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Condition C!, of Operator Spaces
Yuanyi Wang

Abstract. In this paper, we study condition C), which is a projective tensor product analogue of
condition C’. We show that the finite-dimensional OLLP operator spaces have condition C), and
My, (n > 2) does not have that property.

1 Introduction

The theory of operator spaces is very recent. An operator space is a norm closed sub-
space of B(H), the operator algebra of all bounded linear operators on the Hilbert
space H. The theory of operator spaces is a very important tool in the study of oper-
ator algebras. Since the discovery of an abstract characterization of operator spaces
by Ruan [19], there have been many more applications of operator spaces to other
branches in functional analysis.

In the field of operator algebras, questions revolving around the local property have
been a fruitful and important area of investigation. Archbold and Batty [1] introduced
conditions C and C’ for C*-algebras. Local reflexivity and condition C" were intro-
duced by Eftros and Haagerup [5]. Exactness was defined by Kirchberg [13]. Subse-
quently, he proved that this condition is equivalent to condition C’ [15]. Kirchberg
also introduced the definition of LLP and LP for C*-algebra and proved a C*-algebra
AhasLLP if and only if A®max B = A®min B [14]. With the development of the theory
of operator spaces, the various versions of local properties have a similar impact on
the field. Some local properties of operator spaces, such as local reflexivity, exactness,
nuclear, and OLLP, were intensively studied in [4,6-10,12,16,17].

In this paper, we study a new local theory of operator spaces. The property is called
condition C/, which is a projective tensor product analogue of condition C’. In Sec-
tion 1, we recall some notation for operator spaces. In Section 2, we give the definition
of condition C),. We show that finite-dimensional OLLP operator spaces have condi-
tion C’, and that the operator space M,, (n > 2) does not have condition C/.

We refer the reader to [11,18] for the basics on operator spaces. Only the concepts
and results that are essential in the article will be recalled in this section.

Let B(H) be the space of all bounded linear operator on a Hilbert space H. For
each n € N, there is a canonical norm |-||, on M, (B(H)) given by identifying
M, (B(H)) with B(H"). We call this family of norms an operator space matrix norm
on B(H). An operator space is a norm closed subspace of B(H) equipped with the
operator space matrix norm inherited from B(H). The morphisms in the category
of operator spaces are completely bounded linear maps. Given operator spaces V
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and W, a linear map ¢: V — W is completely bounded if the corresponding linear
maps ¢,: M, (V) - M, (W) defined by ¢ assigning [¢(x; ;)] to ¢,([x;,;]) are uni-
formly bounded; i.e., |¢|s = sup{|¢n.| : n € N} is finite. A map is completely
contractive (resp. completely isometric, or completely quotient) if | ¢||.» < 1 (resp. for
each n in N, ¢, is an isometry or a quotient map). We let CB(V, W) be the space
of all completely bounded linear maps from V to W. The dual space V* of V has
an operator space structure induced by natural isomorphisms from M,(V*) onto
CB(V,M,(C)). Let us suppose that we are given operator spaces V and W and a
linear mapping ¢: V. — W. Then ¢ is a complete isometry if and only if p*: W* — V*
is an exact complete quotient mapping. If V and W are complete, then ¢: V — W is
a complete quotient mapping if and only if ¢* is a complete isometry. In the latter
case, 0*(W*) is weak* closed, and ¢* is a weak* homeomorphism in the topologies
defined by V and W, respectively.

We use the notation V& W and V®W for the injective and projective operator
space tensor products [2, 3]. The operator space tensor products share many of the
properties of Banach space analogues. For example, we have the natural complete
isometries CB(V, W*) = (V®W)*, CB(W,V*) = (V@&W)*, and the completely
isometric injection V*@W < CB(V, W).

2 Condition C/ of Operator Spaces

Let V and W be operator spaces. Given a bounded linear function ¢ on V®W and
v € V, we define the bounded linear function ,,¢ on W by ,,¢(w) = ¢(vo ® w) for
w € W. We define a linear map ®f ,:V ® W** — (V®W)** by

Oy w(v @ w ) (9) = (1w hwe wos

forveV,w* e W™ and ¢ € (V®W)*. It is clear that ®} ,, is weak* continuous
on the second component.

We denote by @ the natural map form V& W — V®W, and by ¥ the natural map
from V*®W* —» (V®W)*, which are both completely contractive. Then we have
the following diagram:

R

(DV, - *% . * Y
Ve W — s (VEW)™ 2> (VW)™ ——> (V'8W*)*

CBY(V*, W**) CB(V*, W**),

where CBZ(V*, W**) denote the space of weak*-continuous completely bounded
linear maps from V* to W** with finite ranks. This diagram is commutative, since
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foranyvy e V5, v e V . w** e W**, wi € W* and w, — w** in the weak*-topology,
(W0 0 (vouw ) v @ wg) = (07 0% (vew™), ¥(v o w;))

