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THE NUMBER OF GENERATORS OF A 
LINEAR ^>-GROUP 

I. M. ISAACS 

Let G be a finite ^-group, having a faithful character % of degree / . The 
object of this paper is to bound the number, d(G), of generators in a minimal 
generating set for G in terms of x and in particular in terms of/. This problem 
was raised by D. M. Goldschmidt, and solved by him in the case that G 
has nilpotence class 2. (See [1, Lemma 2.8].) We obtain the following results: 

THEOREM A. Let % be a faithful character of the p-group, G. Letf = x( l ) omd 
let s be the number of linear constituents of x- Then 

(a) d(G) ^ (?/p)(J - s) + s. Also, 
(b) if p ^ 3 and G is non-abelian, then d(G) ^ / — p + 3. 

THEOREM B. Let G be a p-group and let x £ Irr(G) be faithful. Then 

.f+(J/P)+2p-± d(G) ^ 
p-\ 

It is shown by examples that the inequalities in Theorem A are best possible, 
and the one in Theorem B is nearly so. 

1. Suppose x is a faithful character of the ^-group, G, and that x = ^ + X, 
where X is linear. Let N = Ker \// so that \N is faithful and hence N is cyclic. 
It follows that d(G) ^ d(G/N) + 1. By repeated application of this argument, 
we see that in order to prove Theorem A (a), it suffices to assume that x has 
no linear constituents and show that d(G) ^ 3//£. Observe that part (b) of 
this theorem follows immediately from (a). 

We would like to use reasoning similar to this in order to reduce the problem 
of bounding d{G) to the situation of Theorem B, namely where x is irreducible. 
In general, G is a subdirect product of the irreducible linear groups determined 
by the irreducible constituents of a faithful character. Unfortunately, if iVi, 
N2 < G with JViH N2 = 1, it does not follow that d(G) ^ diG/Nx) + 
d(G/N2). In order to overcome this difficulty we need to strengthen the 
theorem we are trying to prove. 

Definition 1. Let G be a p-group and let U Q G. Then 

dG(U) =d{U/{UC\ $(G))). 
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Instead of assuming that x is faithful on G and bounding d(G), we shall 
assume U O G and % is a character of G with %v faithful and we shall bound 
dG(U). Since dG(G) = d(G), the new problem includes the old one. 

LEMMA 2. Let G be a p-group with U ç G. 
(a) If U Ç H Ç G, ^e« <*<,(*/) ^ dH( t /) a«û! dG(Z7) ^ <?<?(#). 
(b) J / 7 Ç Z7and 7 < G,thendG(U) = d 0 ( F ) + d0,v(.U/V). 

Proof, (a). Since H/HC\9(G) is elementary, * ( i î ) Ç $(G) and 
UC\ 9(H) C UC\ 9(G). It follows that d f f([/) ^ d0(C7). Also, d0(U) = 
d(U*(G)/$(G)) £ d(H9(G)/9(G)) = <*<,(#). 

(b). Let A = Ur\ V9(G). Then f / 2 ^ 2 C/H $(G) and rf0(C7) = 
d(U/A) + d(A/(U r\ 9(G))). Now 4 = F ( t / n $ ( G ) ) and hence 
A/(Ur\ 9(G)) ^ V/(Vr\ 9(G)). Thusd(A/(Ur\ 9(G)) = dG(V). Finally, 
we have (Z7/7) H $ (G/F) = (U C\ V9(G))/V = A/V. Therefore, 
dG/r(U/V) = d((U/V)/(A/V)) = d(U/A). The proof is complete. 

COROLLARY 3. Let G be a p-group and let U = iV0 2 Ni 3 . . . D iV„ = 1 
w/zere iV, <3 G/or 1 :§ i ^ w. JT̂ ew 

dG(U) = Ê domW^/N,). 
i=l 

Proof. Repeated application of part (b) of the lemma yields the result. 

Next, we wish to establish appropriate bounds when x( l ) = P- The following 
lemma is well known and is stated here without proof. 

