III) G = F*(G)X = F*(G)Y.
Let GO=F*(G)X. Since CG(F*(G))gF*(G) and F(GO)=>F(G), we have

Z(F(Go))sZ(F(G)). If Goc:G, then by induction there exists a g e G o with
X K n ( Y n G o ) < F ( G o ) . i.e. XR n Y n G o sZ(F(Go))sZ(F(G)) . Since X 8 DY =
X*nYC\Go we are done.

(IV) If l^Ncn, (Z(O p (G)) ) with N<G, then F(G/N)^F(G)/N. Suppose
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F(G/N) = F(G)/N. Then by induction we may assume L = Op(XnY)N<F(G) but
O p (XnY)^F(G) . Since G = F*(G)X, we have L<G. Let ge G-NG(Op(Xn Y))
and T=CG(L)X*. Since Op.(F(G))<=CG(L) we have Op.(F(G))<=Op.(F(T)). But since
OpiF(T))<=CG(L) and F(C o (L)cf(G) , we have Op.(F(T)) = Op.(F(G)). Now by
induction, there is a f e T such that Xgl D(Tn Y)<F(T). Since r centralises Op(Xn Y),
we have X8' D(Tn Y) is a p'-group. Hence XEI n Y<Op,(F(G)), a contradiction.

(V) OP(F(G)) is elementary abelian, F{G)nE(G) = 1 and XDF(G) =YHF(G) = 1.
Suppose OP(F(G)) is not elementary abelian. Setting N = <j>(Op(G))nn,(Z(Op(G)),

we have F(G/N) = F(G)/N contradicting (IV). Similarly, if F ( G ) n E ( G ) ^ l , let N =
HjCOpCFCG) D E(G))) and again we have a contradiction by (IV). The last assertion
follows by induction.

(VI) Either F*(G) = OP(G) or F*(G) = E(G) is a minimal normal subgroup of G.
Suppose the contrary. We have the following cases:

(i) F(G) = 1 and \fMx,M2<G such that E(G) = MxxM2.
(ii) E(G) = 1 and set Mx = OP(G) and M2 = Op,(F(G)).
(iii) Set Mi = F(G) + 1 and M2 = E(G) ^ 1.

Now let X o = CX(M2) and Yo = CY(M2). Note that by (I), |XO| = | Yo|. As MXXO <G,
we have F*(MlXo) = M1, and hence there exists a / e M j with X{,nYo = l. Set
X = X o x X o o , Y=YoxYoo and T = M2Xo.o. Pick meM2 such that X f

o o n Y ^ o <
F(T). In cases (i) and (iii), F(T)^CG(M2) and so Xf

ooC\ Y3O = 1- In case (ii) F(T)^
M2 and by (V), (X' o on Ygo)nM2 = 1 and hence Xf

oon YSo= 1- Since Yg= Yo and
|XO|, |XOO| are coprime numbers, we have Xf n Ym = (Xf

o n Yg) x (Xf
oo n Y3O) = 1, a

contradiction.
(VII) Final contradiction.
If F*(G) = OP(G), we have by the Schur-Zassenhaus theorem [2, Thm. 2.1, p. 221]

that X8 = Y for some geG. By Maschke's theorem, [2, Thm. 3.1, p. 66], let
OP(G) =VxV2...Vr where Vj are minimal X-invariant subgroups. Let 1 ^ v{ € Vt, then
XDX*'"* u -=l , a contradiction. Hence by (VI), we have F*(G) = E(G) is a minimal
normal subgroup of G. Let Xp e Sylp (X). Then by (I), there exists a gp in G such that
X ^ e Sylp (Y). Since G is a counterexample, for any g in G there exists a prime p such
that p | |XK n Y|. Hence X« = X^ and ge NG(Xp)gp. So we have G = U NG(Xp)gp.

pe-ir(X)

Let NG(Xq) = max(|NG(Xp)||p€7r(X)). Then \G: NG(Xq)|<7r(X)<r = max (ir(X)).
Hence l ^ X r c f) NG(Xq)

K and so E I O C J V G ^ ) , which is impossible. This final
gsG

contradiction proves the theorem.
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