
-A IS POSITIVE DEFINITE ON A "SPINY URCHIN" 

Robert A. Adams* 

In a recent note [3] in this department C. Clark has shown that 
1 2 

Rellich's theorem on the compactness of the imbedding H (G) -*- L (G) 

is valid if G is the "spiny urchin" domain obtained by removing from the 
plane the union of the sets S (k = 1, 2, . . . ) defined in polar coordinates by 

S = {(r , 6) : r > k, 9 = nir /2k, n = 1, 2 4k} . 

It follows that the eigenvalue problem 

( i ) 

-Au = \u in G 

u = 0 on bdry G 

has a discrete spectrum. We can show further that 

- J Ac)) 4>dx > C||cj> | |* G , C > 0 , 
G 

w h e r e | | < t > l l l j G = H * H 0 , G + ^ ' l . G ' " ' "o,G b e i n g t h e n o r m i n L2(G), 

2 2 ? 
and |({>| = ||9<(>/8x|| + ||8cf>/ôy|| . In particular, the generalized 

Dirichlet problem for -A has a unique solution and all the eigenvalues of 

(1) are positive. Since - f A <|> <|> dx = |<j)| the above result is an 
G l l G 

immediate consequence of the 

THEOREM. The norms I . I ^ and II . Il ^ are equivalent in 
' 1, G 1, G 

HJ(G). 
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Proof. We must show that || <\> \\ < const. | $ | (Poincare's 

inequality) for all c|> e CQ (G) . If G = {x e G : |x | > R} , Clark shows 

in [3] that if R > 1 then 

(2) | k l l 0 Q < C(R) | |d, | | 
' R 

We require (2) only for R = 1. To obtain the remaining part of 
Poincare's inequality, namely 

(3) UW0tB < c o n s t ' 1̂ 1 i , G ' B = ( x e G : |x | < 1 } 

let us take a new origin at the point (2, 0) and use polar coordinates 
(r ,6) with respect to this point. Then B is contained in the annulus 
A = {(r , 0) : 1 < r < 3 , 0 < 6 <_ 2TT } . Since cj> vanishes on 6 = 0, l < r < _ 3 
we have 

4>(r ,6) = / — (r ,y) ày . 

Hence by Schwarz's inequality 

2 3 2TT 2 
J |cj>(x)| d x < J r d r J | c | > ( r , e ) | d 6 
B 1 0 

3 2TT 2TT 

< J r d r -2TT f d 6 J \ry4>{r,y)\ ày 
1 0 0 K 

< ^ I l 9 - Y * | 2 «* • 
A K 

Since 1 - ^ - ^ ( r , T ) | 2 < const, r 2 ( | | £ | 2 + \ ^ \ 2 ) (3) follows at 

once. 

One clearly does not require in this proof the fact that G is quasi-
bounded. The proof remains the same if G is replaced by the less prickly 
set obtained by removing from the plane the union of the sets T (k = ly 2, . . . ) 

defined in polar coordinates by 
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T = { ( r , 6) : r > k 2 , 6 = m r / 2 k , n = 1, 2, . . . , 4k} 

though the e i g e n v a l u e p r o b l e m (1) need not have a d i s c r e t e s p e c t r u m in 
th i s c a s e . 

The m e t h o d u s e d above can be ex tended to y ie ld t h e o r e m s on the 

e q u i v a l e n c e of n o r m s in the Sobolev s p a c e W (G) for a l a r g e c l a s s of 

d o m a i n s G for wh ich d i s t ( x , b d r y G) r e m a i n s bounded a s x t e n d s to 
inf in i ty in G . F o r s u c h s p a c e s s o m e p r e l i m i n a r y i n e q u a l i t i e s s i m i l a r 
to (2) m a y b e found in [1] and [2] w h e r e they a r e used to p r o v e c o m p a c t n e s s 

t h e o r e m s for i m b e d d i n g s of W ' (G) . 
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