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Abstract

Let A be a universal algebra. A function q>: A*-+A is called a /-local polynomial function, if <p
can be interpolated on any / places of Ak by a polynomial function—for the definition of a poly-
nomial function on A, see Lausch and Nobauer (1973). Let Pt.{A) be the set of all polynomial
functions, L,Pk(A) the set of all /-local polynomial functions on A and LPk(A) the intersection
of al\LtPt(A), then

If A is an abelian group, then this chain has at most five distinct members—see Hule and Nobauer
(1977)—and if A is a lattice, then it has at most three distinct members—see Dorninger and Nobauer
(1978). In this paper we show that in the case of commutative rings with identity there does not
exist such a bound on the length of the chain and that, in this case, there exist chains of even
infinite length.

Subject classification (Amer. Math. Soc. {MOS) 1970): 08 A 25 (13 B 25).

1

Let R be a commutative ring with identity. LBi'1(/?) denotes the set of all maps cp

from R to R such that, for any n (not necessarily distinct)elementsx,,...,xneR,

there exists a polynomial n(x)eR[x] such that (p{Xi) = nipc^, for i = 1,2,...,«.

Furthermore, LPt(R) will denote the intersection of all LnPx{R), n = 1,2,..., and

Pi(R) the set of all maps q> from R to R such that there exists a polynomial

n(x) e R[x] with q>(r) = n(r) for all reR. Then we have the descending chain

The question arises which links of this chain reduce to equalities. Two types of

This paper was written while the first author was visiting professor at the Technische Universitat
Wien, Austria.
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[2] Factor rings of the integers 233

rings will be studied: R = Z and R = Z/(«), H > 0 an integer. By Corollary 1 of
Dorninger and Nobauer (1978) it is sufficient, in the latter case, to study only the
case where n—p',p being a prime, e > 0 an integer. For e = 1 it is well known that
L1i'1(Z/(p)) = PjCZ/Cp)), and it is obviously true for any e that

For e > 1 we need the following theorem which follows easily from a theorem by
Nobauer (1955).

THEOREM 1. Let e(k) = max{s\s^0, seZ,p*lk\}. Any map (peP^Z/ip")) is of
the following form:

(p: a+px->cOa+pclax+p2c2ax(x-1)+... +pe~l ce.lax(x-1)... (x-e+2),

where a = 0,1,...,/»— 1, x = 0,1, ...,pe~1 — 1, and where cka may be any integer
with 0^cka^pmaxio-e~k~''-k))-1 for k = 0,1, ...,e-l. Conversely, any such map
belongs to Pt(Z/(pe)).

THEOREM 2. Let e>\ be an integer andf>0 an integer such that/+e(/)<e. Then
LAZI(pe))=>Lf+1(ZI(p<)).

PROOF. Let <p: Z/(pe)-»Z/(pe) be the map defined by

for all a = 0,1, ...,/>—1 and all x = 0, ...,/>e~1 —1. If x l 5 . . . ,*/ are any / integers
between 0 and/*'"1 - 1 , then the map 7r: ZI(pe)^>Z/(pe) defined by

is, by Theorem 1, an element of i>
1(Z/(pe)) and <p(a +pxt) = n(a +pxt) f or i = 1,...,/,

and hence we conclude that (peLfP^ZHjf)). Now we are going to show that
(p$Lf+lPl(ZI(pe)). Assume the opposite is true; then for any a = 0,1,...,/»— 1,
there exists, by Theorem 1, a polynomial

x(x) = cOa+pclax+...+prcrax(x-l)...(x-(r-\)), cra # 0mod/>e-'-£<r),

such that x(k) = <p(a+pk), for k = 0,1,. . . , / . If r</ , then the substitution of
0, \,...,r for k shows that / c , / ! s 0 m o d / whence cra = 0modpe~r~e{r\ a
contradiction. If r^/ , then substitution of 0,1, ...,/for A: leads to

Pf~1+tif)(pcfa-1) = 0mod/>e

whence / - 1 + e ( / ) ^ e ^ / + e ( / ) , a contradiction.

