J. Austral. Math. Soc. (Series A) 27 (1979), 232-238

LOCAL POLYNOMIAL FUNCTIONS ON
FACTOR RINGS OF THE INTEGERS

HANS LAUSCH and WILFRIED NOBAUER

(Received 31 May 1978)

Communicated by R. Lidl

Abstract

Let A be a universal algebra. A function ¢: A*—~>A is called a #-local polynomial function, if ¢
can be interpolated on any ¢ places of 4* by a polynomial function—for the definition of a poly-
nomial function on A4, see Lausch and Nébauer (1973). Let Pi(A4) be the set of all polynomial
functions, L, P,(A4) the set of all z-local polynomial functions on 4 and LP,(A4) the intersection
of all L; Py(A4), then
L, P(A)DL; Pi(A)2... 2LP(A) 2 P(A).

If A is an abelian group, then this chain has at most five distinct members—see Hule and Nobauer
(1977)—and if A is a lattice, then it has at most three distinct members—see Dorninger and Nobauer
(1978). In this paper we show that in the case of commutative rings with identity there does not
exist such a bound on the length of the chain and that, in this case, there exist chains of even
infinite length.

Subject classification (Amer. Math. Soc. (MOS) 1970): 08 A 25 (13 B 25).

1

Let R be a commutative ring with identity. L, P,(R) denotes the set of all maps ¢
from R to R such that, for any n (not necessarily distinct) elements x,, ..., x,€ R,
there exists a polynomial n(x)e R[x] such that ¢(x,) = n(x,), for i=1,2,...,n.
Furthermore, LP,(R) will denote the intersection of all L,P,(R), n=1,2,..., and
P,(R) the set of all maps ¢ from R to R such that there exists a polynomial
n(x) € R[x] with @(r) = a(r) for all re R. Then we have the descending chain

Ly P,(R)2L, P,(R)2L; P,(R)2...2LP,(R)=2P,(R).

The question arises which links of this chain reduce to equalities. Two types of
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rings will be studied: R =Z and R = Z/(n), n>0 an integer. By Corollary 1 of
Dorninger and Nobauer (1978) it is sufficient, in the latter case, to study only the
case where n = p, p being a prime, e >0 an integer. For e = 1 it is well known that
L, P,(Z/(p)) = P,(Z/(p)), and it is obviously true for any e that

LP\(Z((p%)) = P,(Z/(P")).

For e>1 we need the following theorem which follows easily from a theorem by
Nobauer (1955).

THEOREM 1. Let e(k) = max{s|s>0, seZ,p*/k'}. Any map ¢ eP,(Z[(p%)) is of
the following form:
Q: a+Ppx—Coa+pCiaX+p CraXx(x— D4 ... +p° oo (ax(x—1)...(x—e+2),

where a=0,1,...,p—1, x=0,1,...,p° 1 —1, and where c,, may be any integer
with 0< ¢, < pmex(0e~k=e®) _1 for k =0,1,...,e—1. Conversely, any such map
belongs to P,(Z/(p%)).

THEOREM 2. Let e> 1 be an integer and >0 an integer such that f+e(f)<e. Then

LAZ/(p)> Ly +1(Z/(P%)).

PROOF. Let ¢: Z/(p)—Z/(p°) be the map defined by

pla+px)=p " Ix(x—~1)...(x—(f- 1)

foralla=0,1,...,p—1 and all x=0,...,p°"1—1. If x;, ..., x, are any f integers
between 0 and p°~ ' —1, then the map n: Z/(p®)—Z/(p°) defined by

ma+px) =p' Hx(x—1)...(x=(f= D))= (x—x) ... (x—x/)]
is, by Theorem 1, an element of P (Z/(p®)) and ¢(a+px;) = n(a+px)fori=1,....f,
and hence we conclude that ¢ €L, P,(Z/(p®)). Now we are going to show that
o¢L, ., P,(Z/(p%)). Assume the opposite is true; then for any e =0,1,...,p—1,
there exists, by Theorem 1, a polynomial

XxX) = Cog+peiaX+ ... +p Cux(x—1)...(x—(r—1)), ¢, #0modp*™~*",

such that x(k) = ¢(a+pk), for k=0,1,....f. If r<f, then the substitution of
0,1,....,r for k shows that p"c,r!=0modp® whence ¢, =0modp® """ a

T

contradiction. If r > f, then substitution of 0,1, ..., f for k leads to
p’ 1 (pey, —1) = Omod p°

whence f—1+e&(f)2e>f+&(f), a contradiction.

