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1. Every family of subnormal operators in a Hilbert space fulfils the Halmos—Bram
condition on a suitable dense subset of its domain [2], [3]. In [2] and [4] it is shown that
the generalized commutation relation implies the Halmos-Bram condition for one
operator. In this paper it is proved that the generalized commutation relation implies the
Halmos—Bram condition for infinite families of operators (in a special case Jorgensen
proved it in a different way for finite families of operators, see [2]) and as an example of
the application of this property it is shown that every family of generalized creation
operators in the Bargmann space of an infinite order, indexed by mutually orthogonal
vectors from /? is subnormal. See [1] for the definitions.

2. A family S={S;:i € I} of densely defined linear operators in a complex Hilbert
space H with the same domain D(S):=D(S;) (i €I) is said to be a subnormal family if
there are a Hilbert superspace K and a family N= {N;:i e/} of commuting normal
operators in K such that H c K and

6] S.f =N,f forallfeD(S), iel

Denote by & the set of all functions «: I-> Z, equal to zero for all but a finite number of
values i € I, where Z, denotes the set of all positive integers. In the sequel let the family
S have a common invariant subspace M (i.e. M is a dense linear subspace of H such that
M c D(S)), S{(M)<= M, i €l) on which

() SSf=8Sf forallfeM, ijel
Then the family S satisfies (1) and
?3) S =N forallf eM, ae,

where S = [1 $7¢f (the same about N).

In [3] it was proved that such a family with M = D(S) is subnormal if the following
conditions are satisfied:
(4) the Halmos—Bram condition

> (S*f(B), S*f(a)) =0

o, feF

holds for every finitely supported function f: ¥ — M.
(5) M is a linear subspace spanned by the set

(S :aeF fe{A(S):iel}},

where #4(S;):={f € D :limsup[(n!)~" ||S7f||]"" <}.
The properties above will be referred to as Theorem A.

t This work was prepared during a visit to Prof. Dr. Ernst Albrecht in Saarbriickén and to Prof. Dr.
Joachim Weidmann in Frankfurt (DAAD scholarship).
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Now let A={A;:iel}, B={B;:iel}, E={E;;:i,jel}, C={C,;:i,jel} be
families of densely defined linear operators and M denote a linear subspace of H. We say
that the pair of families (A, B) satisfies the generalized commutation relation (respectively
semicommutation relation) on M with the family E (respectively C), if M is invariant
under A, B, E (respectively C) and:

©6) [A;, B)f =E}f((A, B]:=AB-BA), feM, ijel
(E.;f, 8)=A{f, Ei;g), [ 8eM, i,jel,
(respectively (4;, Bf =C.;f,feM, i, jel),
and
(7) AiEk,If = Ek,IAif; BjEk,lf = Ek,lij) Ei.jEk.lf = Ek.lEi,jf
(respectively A;Cy,f = Ci JAif, BiCi.if = CiiB;f) feM, i,jk lel
From this definition it follows immediately that
(8) Ci;iCrif = CrCiif forallf e M, i,j,k,lel
If in addition the following condition is fulfilled
) E;;=0 (respectively C;;=0)if i#j (i,jel),

then we say that the pair of families (A, B) satisfies the strong generalized commutation
relation (respectively semicommutation relation).
Next we make some remarks about notation. Let «, 8 € (Z,)" and
My ... W,
m={ . ... . |e{(Z))
My ... Wy,

In the sequel we shall use the following notation:

(10) mi=(m,, ..., my,)e(Zy),, mi=(my,..., mg)eZ)5,
(11) w(m):= i m;e(Z,)", k(m):= i m' e (Z,)5,
(12) atfi=(e Py, ..., e, B,), |“|:=2“i: a’!:=ﬁa’1
(13) ]f[ ﬁ ml]'

11 a; ;
(14) (13> =[] (ﬂi), where (B.) X (a 0 if a;=p

or (;‘>:=0 it a<p,
(15) R%=1d and R™*:=0 for s>0, where R denotes any linear operator in H.

3. Now we can state and prove our first result.

https://doi.org/10.1017/50017089500009277 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500009277

SUBNORMALITY OF FAMILIES OF OPERATORS 233

THEOREM 1. Let (A, B) be a pair of families of linear operators, which satisfy the
generalized semicommutation relation on a linear space M with the family of operators
C={C;:i,jel}, where I =(Z.)". Then

a| —_ k(m)'w(m)' o B —w(m) f a—k(nm)~m
A Bﬂf_me(;z:+)n),. m! (k(m))(w(m))BB CATTEmCT

forallf eM, o, Be(Z.)", where C":=I] C[" (see property (8)) and A%, B are defined as
in (3).

We shall prove this theorem by induction. First we state and prove some lemmas.

() (70 (s1)-C37):

LemMma 1.

forall o, B, ye(Z,)".