THEOREM 3. Let e > 1 be an integer andf>0 the smallest integer such thatf+ e(f) ^ e.
Then Lf^
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PROOF. Let <peLf+1(Pi(Z/(pe)). Put / - I = r; then r+e(r)<e. For each a,
0^a<p, there exist ao,au ...,areZ, O^ak^pe~k~'ik)—l, by Theorem 1, such that

<p(a+px) = ao+pat x+p2a2 x(x- l) + ...+prarx(x-1)... (x—r+1)

for x = 0,1 r,

since r+1 < / + l and therefore <peLr+1P1(Z/(pe)). But substitution of x = 0,1, ...,r
determines ot f or & = 0,..., r. Since cpsLr+2P1 WiP*)), interpolation at 0,1,2,..., r, x
shows that for any x,

<p(a+px) = ao+pal x+p2a2x(x- l) + ...+prarx(x-1)... (x-(r-1)).

From Theorem 1, we now conclude, that (peP^Zfcp*)) and hence

L/+1P1(Z/(^)) = P1(Z/(^e))-

In order to complete the investigation about the interpolation over Z/(/>*), we
are left with the case where, if/is defined as in Theorem 3,f+s(f)>e. The following
theorem will settle this problem.

THEOREM 4. Let e>\, r>0 be integers with r + e(r)<e and (r+l) + e(r+l)>e.
Then L r + , P,(ZI(pe)) =

PROOF. Let (peL,.+ 1.P1(Z/(p'!)). Then for each a with 0<a</>, there exists
a polynomial n(x) = a0 +pat x +p2 a2 x(x -1 ) +... +pr ar x{x -1)... (x - r +1), by
Theorem 1, such that cp(a+px) =n{x) for* = 0,1, ...,r. There, ao,pau ...,pr~1 ar-x

are determined by q>{a),(p{a +/>),...,cp(a+(r—l)p). Furthermore, there exists a
polynomial p(x) of the form of Theorem 1 such that q>(a+px) = p(x), for
x = 0,l,...,r-l,r+l and hence p(x) is of the form

p(x) = ao+pat x+p2a2 x(x-1)+... +f~l ar_i x{x-1)... (x-r + 2)

+prarx(x-l)...(x-r+l).

But p* ar(r +1)! s 0 modp" since r+s(r+\)^e, and p" ar(r +1)! = 0 modp' for the
same reason. Hence <p(a+px) = n(x) for x = 0,1, ...,r,r+1. Let us now rewrite
7t(x) in the form

n(x) = bo+pb1(x-l)+p2b2(x-l)(x-2)+...+prbr(x-l)(x-2)...(x-r).

We note again that bo,pb1,...,p
r~1br-1 are determined by

<p(a +p), <p(a+2p),..., <p(a+rp).

Furthermore, there exists a polynomial

such that (p(a+px) = o(x) for x = 1,2, ...,r,r+2. But//'5r(r+1)! = 0mod/»e and
prbr(r+1)! s 0mod/>e and hence <p(a+/>x) = Jt(x), for x = 0,1, ...,r,r+ l,r+2.
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This procedure can be continued until we obtain <p(a+px) = n(x), for all x, that is

2

Now we turn our attention to Z. Let <p: Z-+Z be a map and

the difference quotient of <p. We need two lemmas :

LEMMA 5. Let q>: Z-*Z be a map. Then <peLBP1(Z) if and only if, for all yeZ
and any n—\ integers xu ...,xn^i which are distinct from y, there exists p^eP^iZ)
such that

PROOF, (i) Let <peLnPl(Z), j e Z , and xu...,xa-t be integers distinct from Z.
Then <p(Xi) = (p(y)+A(p(xi,y)(xi—y), i= 1,...,«—!. By assumption, there exists

Z) such that <p(Xi) = n(Xi), i= 1,...,« —1, and <p(y) — n(y). Therefore
n(y)+A(p(Xi,y)(Xi-y). On the other hand,^(xf) = n(y)+hn{xi,y)(xi-y),

i = 1,...,« — 1. As xt # ^, we have

If p(u)eZ[u] is such thatp(x) = ^(x), for all xeZ, then

and

A'c(xi,>') = r(xhy).

Put py(x) = r ^ , ^ ) to obtain the desired result.
(ii) Let Aq>(x,y) satisfy the conditions of the lemma, and let xu...,xn be n

distinct integers. Then there exists pXnePt(Z) such that A<p(xhxn) — pXni.
xi)->

i= l , . . . , « -

<p(xn)+A<p(xh xn) (Xi - xB)

= (p(xK)+pXn(Xi) (xt - xn).