THEOREM 3. Let e > 1 be an integer and f > 0 the smallest integer such that f+ &(f) = e.
Then L, P{(Z/(p°)) = P{(Z/(p®)).
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PrOOF. Let oL, ,(P(Z/(p?). Put f—1 =r; then r+e(r)<e. For each a,
0<a<p, there exist ay,a,, ...,a,€Z, 0< a, <p* % *® _1, by Theorem 1, such that

o(@a+px) = ag+pa, x+p*a, x(x—D+...+p a, x(x—1)...(x—r+1)
forx=0,1,...,r,
since r+ 1 < f+ 1 and therefore p € L, , | P,(Z/(p")). But substitutionof x =0, 1,...,r
determinesa, fork =0, ...,r. Since p €L, , , P,(Z/(Pp)), interpolationat0, 1,2, ...,r, x
shows that for any x,
o@a+px) = ag+pa, x+p*ay x(x—D+...+p a, x(x—1)... (x—(r=1)).
From Theorem 1, we now conclude, that ¢ € P,(Z/(p®)) and hence
Ly Py (Z[(p®)) = P{(Z/(P°))-

In order to complete the investigation about the interpolation over Z/(p°), we
are left with the case where, if f is defined as in Theorem 3, f+&(f) > e. The following
theorem will settle this problem.

THEOREM 4. Let e> 1, r>0 be integers with r+e(r)<e and (r+1)+e(r+1)>e.
Then L, P\(Z/(p%)) = P1(Z/(p?)).

Proor. Let ¢peL,,, P, (Z/(p%). Then for each a with 0<a<p, there exists
a polynomial n(x) = ag+pa, x+p*a, x(x—1)+...+p" a, x(x—1)...(x—r+1), by
Theorem 1, such that p(a+px) =n(x) forx = 0,1, ...,r. There, a, pay,....p" ' a,-,
are determined by ¢(a), ¢(a+p),...,¢(a+(r—1)p). Furthermore, there exists a
polynomial p(x) of the form of Theorem 1 such that ¢(a+px) = p(x), for
x=0,1,...,r—1,r+1 and hence p(x) is of the form

p(x) = ag+pa; x+p*a, x(x—D+...+p" " 1a,_  x(x=1)...(x—r+2)
+p a, x(x—1)...(x—r+1).

But p"a,(r+1)! = 0modp® since r+&(r+1)>e, and p"a,(r+1)! = O0mod p° for the
same reason. Hence ¢(a+px) = n(x) for x =0,1,...,r,r+1. Let us now rewrite
7(x) in the form

7(x) = bo+pby(x—1)+p* by(x — 1) (x—2)+... +p b (x—1)(x=2) ... (x—r).
We note again that by, pb,, ...,p" ! b,_, are determined by
o(a+p), pla+2p),...,p(a+rp).
Furthermore, there exists a polynomial
o(x) = bo+pby(x—1)+...4+p" " b,_(x=1)...(x—r+D+p" b (x—1)...(x—r)

such that g(a+px) = a(x) for x =1,2,...,r,r+2. But p" b,(r +1)! = Omod p® and
p b (r+1)! =0modp® and hence ¢(a+px)=n(x), for x=0,1,...,r,r+1,r+2.
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This procedure can be continued until we obtain @(a+px) = n(x), for all x, that is
@ €P(Z/(p°)).