LEMMA 4. Let A <\ G be abelian with G/A cyclic. Let A g be a generator of 
GI A. Then 

(a) G' = {arWla 6 A] and 
(b) | G ' | | i 4 n Z ( G ) | = \A\. 

If X is a character of a group, G, then det x is the linear character of G 
obtained by taking the determinant of any representation of G which affords x-

LEMMA 5. Let G be a p-group with abelian A <\ G such that G/A is cyclic. 
Let x G Irr(G) with x ( l ) = Pe and suppose XA is faithful. Then 

(a)dG(A) £e+l. 
Also, 

(b) if det XA = 1A, then dG(A) ^ e, and 
(c) if A has exponent ^ pe then dG(A) ^ e. 

Proof. Let Z = Z(G) H A. By Lemma 4, we have \A : G'\ = \Z\. Since x 
is irreducible, we have Z(Ker x)/Ker x is cyclic and thus Z is cyclic since XA 
is faithful. If \Z\ ^ p\ then \A/(A H $(G)) | ^ \A:G'\ g pe and d(A) £ e. 
Therefore, (c) follows. 

Now xz = Pe^ where X is a faithful character of Z. We have det xz = ^pe 

and hence if det xz = lz, it follows that \Z\ ^ pe, and (b) now follows. 
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T o prove (a), let C be the cyclic group of automorphisms of A induced by 
GI A. Since XA is faithful, C permutes the set of linear const i tuents of XA 
faithfully. This action is transitive, and hence regular and \C\ ^ x ( l ) - Let 
6(a) = Uaeca'T for a £ A. Then 6 is an endomorphism of A and 6(a) = 6(ag) 
for g £ G. I t follows tha t G' Q Ker 6 = K. I t is clear t ha t 6(A) C Z and 
since \A : K\ = \6(A)\ and \A : G'\ = \Z\, we have \K : Gf\ = \Z : 6(A)\ and 
A/K^6(A) is cyclic. If Z = (z), then 6(z) = z\c\ and hence \Z : 6(A)\ ^ 
\C\ ^ pe. I t follows tha t |i£ : K C\ $ ( G ) | ^ £ e and rfG(X) ^ e. Since 
dG/K(A/K) ^ 1, we have dG(A) S e + 1 and the proof is complete. 

L E M M A 6. Let G be a p-group with % Ç Irr(G) and x ( l ) = £. £e£ U < G and 
suppose xu is faithful. Then 

(a) d G ( f / ) ^ 3. ,4 to, 
(b) dG(U) ^ 2 if U is abelian, det xt/ = It/ or U has exponent p, and 
(c) dG(U) ^ 1 if U is abelian and either det xu = It/ or £7 &as exponent p. 

Proof. Use induction on |G|. If there exists H C. G with U Q H and Xi? 
irreducible, then the result follows since dG(U) ^ dH(U). Supposing, then, 
t h a t U C G, we may assume t h a t the restriction of x to every maximal 
subgroup containing U is reducible. I t follows t ha t x vanishes on G — UQ(G) 
and hence [xt/*(<?), XU$(G)] = \G : Z7$(G)|. If |G : C/$(G)| > p, then [xc/, 
Xt/] = P2 and xc/ = M> where X is a faithful linear character of U. In this case 
U is cyclic and dG(U) ^ 1. 

Under the assumption t h a t U C G, the remaining case is where 
|G : £ /$(G) | = £, G/U is cyclic, and £/is abelian. In this case, Lemma 5 yields 
dG(U) ^ 2 and dG(U) ^ 1 if det xc/ = 1er or U has period £. 

T h e only remaining case is where U = G. Here x is faithful, and there 
exists an abelian subgroup A of index p (since x is a monomial character) . By 
the earlier cases, dG(A) ^ 2 and dG(A) ^ 1 if det XA = 1A or A has exponent 
p. T h e result now follows since dG(G) = dG(A) + 1. 

2. In this section we prove Theorems A and B by working with irreducible 
characters, x> of G which are faithful upon restriction to U <\ G. In order to 
obtain the desired bound we introduce another parameter and prove a some­
what stronger theorem. 