LEMMA 2
k(m)! w(m)! w(’::l) _qu:‘)'w(‘:’)'

. et =
m! w(m) led ‘m"
o

for all me {(Z,)"}* and a € (Z.)", where
mln

ml] . e

‘ml e

@ My ... Mg,
@ ... o,

Proof. It is sufficient to note that

K| 5]) = k1, w(|T

Then from a simple calculation we obtain our statement. QED

>=w(m)+oz and r:‘!=m! al.

m
o

LemmMa 3.

k(m)! w(m)! (k(lm, al)) ! _k(Im, a))! w(jm, af)!
m! ' o T |m, af!
for all a € (Z.,)*, and m e {(Z.,)"}*, where
my, ... M, o
im, a|:=
My o0 My, a

Proof. Similarly as before, it is sufficient to note that

k(m, a))=k(m)+ o, w(m, af)=(w(m),|a|) and |m, al!=m!a!. QED
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LemMA 4. (Sec [4].) Let {A}, {B} be families of single linear operators which satisfy
the generalized semicommutation relation on the linear space M with an operator C. Then
the equation

ABf= ki (;{)(;)Bj—kAi—kaf forallfeM, i jeZ,,
k=0

holds.

Now we return to the main proof. If n =1, then k(m)=w(m)=m and the proof
follows immediately from Lemma 4. So now we assume that our theorem is true for all
pairs of n-element families of operators, which satisfy the generalized semicommutation
relation on the linear space M. Next let A=(A,,...,A,+1), B=(B,,...,B,,) be a
pair of families of operators, which satisfies the generalized semicommutation relation on
M with a family of operators C={C;;:i,j=1, ..., n+1}. In the sequel y |n| and y{n}
stand for the n-tuples (y,,..., ¥,) and (0, ..., 0, v,.,) respectively, where y € (Z,)"*".
Let y € (Z,)"*! and f € M. Then from the inductive assumption we obtain

A{'”'B{"‘)f _ 2 k(m)! w(m)! ( y In| )( y{n} \)Bi’(")_w(m)A'{'"'_k(m)CTf,

me{Z o) m! k(m)/ \w(m)
where
Ay:=(A4,...,4,), B,:=(By,..., B,+1)
and
Ci:={Cy:i=1,...,nandj=2,...,n+1}.
But

(ri)=o

if one of m*#0fork=1,...,n—1. Hence
a9 arwger= 3 jop (V)T prgeagi-e
peZy" p /\lpl
X{Cinsr:i=1,...,0}f (feM, ye(Z,)"™).

Similarly we obtain:

(17) /—‘\Z(")B}""‘f = 2 M (Y{n}>< Y |"| >B¥|n|—W(m)M(n)—k(rn)Cr2nf

me((Z, )" m! k(m)/\w(m)

Y I\ (¥n S .
= 3 (7)o B i =1,
pe(Z.)

for ye(Z,)"*' and feM, where A,:=(A4,,...,A,,), B,:=(B,,...,B,) and
C:={C;;:i=2,...,n+landj=1,...,n}.
Now we return to the main calculation. From the inductive assumption, Lemmas 1-4
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and the properties (7), (8), (16) and (17) we obtain:
ABf = AT(ATBE) B f

=ae 3 ot (P 1) (e Yepeaz G =1, Bl
pe(Z.)"

Inl d" aln n|— Hpe)— :
= 3 1ot (P ) (T Yeametne) Ay B Con i =1,
pe(@.,)

= 2 (P2 ) Coteny)

X Bf'"'—w(m)_pAi""'_k(m){C,-,j:i, ] =1,..., n}m}A:1+f_|plBg’¥'f
X{Cps1,;:j=1,...,n}°f (by Lemma 1)

-3 Sl k(m)! w(m)! (a,,+,)(a |n|)( B |n| )(w(m) + p)
Py me{@ey)” m! lpl /\k(m)/ \w(m) + p/\  w(m)
X Bf'"'_w(m)_pAiYI"I-k(m)A:'ﬁ'_IplBE'ff{Ci,j:i,j= 1,..., n}m
X{Cp+1,:j=1,...,n}f (byLemma2)

k(n)! w(n)! (k(C:I)) (f}(l:z;)B{ﬂm—w(n)Aga—k(n))lnl}

ne{@oyy { n!

m
X [ALT OB {(C,ii=1, ... ,n+1,j=1,...,n}"f (where n:= ‘ ’ l)

(. }[ S & <(af— k(n))n+l><ﬂn+l)BE,rll—kAgi—lk(n)),.H—kcf*_l’n+l]
“E((Z+)")"+l kEZ¢ k k

x{C;:i=1,...,n+1landj=1,...,n}"f
KLwt( @ )(B 1 -vco)

- ne{(Zo)r)m { n! k(n)/\w(n)

X k}; {k! ((0’ - k]gn))n-f-l)(ﬁr;:l)}2.[Aga—k(n))|n|B§,r1,—k]

X {ALGK kel {Ciji=1,...,n+1landj=1,...,n}"}s.f (by (16))

S a3 {2*}[ > |p|!<(a—k(“))|”|)(ﬁ,,+1—k>

ne{(Z,)")" keZ, pe(ZL) P o]