2

Now we turn our attention to Z. Let ¢: Z—Z be a map and

Ap(x,) = (p()— (M) (x~»)"", x#y,

the difference quotient of ¢. We need two lemmas:

LeMMA 5. Let ¢: Z—Z be a map. Then o< L,P,(Z) if and only if, for all yeZ
and any n—1 integers x,, ..., X, which are distinct from y, there exists p,€ P (Z)
such that

Ap(xy, p) = py(x), i=1,..,n—-1.
ProoF. (i) Let ¢ eL,P((Z), y€Z, and x,,...,x,-, be integers distinct from Z.
Then ¢(x;) = o(»)+Ae(x;, ) (x;—y), i=1,...,n—1. By assumption, there exists
nePy(Z) such that ¢(x)=n(x), i=1,...,n—1, and @(y)= n(y). Therefore

n(x;) = n(y)+ Ap(x;, y) (x;— y). On the other hand, n(x;) = n(y)+ An(x;, y) (x;— ),
i=1,..,n—1. As x; # y, we have

Ap(x;,y) = An(x;,y), i=1,...,n—1.
If p() € Z{u] is such that p(x) = n(x), for all xeZ, then
r(u9 U) = (p(u) -p(v)) (u - IJ)— IE Z[u’ D],

and
An(x;, ) = r(x;, ).
Put p,(x) = r(x, y) to obtain the desired result.

(ii) Let A¢(x,y) satisfy the conditions of the lemma, and let x,,...,x, be n
distinct integers. Then there exists p, €P(Z) such that A¢(x;x,) = p, (X)),
i=1,..,n—1. Then

(p(xi) = (p(xn) + A(p(xi’ xn) (xi - xn)
= @(x,,)'i'px" xi)(xi—xn)'
Let n(x) = @(x,) + p, (¥} (x—x,); then neP(Z). Moreover,
ﬂ(xi) = (P(x,,)+ px..(xi) (xi '_xn) = (p(xi)
and
n(x,) = (x,).
Therefore p e L, Py(Z).
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LEMMA 6. Let @ (x) = $(x—1)... (x—n). Then for all ye Z\{x} and n>3, there
exists m, € P(Z) such that

A(pn(x’ y) = Qp- l(x) +(y—n) (P,,_z(X)+ n}'m(x)'

PROOF. Proof is by induction on n. (i) Puttingn = 3, ¢3(x) = 4(x— 1) (x—2)(x—3)
and hence
1

Agy(x,y) = 2(x—_y—)[(x— DEx=2)(x-3)-(-D»-2)(r-3)]

1

=[x - D) (x=2)(x-»)+(=-3)N-O—-D(-2)(y—-3)]
2(x~y)

= 045 - D (=D~ (= D -]
X=y

~3)(y-2
= 02 +- gy + L2
= 01D+ 3) P10+ () where ,50) = LAY D,

(ii) Suppose the lemma has been proved for n—1, n>4. Then by a similar
argument as for n = 3, one obtains

A(pn(x’ y) = Qn- l(x) + (y - n) Dn- Z(x) + n,_,,(x),
where

n}'m(x) = (y —n) Ry,p— l(x) +

and hence =, ,€P,(Z).

(-:"———'i)%’l"ig(x— 1)...(x—=n+3)

THEOREM 7. For n> 1 and ¢, as in Lemma 6, the following holds:

DP2ns Pan+ 15LnP1(Z)\Ln+ 1 P(2).
In particular,

L P(Z)> Ly P(Z)>...5L,P(Z)>L,,  P{(Z)>...2LP(Z).

ProOOF. Proof is by induction on n. (i) Putting n =1, ¢,(x) = ¥(x-1)(x-2),
Ap,(3,1)=4% and hence by Lemma 5, ¢,¢L,P,(Z) but ¢,eL,P(Z),
o3(x) =Hx—1(x-2)(x—3),Ap3(4,2) =2 and hence again by Lemma 5,
¢3¢ L, P((Z) but 3€L, Py(Z).