T H E O R E M 7. Let G be a p-group, x £ Irr(G) and U <3 G with xu faithful. 
Let x ( l ) = / and let r be the number of (not necessarily distinct) irreducible 
constituents of %u- Set b = (f + (f/p) + 2p - A)/(p - 1). Then: 

(z)dG(U) £b. 
(b) Ifr>l, then 

da(U) * b - &&=+- 1. 
p - 1 

(c) / / det xu — 1*7, the inequalities in (a) and (b) may be replaced by strict 
inequalities. 
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Proof. Use induction on \U\ \G\. First note that if / = 1, then b > 1 and U 
is cyclic and the theorem holds. lif = p, then b = 3. In this case the theorem 
follows from Lemma 6. We therefore assume t h a t / ^ p2. 

If r = 1, then xu is irreducible and since dG(U) ^ du(U), we are done by 
induction if U < G. Assume then, that U = G and let H be a maximal sub­
group of G, chosen so that XH is reducible. Since \H\ \G\ < \G\ |G|, the inductive 
hypothesis applies and we conclude that dG(H) ^ b — 1 with strict inequality 
if det % = 1G. It follows that dG(G) = 1 + dG(H) ^ 6, again with strict 
inequality if det % = 1 <?. The theorem is now proved in this case. 

Now suppose r = p. Choose a maximal subgroup, H Z) £7. If XH is irreduci­
ble, we are done by applying the inductive hypothesis to H. We may assume, 
then, that XH = 0i + • • • + 0pt where the 6t are conjugate irreducible characters 
of H. Since we are assuming r = p, we have (0*)t7 irreducible for all i. On the 
other hand, since f ^ p2, 0i(l) ^ ?̂ and there exists a maximal subgroup, 
IF, of H with (0i V reducible. It follows that U Ç£ W. Let X be a linear character 
of H with kernel fl7 and le t^ = X G andF = £7 H Ker ^. Then F Ç £ / r W C £7. 
Also, $ ( i ï ) C W and $ ( # ) < G, so that $(H) ç Ker ^ and consequently, 
[7/F is elementary abelian. If \p is reducible, then W <\ G, IF = Ker ^ and 
[7/ V is cyclic. If ^ is irreducible, there is a corresponding irreducible character 
\p of G /Fand \f/(u/v) is faithful. It follows from Lemma 6(c) that dG/v(U/V) = 1, 
and thus this is true in either case. 

Since F C U, the theorem applies to bound dG(V). Since xv has at least 
p2 irreducible constituents, we have dG(V) ^ b — 2, with strict inequality if 
detxu = lu-Now dG(U) = dG(V) +dG/v(U/V) = 1 + dG(V) and thus the 
theorem holds. 

Finally, we assume that r ^ p2 and again choose a maximal H 3 £7. As 
before, we may assume that XT? = 0i + • • • + 0?- Let X* = det 6U let \p — \\G 

and let F = £7 P\ Ker i/'. If \p is reducible then Ker \p = Ker Xi, £7/F is cyclic 
and dG/v(U/V) = 1. If xp is irreducible, then as before we let \p be the corre­
sponding irreducible character of G/V. Since \p(uiv) is faithful and U/V is 
abelian, Lemma 6(b) yields dG/v(U/V) ^ 2. Now det \pH = IIX* = det XH 
and hence if det xu = 1*7, it follows that det \j/(u/v) = l(u/v)&nddG/v(U/V)^l 
by Lemma 6(c). 

Now let Kj = Ker0, and let Nt = F Pi P i J = i ^ . Set 7V0 = F and note 
that Np = 1 since Xy is faithful. By Corollary 3, 

<*0(7) ^ <k(F) = Z dBm{N^/Nt). 

Let ri be the number of irreducible constituents of (6i)Ni^.1 and observe that 
rt ^ r/p ^ £. Let 6t be the irreducible character of H/Nt corresponding to 0* 
for 1 S i ^ P> We have duNi-1/Ni) is faithful and has trivial determinant since 
Ni-i Q V Ç Ker ^ C Ker X*. It follows by the inductive hypothesis that 

tBwAJyt-i/Mi) < ^ — j - ~f^\ L 
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Since/ ^ p2 and rt/p ^ r/p2 ^ 1, the quantity on the right is an integer and 
we conclude 

a (N 'V ^ - if/p) + WÏÏ +2P-4, (r/p2) - 1 aH/Ni{l\i^i/l\i) ^ _ _ — 2. 