(, (@ (v ®w5)),w™)

lim (" (vs @ wg),v ® wa)

o— 00

lim (v ® wg,v @ wy) = (v, vg )W, wg).
o—> 00

Thus, the linear map @ ,, is injective, and the tensor product V. ® W** may be given
the operator space structure inherited from the operator space (V& W )**.
Definition 2.1 An operator space V satisfies condition C/, if the linear map
OF i VEW™ — (VW)™
is isometric for every operator space W.
Itis equivalent to suppose that CDI‘Q,’ w is a complete isometry, since, if the linear map

O 1 VEW** - (V®W)** isisometric for every operator space W, it is completely
isometric for every operator space W, by the following isometric embedding

T,(VBW*) = VBT, (W**) & (VBT,(W))*™ = T,(VBW)**.
For operator spaces V and W, we consider the following complete isometry
0: (VBW)* = CB(V, W*) — CB(W**,V*) = (VBW**)*,
where 0(¢) = ¢*. Then we have ¢* (v @ w**) = (@, v @ w**) = (, @, w** ) = =~ for
any v e Vand w** € W**. Thus, for any u € VEW**, 9% (u) = (®F 1, (1), ¢).

Proposition 2.2 The map ®% \ is completely contractive.

Proof Suppose u € M,(V®W**), for any ¢ € M,((V®W)*), and ¢ is completely
isometric to ¢* € M,,((V®W**)*). Then

1@V w)n()] = sup [{{(@V,w)a(u).9)) | = sup [; ()]

loleo<t lollep<1

< sup ou (u)] = [ul.

llo* llco<1

Thus, ®F ,, is a completely contractive map. ]

For giving examples of operator spaces that have condition C/,, we recall an opera-
tor space V has OLLP if given any unital C*-algebra A with ideal ] ¢ A and a complete
contraction ¢: V. — A/], for every finite-dimensional subspace L of V, there exists a
complete contraction ¢: L — A such that 70 ¢ = ¢|r, where m: A — A/] is the canon-
ical quotient mapping.

Proposition 2.3  If a finite-dimensional operator space has OLLE, then it has condi-
tion C),.
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Proof Suppose L is a finite-dimensional operator space with OLLP; then for any
€ > 0, there exists a completely bounded isomorphism r: L - Q, where Q* is a oper-
ator subspace of M,,, such that ||, || c» <1+ & (see [16, theorem 2.5]). We have a
commutative diagram

Ty(W*™) == T.(W)™"

T,,@W** p— (Tn&.?W)**

| l

QRW* —— (QeW)**.
The columns are complete quotient mappings, and the top row is a completely iso-
metric isomorphism. Thus, QRW** = (QRW)**.
We have a diagram

R

(o)
LBW* — (LW)**

r®idl I (r'eid)**
O w
QIW™ —— (QeW)*".
The diagram is commutative, since for any [ € L,w** € W**, ¢ € (L&W)* and any
wq € W such that w, — w** in the weak* topology,

((r'eid)™ o @ o (reid)(Iew*™),¢)
= {0gw(r()®w™),(r" ®id)*(¢))
= (r(l)((r_1 ®id* @), w**) = li;n( r(l)((r_1 ®id)*9), wa)
= li;n( (r'eid) g, r(l) @ wy) = li;n((p, I ®wg)
=(gw™) = (Orw(l@w™),¢).

It follows that
[(@F ) e = | (T @id)* 0 @F o (reid)) |,
= || (r''eid)o (@g,w)_l o(r®id)*”

<[r e (@Gw) My Irles <1+ e.

cb

Since ¢ > 0 is arbitrary, (@f,w)_l is a completely contractive. On the other hand,
since CD}Lz, w is completely contractive, (CDILQ’ w) " is a norm-increasing linear mapping.
Thus, (®F )" is completely isometric; i.e., L has condition C},. [ |

For constructing examples of operator spaces that do not have condition C, we
need a lemma first.

Lemma 2.4 ([11, corollary 14.5.2])  There is a sequence of finite groups Gy, and homo-
morphisms 0y: F, — Gy such that ker 0; 2 ker 6, 2 --- and nker 0y = {e}.
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We let A be the regular representation of Gy on the Hilbert space C4%) = 2,(Gy),
where d(k) is the cardinality of Gy. We let

g = Ak 0 Okt Fyy —> My

be the corresponding unitary representations of F,,, and we let I stand for the sequence
(d(k)). These determine a unitary representation

mF, — M = H Md(k) c B(Q?(Cd(k)),
keN
where 7(g) = (£(g)). We let SN be the spectrum of the C*-algebra ., (N), and we
fix an element w € SN\N, which corresponds to a free ultrafilter on N. We can regard
the elements of €., (N) as continuous functions on SN, and given a bounded sequence
a = (ag) € oo (N), we define limy_,, ax = a(w). We let 7,, be the normalized trace
on M,,. Owing to the fact that 7y is a state on My,

|Tacie) ()] < ok -
We define a trace 7o on M; by letting 7o (a) = limy_, 74(k) (k). The set
Jo={aeMr:19(a*a)=0}.

is a closed two-sided ideal in M, and we let 7 denote the quotient mapping of M,, =
M;/d- We can prove that the C*-algebra M, is a IT; factor [11].