(i) Suppose n>2, and ¢,, -3, ¢, €L,_, P,(Z)\ L, P,(Z). By Lemma 6, for all
x # y, we have

A‘Pzn(xd’) = QP2a- l(x)+(y_2n) ¢2n—2(x)+ny,2u(x)a Wlth nyaZuepl(Z)'
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Let x,...,x,_1€Z and y be an integer distinct from x,,...,x,_;. By induction,
there exists p,eP,(Z) such that A@,,(x;,y) = p,(x,),i=1,...,n—1. By Lemma 5,
¢2nELnP1(Z)'

Suppose ¢,,€L, ., P,(Z). Then there exist integers a,, a,, a,, ... such that

@2(2K) = g +a,2k —2)+a,(2k —2) Qk~4)+... fork=1,2,..,n+1.

But ¢,,2k)=0, for k=1,...,n, and ¢,,(2n+2)=4(2n+1)! This implies
aG=a;=..=a,.,=0,and a,.2n.2n—2)...4.2 = 4(2n+1)! Hence
a,=32n+1)(2n—1)...3..1¢Z

which is a contradiction. Therefore ¢,,¢L,, 1 P((Z).

By Lemma 6, for all x # y, we have

AQrp+1(%,3) = @2u(¥)+ (¥ —=2n—1) @3, | (X) + T, 204 1(x) With 7,5, €P(Z).
Let x;,...,x,-;€Z and y be an integer distinct from x,,...,x,_,. By induction
and by the first part of this proof there exists p, € P,(Z) such that

Apz+1(xy) = py(x), i=1,..,n—1

By Lemma 5, @, €L,P(Z). Suppose @,,+1 €L, P1(Z). Then there exist inte-
gers dy,a,, as, ... such that @,, . (2k) = ag+a,(2k—2)+a,(2k—2)(2k—4)+ ..., for
k=1,...,n+1. But @,,,,(2k) =0, for k =1,...,n and ¢,,,,(2n+2) = }(2n+1)!
This implies ¢y =a, =...a,_, =0 and 4,.2n.(2n—2)...4.2 = (2n+1)! Hence
a,=42n+1)(2n—1)...3..1¢ Z which is a contradiction. Therefore

@2n+1%Lns1 Pr(Z).
Finally we consider LP,(Z) in relation to P,(Z):

THEOREM 8. Let c,ag,a,,a— {,a,,a_,, ... be a sequence in Z. Then
(i) o: x=c+apx+a; x(x—+a_, x(x—1)(x+1)+
et @y x(x—1D)(x+1D) ... (x—n)+a_,x(x-1)(x+1)
e x=m(x+n)+...

belongs to LP\(Z).
(ii) Pairwise distinct sequences give rise to pairwise distinct elements of LP,(Z).
(iii) LP(Z)> P (Z).

PROOF.

(i) Let x,,...,x,€Z. Then all but finitely many terms in the series contain all
linear factors x-—x,,...,x—x, Hence ¢(x;) = n(x;), for some neP;(Z) and
i=1,..,n

(ii) It suffices to show that if c+aqx+a, x(x—1)+... =0 for all xeZ, then
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¢ =ay = ay = ... = 0, But this follows when we substitute0, 1, — 1,2, —2, ...into the
left-hand side.

(iii) There are only countably many elements in P,(Z) but uncountably many
sequences in Z whence (ii) implies the result.

References

D. Dorninger and W. Nobauer (1978), ‘Local polynomial functions on lattices and universal
algebras’, Collog. Math. (to appear).

H. Hule and W. Nébauer (1977), ‘Local polynomial functions on universal algebras’, An. Acad.
Brasil. Ciénc. 49(3), 365-372.

H. Lausch and W. Ngbauer (1973), Algebra of polynomials (North Holland, Amsterdam and
London).

W. Noébauer (1955), ‘Gruppen von Restpolynomidealrestklassen nach Primzahlpotenzen’,
Monatsh. Math. 59, 194-202.

Department of Mathematics Institut fiir Algebra und
Monash University Mathematische Strukturtheorie
Clayton, Vic. 3168 Technische Universitat
Australia Argentinierstrasse 8

A-1040 Wien

Austria

https://doi.org/10.1017/51446788700012155 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700012155