Let n(x) = (p(xn)+pXn(x)(x-xn); then neP^Z). Moreover,

and

n(xn) = 9(xn).

Therefore
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LEMMA 6. Let <pn(x) = i(x-1)... (x-ri). Then for all yeZ\{x} and n^3, there
exists ny,nePx(Z) such that

^<Pn(x,y) = (pn-i(x)+(y-n)(pn-2(x)+ny,n(x).

PROOF. Proof is by induction on n. (i) Putting n = 3, (p3(x) = ±(x — 1) (x—2) (x—3)
and hence

y

= <Pi(x)+(y-V<Pi(x)+ny,3(x) where *,,3(JC) = '^ e Z .

(ii) Suppose the lemma has been proved for n—1, n>4. Then by a similar
argument as for n = 3, one obtains

where

and hence Uy^eP^Z).

THEOREM 7. for n> 1 and q>n as in Lemma 6, the following holds:

<P2m,(P
In particular,

PROOF. Proof is by induction on n. (i) Putting n = 1, (p2(x) = i(x-l)(x-2),
A(p2(3,1) = J and hence by Lemma 5, (p2$L2P1(Z) but <p2eLlPl{Z),
<pAx) = $(x-l)(x-2)(x—3),Aq>3(4,2) = f and hence again by Lemma 5,
<p3$L2Pl(Z) but (p^sL^^Z).

(ii) Suppose «SJ2, and <p2B_2,(p2B_1eZ,B_1P1(Z)\Z,nP1(Z). By Lemma 6, for all
x ^ y, we have

,2BW, with 7t,,,2l,ePi(Z).
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Let xl,...,xH-leZ and y be an integer distinct from xl,...,xn_l. By induction,

there exists Py€Pt(Z) such that A(p2n(xt,y) = py(xt), i = 1,...,«— 1. By Lemma 5,

Suppose </>2l,eLI1+1.P1(Z). Then there exist integersao,aua2, . . . such that

<p2n(2k) = ao + a1(2k-2) + a2(2k-2)(2k-4)+... for k = 1,2, . . . ,»+1.

But (p2n(2k) = 0, for jfc=l,. . . ,n, and q>2n(2n + 2) = i(2n+l)\ This implies
a0 = Ql = ... = a n _ ! = 0 , and an.2n.(2n-2) ...4.2 = i(2n+l)\ Hence

which is a contradiction. Therefore (p2n$Ln+1Pi(Z).
By Lemma 6, for all x # j , we have

With Tty,2n+t

Let ^ X j - ^ Z and y be an integer distinct from x1,...,xn-l. By induction
and by the first part of this proof there exists pyeP^Z) such that

i=

By Lemma 5, (p2n+l eLnPt{Z). Suppose <p2n+1 eL n + 1 Pi(Z). Then there exist inte-
gers ao,aua2,... such that <p2n+l(2k) = ao+al(2k-2) + a2(2k-2)(2k-A)+..., for
k= l , . . . , n + l . But <p2n+i(2/k)==0, for k = l,...,n and <p2B+1(2n + 2) = i(2n + l)\
This implies a0 = a1 = ...aB_! = 0 and an.2n.(2n-2)...4.2 = i(2n+l)\ Hence
aB = $(2n + l ) ( 2 n - l ) . . . 3 . . 1 ^ Z which is a contradiction. Therefore

Finally we consider LPt(Z) in relation to Pi(Z):

THEOREM 8. Let c , a o , f l 1 , a - 1 , a 2 , a .2 . ••• be a sequence in Z. Then

(i) <p: x

(ii) Pairwise distinct sequences give rise to pairwise distinct elements of LP^Z).
(iii) L

PROOF.

(i) Let Xi,..., JcBeZ. Then all but finitely many terms in the series contain all
linear factors x—xu ...,x—xn. Hence <p(X[) = n(Xj), for some 7iePx(Z) and
i = 1,...,«.

(ii) It suffices to show that if c+aox+a1x(x—l)+... = 0 for all xeZ, then
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c = a0 = ax = ... = 0. But this follows when we substitute 0,1, — 1,2, — 2,. . .into the
left-hand side.

(iii) There are only countably many elements in Pj(Z) but uncountably many
sequences in Z whence (ii) implies the result.
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