X BE?J{""""AS“"““”"'""{C;,,.H:i =1,..., n}p]{3*}f
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. (@ = k(M))nrr\ ( (& = k(W) |\ ( By
S oan 3 3 e (T )(%)

ne{(Z.)")"*! keZ, pe(@Z)" P k
—k ) ) _ .
R L N NS N

XCiyner{Cijii=1,...,n+1landj=1,...,n}"f (by Lemmas 1 and 2)

-k
{1*} E ltl! <(Y (n))(ﬂn+1)B£’.‘,f1'_mA(a_k(n))—t (where T:= |P, kl)

ne{(Z,)"}" Te(Zs)*! T k1

X{Cin+1:i=1,...,0n+1}{C;;:i=1,...,n+1landj=1,..., n}"},f

i o)) ) )

x BByt A*-*M+ I (4*}f  (by Lemmas 1 and 3)

)

= ml )Bﬂ—w(m)Aa—k(m)Cmf’
me((ZQ"“)"“ .

where v :=|n, 1| for any a, § € (Z,)"*".

4. In the sequel we shall consider pairs of the following families of operators:
(S*, S), where S* = {S!:i e I}. We will say that the family S satisfies the (strong-)gener-
alized (semi-)commutation relation if the pair (S*, S) satisfies the (strong-)generalized
(semi-)commutation relation.

Similarly as in [4] from the generalized (semi-)commutation relation it follows that

18) SICivf =C; Sf forallfeM, ij, kel
] ]

(respectively STE;  f = E; SifforallfeM, i, j, kel).
Naturally from the (strong-)generalized commutation relation follows the (strong-)
generalized semicommutation relation, but the converse is not true.

ExampLE. Let H be a separable Hilbert space with the orthonormal basis {e;:i € Z}.
We define the operator S as follows:

Se;:=a;e;,,, where a;=0if i =0 and a,:=i|'? if i <0. Clearly:
—e; ifi=0
0 ifi>0
and CSe; = SCe;. So the operator S fulfils the generalized semicommutation relation on
M =LIN{e;:i € Z}, but does not fulfil the generalized commutation relation:

~1=(Ce,; ¢;) # (E’¢;, ¢;) = (Ee;, Ee;) =0 for i<0.

Cer:= (5" = $*)e, = (la = la e, = {

In addition this operator is not subnormal, as the Halmos—Bram condition is not satisfied:

2 (S, S'%) = Ifoll>+2Re(Sf, fi) + ISAl*=1-2a_, + 0= -1 <0,

i,j=0

for fy:=—e_, and f,:=e,.
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Now we prove the main result of this paper.

THEOREM 2. Let S be a family of linear operators in H that satisfies the strong
generalized commutation relation on a linear spce M with the family E = {E, ;:i, je I}.
(18) If the family S satisfies the condition (2), then this family also satisfies the

Halmos—Bram condition.

(19) If the family S satisfies the conditions (2) and (5) with M =D(S), then S is
subnormal.

Proof. The second part of our theorem follows immediately from the first one and
Theorem A. Now we prove the first part. Without loss of generality we can assume that
S=(S,,...,S,) Let f:(Z,)"—> M be a finitely supported function. Then from Theorem
1 and the condition (7), it follows that

S (SH(@) STEN= 3 (s, f@)= 3 Hmivm)

«Be@. ) o B,y me{(Z, )" m!
@ *ya—k(m) rm ﬁ *yB—w(m)rm
(2 e SBT3 ()57 0)

But E;; =0 for i #j (see the condition (9)). Therefore E™f =0 (f € M) if m; #0 for any
pair (i, j)e{1,...,n} x{1,..., n} such that i #j. Finally

S (@) STBY= 3 -
a, Be(Z.) me{(Z,)"}" :

m-diagonal

because k(m)=w(m)=m for any diagonal matrix m. QED.

2
=0,

> (S}

ae(Z,)"

S. The result above can be applied to families of creation operators defined on
Bargmann’s Hilbert space of an infinite order [1], [S]. Let B denote Bargmann’s Hilbert
space of an infinite order; i.e. the adequate subset of the set of all holomorphic functions

on /%, where [* denotes the Hilbert space of all square summable complex sequences. This
Hilbert space has the following orthonormal basis: #M:={e,:Tte€J}, where e (z)=

(t!)""2z7 (z € %), ] is the set of all sequences of nonnegative integers with only a finite
number of nonzero entries and z®:=[[zf. (See [1], [5].) Bargmann defined the
generalized creation operators as follows:

d D(A;):={f € B:[z—(z, a)f(2)] € B}
an
(A*f)z:=(z,a)f(z) forallzel?, feD(A}).

THEOREM 3. Let W denote the set of mutually orthogonal vectors from I>. Then the
family {A}:a € W} is subnormal.

Proof. We know from [§] that the linear space:
ClP):={p({-, x1), . . ., {*, X)) : p-compl. polynomial, x; € [}

is invariant under A} (a € [?), the operators {A; :a € W} commute on C[/?], (A}, A}) =
(a,b)Id on C[l’] for a,bel* and A}(LYcLc A(A})NC[*), where L:=
LIN(U {(S)*#: a € J}).

Now our statement follows directly from Theorem 2.
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