Therefore we have 
L2 

*G 

f+(f/P)~p- (r/p) (r/p) - 1 
£ - 1 " ^ £ - 1 ~ ^ 

Combining this inequality with dG/v(U/V) ^ 2 and d0/V(U/V) ^ 1 if 
det xu = 1?7, yields (b) and (c) in this case. The proof of the theorem is now 
complete. 

Observe that Theorem B is a special case of Theorem 7(a) and has therefore 
now been proved. Also note that if / ^ p, we have 

/ + ( / / j > ) + 2 j > - 4 3/ 
p - \ ~p• 

Proof of Theorem A. It has already been noted that it suffices to prove (a), 
and that, only when % has no linear constituents. Let %i, X2, • • . , Xn be the 
distinct irreducible constituents of x and let Kj = Ker xj and Nt = C\)=i Kj. 
Then by Corollary 3, d(G) = 2 dG/Ni (JV<_i/^<) where N0 = G. By Theorem 7 
applied to G/iV,, we have dGm (Nt-i/Nt) ^ 3x*(l)/£. It follows that d(G) ^ 
3x0-)/P a s desired. 

We end this section with a corollary of Theorem 7. The bound given here 
will be shown to be sharp. 

COROLLARY 8. Let G be a p-group and let U < G be abelian. Suppose x G Irr (G) 
with x ( l ) = f and Xu faithful. Then dG(U) ^ (/ - l)/(p - 1) + 1. 

Proof. If / = 1, Z7 is cyclic. Otherwise, apply Theorem 7(b) with r = f. 

3. In this section we discuss some examples. 

THEOREM 9. The bounds given in Theorem A are sharp. 

Proof. Let H be the central product of a non-abelian group of order pz with 
a cyclic group of order p2. Then d(i?) = 3 and H has a faithful irreducible 
character of degree p. Now let G be the direct product of (/ — s)/p copies 
of H and 5 copies of a cyclic group of order p. Then d(G) = 3 ( / — 5)//? + 5 
and G has a faithful character of degree / . 

The direct product of one copy of H with f — p cyclic groups of order p 
shows that the bound in (b) is the best possible. 

THEOREM 10. The bound given in Lemma 5(a) is sharp. 

Proof. We need an example of a ^-group G with A <\ G, A abelian, G/A 
cyclic, x € Irr(G), XA faithful, x( l ) = Pe and dG(A) = e + 1. The example 
is as follows. 

https://doi.org/10.4153/CJM-1972-084-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1972-084-0


856 I. M. ISAACS 

Let A = (xi) X (x2) X . . . X (xe+i), where the order, o(xt) = p*. Define an 
automorphism, a, of A by 

Xi = xixl+ip for 1 ^ i S e 

and xe+ia = xe+i. We claim that o(a) ^ pe. Let Z = (xe+i). Then a- acts on 
A/Z and this is the situation corresponding to the case e — 1. By induction, 
then, ave~l acts trivially on A/Z. Let 0 = a^'1 so that Û T V Ç Z for all a Ç A. 

Now let -4 = A/£li(A). Then o- acts on Â and this too is the situation corre­
sponding to e — 1. Thus 0 is trivial on Â and a~1a6 G ŒiC4) P Z for all a £ ^4. 
If a0 = ay, then yp = 1 and y = y so that a0p = ayv = a, and 0(0-) ^ /?e 

as claimed. 
Let G be the semi-direct product, A X | (0"). I t is clear that G' = $(A) 

and hence \A : G'\ = pe+1. By Lemma 4, |4 Pi Z(G)| = pe+1. However, since 
(o-)acts faithfully on A, we have Z(G) Ç A. Since Z Ç Z(G) and |Z| = £e+1, 
it follows that Z(G) = Z is cyclic. Therefore, G has a faithful irreducible 
character x with x( l ) ^ |G : -4| S Pe- Finally, since G' = $(A), it follows 
that dG(A) = d(A) = e + 1. By Lemma 5(a), x ( l ) = Pe and the proof is 
complete. 