Recall an operator space W is T-locally reflexive if for any L ¢ T,, n € N, every
complete contraction ¢: L* — W** is the point weak* limit of a net of linear mappings
@a:L* > W with |4 cp < 1. The following two lemmas are only small modifications
of [4, theorem 5.2 and corollary 5.4].

Lemma 2.5 Suppose that W is an operator space. Then the following are equivalent:
(i) W is T-locally reflexive.

(i) ForanyL C Ty, n € N, we have the isometry L*@W* = (LOW)*.

(i)’ Forany L € Ty, n > 2, we have the isometry L*®@W* = (L&W)*.

(iii) For any n € N, we have the isometry M,®@W* = (T, @W)*.

(ili) For any n > 2, we have the isometry M,@W* = (T,®W)*.

Proof (i)<>(ii)<>(iii) have been proved in [4, theorem 5.2]. We could also prove
(ii)"<=>(iil)” by mimicking the proof of (ii)<>(iii) in [4, theorem 5.2].

(ii)=-(ii): This is obvious.

(ii)’=>(ii): For any subspace L C T, the mapping L — T, (n > 3) is a completely
isometric embedding. So T, — L* (n > 3) is a complete quotient mapping. We have
the commutative diagram

T;@W* fr— (Tn@W)*

| |

L'8W* —— (LBW)".
The top row is a completely isometric isomorphism, and the columns are complete
quotient mappings. We have L*®@W* = (L& W)*. [ |
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Lemma 2.6 For any n > 2, we have that (M,®W)** = M, @8W** < W* is T-
locally reflexive.

Proof Sufficiency: This is from [4, corollary 5.4].
Necessity: Since (M,®W)** = (T,@W*)*, we have M, @ W** = (T, @ W*)* for
n > 2. By the above lemma, we get that W* is T-locally reflexive. ]

Theorem 2.7  For any n > 2, M,, does not have condition C/,.

Proof Assume that M, (n > 2) has condition C/, i.e., M,®W** = (M, ®W)** for
any operator space W and n > 2. We get that W* is T-locally reflexive. From Lemma
25,forneN

(T, @W*)™ = (T, ®@W**)* =CB(T,;,W*") = T,W***.

Let W = Mj.; we have (T,®M;)** = T,®M;*. Since MAX ¢}’ is the diagonal oper-
ator subspace of T,, we have the commutative diagram

MAX £'&M* —— (MAX £ &M;)*™

| l

T, &M (T, &M;)*.

The columns are completely isometric embeddings, and the bottom row is a com-
pletely isometric isomorphism. Thus MAX £} @M;* = (MAX £/®M;)**. Let 7 be
the quotient mapping form M; - M,. The weak* closure 3. of 3, is a closed two-
sided ideal in the von Neumann algebra M} *, and thus it has the form M7 * e for some
central projection e in MJ*. Since

M= (M1/d)™ = M7 [du = M7 (1= e),

the complete quotient mapping n**: M;* — M7 * has a completely contractive lifting
given by the canonical inclusion M7*(1 - e) — M;*. It follows from [11, propo-
sition 8.1.5] that id®n**: MAX £} @M;* — MAX QM is a complete quotient
mapping. Since MAX ¢} is finite-dimensional, we have ker(id®7) = MAX ¢/'®J,,
and ker(id ®7**) = MAX £'®J,,. Therefore, we obtain a complete isometry

(MAX £/ @M;*)/(MAX €/'®J,) = MAX &} @M.

We have the complete isometry MAX €' @M;™* = (MAX ¢;'®M;)** and thus the
complete isometries

* %

((MAX £ &M;)/(MAX £]$d.,))
~ ((MAX £/®d,)*) " = (MAX €/ &M;) " /(MAX €/ &J, )"
= (MAX £'&M;)** [(MAX €r&], ) = (MAX £l &M} ™) /(MAX £&], ).
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It follows that the columns in the following diagram are completely isometric in-
jections, and the bottom row is a completely isometric isomorphism:

(MAX £7&M;)/(MAX £'8],) —— MAX£'&M,

l |

(MAX £r@M;*)/(MAX €8'®J,) ———> MAX r@MST,

and thus the top row is a complete isometry. So id ®m: MAX €] @M; — MAX £} @M,
is a complete quotient mapping. We have the commutative diagram

MAX&/&M; ——  MAXE'@M,

CB(MIN ¢ ,M;) —— CB(MIN¢",M,),

where the columns are complete isometries and the top row is a complete quotient
mapping. It follows that the bottom row is a complete quotient mapping, and thus
given € > 0, any ¢ € CB(MIN ¢2 ,M,,) has a lifting v with |y, < [¢|c + & which
is impossible for n > 2 see [11, lemma 14.5.3]. [ |
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