THEOREM 11. Let E be an elementary abelian p-group of order pk, k ^ 1. 
There exists an abelian p-group, U, on which E acts so that 

(a) Gu(E) is cyclic 
and 

(b) d(U/[U,E]) = (p« - l)/(p - 1) + 1. 

Before proving Theorem 11, we discuss some consequences. Let G be the semi-
direct product UX\E. Then we have G' = [U, E] and G/Gf ^ U/[U,E] X E. 
It follows that dG(U) = d(U/[U,E\) = (£* - l ) / ( £ - 1) + 1 and that 
d(G) = dG(U) + k. Now Z(G) P U = C 17(E) is cyclic, and thus there exists 
X G Irr(G) with CV(E) P Ker x = L It follows that xu is faithful. Let 
/ = x ( l ) so that / ^ \G : U\ = pk. On the other hand, Corollary 8 asserts 
that dG(U) SU- ! ) / (£ - 1) + 1. It follows t h a t / = p*. At this point we 
have proved 

COROLLARY 12. The bound of Corollary 8 is sharp. 

In the above situation,/ = \G : U\ and it follows that 27is a maximal abelian 
subgroup of G. Therefore, Ct/(E) = Z(G) and hence x is faithful. Let b = b(f) 
be the bound given in Theorem B. If / = p or ^?2, we see that d(G) = b. 
Although the above group, G, does not prove that the bound, b} is sharp; it 
does show that it is not far wrong, since for/ > 1 we have d{G) > pb/(p + 1 ) . 

Before proving Theorem 11, we need the following counting lemma. 

LEMMA 13. Let n and k be positive integers and let N be the number of k-tuples, 
(xi, . . . , Xjc) of integers, 0 ^ xt S n, such that 2xt = 0 mod n. Then 

N=(n + ir-i + L 
n 
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Proof. We count the ^-tuples with 2 x ^ = 0 mod n according to the number, 
r, of entries equal to n.lir = k, there is one such &-tuple. If r < k, the number 
of ^-tuples with the required property is ($)F{r) where F(r) is the number of 
(k — r)-tuples, (yu . . . , yk-T), where 0 g yt g n — 1 and 2 ^ = 0 mod n. 

We may identify the n*~r (k — r)-tuples of integers yu 0 ^ yt ^ n — 1 
with the elements of the direct product of k — r cyclic groups of order n. 
Under this identification, the tuples, (yiy . . . , yjt-r), with 2 ^ = 0 mod n, 
correspond to the elements of the kernel of a homomorphism onto the cyclic 
group of order n. It follows that F(r) = ^ _ r _ 1 and 

n 
as desired. 

Proof of Theorem 11. We shall construct U as an (additive) subgroup of the 
group ring R[E] = A, wherein = Z/pk+1Z. Now E acts on A by right multipli­
cation and CA(E) = RÇE,XÇEX), a cyclic group. Therefore, it suffices to find a 
subgroup U £ A which is invariant under E (i.e., U must be an ideal) such 
that d(U/[U, £]) = (p* - l)/(p - 1) + 1. 

First we observe that for x G E, we have (x — l ) p = ££*Li rt(x — l)i for 
suitable rt G i^. This is so because of the polynomial identity Xv — {X + l)v+ 
1 = p S t i WiJ^ where m4 = — Q / ^ G Z. Substituting x — 1 for X yields 
the required result. 

Next we establish some notation. Let {xi, . . . , x&} be a fixed set of generators 
for E. Let ,5^ = {(mi, . . . , mk)\mi G Z, 0 ^ Wj ^ ^ - 1). If 5 = (mi, . . . , 
m*) G .5^, we write X> for Ew^ and (x - l)s for (xx - 1)W1(*2 - l)™2 . . . 
(x, - l)m* G A 

We claim that {(x - l)s|<> G 5^} is an i^-basis for 4 . Since ^ = p* = \E\, 
it suffices to show that if Z)sç^ rs(x — l ) s = 0 with rs G R, then all rs = 0. 
Suppose, then, that some rs T6- 0. By multiplying the dependence by the highest 
power of p which fails to annihilate all of the coefficients, we may assume that 
prs = 0 for all 5 G 5^. Now, among all 5 G 5^ with rs ^ 0, choose one, say 
So = (wi, . . . , mk), with X̂ ô minimal. Let t = (p — 1 — mi, . . . , £ — 1 — 
wfc) G J^7 and multiply the dependence by (x — 1)*. Observe that rs(x — l)s 

(x — 1) ' = 0 if 5 9^ So. This is so because iî s 5^ So and rs 9e 0, then J2S = Hso 
and hence some entry (say the ith) in the &-tuple, s, is strictly larger than the 
corresponding entry in s0. It follows that (x— l) s(x — 1)*G (x* — l)p A C pA. 
Since prs = 0, it follows that rs(x — l) s(x — 1)* = 0. We now have 

0 = rSQ(x - l)s°(x - l ) 1 = rso(x - l)*-1 . . . (x, - l ) ^ 1 . 

This is a contradiction, since 1 is clearly in the support of (xi — 1)2,_1 . . . 
(xk - ly-1 and rso ^ 0. 
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We now use this basis for A to construct two subgroups. For s G £f, let 
l(s) = I be the unique integer such that l(p — 1) S J^s < (I + l)(p — 1) 
and let m (s) = m be the unique integer such that m(p — 1) < J2S = (m + 1) 
(p - 1). Note that 0 ^ l(s) ^ k and - 1 ^ m(s) ^ & - 1. Also Z(s) = ra(<0 
unless J^s is a multiple of (p — 1), in which case m (5) = Z(s) — 1. Now set 

u = {p*-iv(x - iy\s ey\ 
and 

v = {pk-m^(x - iy\s ey\. 
It is clear that U is the direct sum of the cyclic groups generated by the 

given set of generators of U and V is the sum of the subgroups of these cyclic 
groups generated by the generators of V. It follows that d(U/V) is equal to the 
number of the generators of U which do not lie in V. This is exactly the number 
of s Ç y with X> = 0 mod p - 1. By Lemma 13, we have d(U/V) = 

(Pk ' 1)/(P - 1) + 1. 
The proof will be complete when we show [U, E] = V because it then follows 

automatically that U is ^-invariant. Now if s, s' Ç 5f with Y<s = 1 + X)s', 
then m (s) = l(s'). If 5 ^ (0, 0, . . . , 0), we can choose i, and s' G 5^ with 
(x - l)s = (x - l)s'(xt - 1) and 2 > = 1 + X>'. Thus pk~m^ (x - l)s = 
pk-i(s')(x — \y (x . _ \y i t follows that every generator of V is of the form 
u(xi — 1) for some generator u of U. (If s = (0, 0, . . . , 0), then pk~m^ 
(x — l)s = 0.) Therefore, V Ç! [ [ / , £ ] . The generators w which arise this way 
are exactly those which correspond to s' £ $f where the i\\\ entry of s' is 
< p — 1. For each such u, we therefore have u(xt — 1) Ç F. 

All that remains now in order to prove that [U, E] ÇZ F is to show that 
pk-Hs)(x — iy(Xi — 1) ç "|7 whenever the tth entry of 5 is equal to p — 1. 
Recall that 

p-i 

(xt - l)p = p X) rj(Xi - l)j, 
j=i 

and thus it follows that 

(x - l)s(Xi - 1) = p £ r,(* - 1)" 

where s3- £ J/*7 and X)^ = J + Z ^ — (£ — 1) > ^ ^ — (P ~ 1)- Therefore 
m(s^) ^ l(s) — 1 and 

^~z(s)(x - i)s(x, - 1) = E fjp*-iu)+\x - i)si e v. 
3=1 

The proof of the theorem is now complete. 
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