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APPROXIMATING FIXED POINTS BY ISHIKAWA ITERATES

M. MaITiI AND M.K. GHOSH

In a uniformly convex Banach space the convergence of Ishikawa iterates to a fixed point
is discussed for nonexpansive and generalised nonexpansive mappings.

INTRODUCTION

Senter and Dotson [68] have given conditions under which a Mann type iterative
process [B] generated by a nonexpansive mapping in a uniformly convex Banach space
converges to a fixed point of the mapping. In this paper we modify these conditions so
that an Ishikawa iterative process [4] for 2 nonexpansive mapping in a uniformly convex
Banach space converges to a fixed point of the mapping under these modified conditions.
To achieve this we follow closely the analysis given in [6]. Then we show that these
conditions are satisfied by generalised nonexpansive mappings, implying convergence of
Ishikawa iterates for these mappings without any precondition.

PRELIMINARIES

Let X be a Banach space and C a convex subset of X. A mapping T': C — C is
said to be nonexpansive if ||Tz — Ty|| < ||z — y|| for all z,y € C. A mapping T': C —
C is said to be quasi-nonexpansive if T’ has a fixed point p € C such that ||Tz — p| <
llz — p|| for all = € C. The concept of quasi-nonexpansiveness is more general than
that of nonexpansiveness. Indeed, a nonexpansive mapping with at least one fixed
point is quasi-nonexpansive, but there exist quasi-nonexpansive mappings which are
not nonexpansive. A mapping T': C — C is said to be generalised nonexpansive if

ITz — Tyl| < allz — yll + b{ll= — Tzl| + ly - Tyll} + c{ll= — Tyl + lly — T=|}

forall ¢, y € C, where a, b, ¢ > 0 with a+ 26+ 2¢c < 1. With further restrictions on a,
b, c it can be shown that a generalised nonexpansive mapping is also quasi-nonexpansive
if it has a fixed point.

We now state the following conditions:
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Condition A. A mapping T: C — C with nonempty fixed point set F is said to
satisfy Condition A if there is a nondecreasing function f: [0, ) — [0, c0) with
f(0) =0 and f(r) > 0 for all r € (0, o) such that ||z — Ty|| > f(d(z, F)) for z € C
and all corresponding y = (1 —t)z + tTz, where 0 £ t < # < 1 and d(z,F) =
inf ||z — 2||.

zEF

Condition B. A mapping T': C — C with nonempty fixed point set F is said to
satisfy Condition B if there exists a real number k > 0 such that ||z — Ty|| > kd(z, F)
for z € C and all corresponding y = (1 —t)z + tTz where 0 <t < < 1.

It may be noted that the mappings which satisfy Condition B also satisfy Condi-
tion A. However, Condition B may be verified easily in examples. We also note that
Conditions I and II of Senter and Dotson [8] are identical with Conditions A and B
when t = 0.

ISHIKAWA ITERATIVE PROCESS

Let X be a Banach space X and C a convex subset of X. For z; € C, define a

sequence {z,}3; such that
(1) Znt1 = (1 = an)n + anT[(1 = Bn)zn + BrTzn]

where {an}52, and {8.}52, are sequences of positive numbers. Ishikawa (4] has
introduced this iteration scheme and discussed its convergence in the case of Lipschitzian
pseudocontractive mappings imposing some restrictions on a, and 3,,. However, in

the present paper we restrict them to satisfy
(2) ()0<a<ga, £b<1, (ii)0KF,<P<1.

We denote by M(zq, an, Bn, T) the sequence (1) with restriction (2).
We note that Senter and Dotson {8] have discussed the convergence of a particular
case of sequence (1) by taking 8. = 0 and o, to satisfy (2) (i) for all n.

Before we discuss our results we recall the following lemma due to Dotson {2].

LEMMA. If {s,} and {t.} are sequences in the closed unit ball of a uniformly
convex Banach space and if {z,} = {(1 — an)Sn+ anin} satisfies lim ||z,]| = 1. where

0<a<a,<b<1,then lim ||s, —t,||=0.
n—oo

THEOREM 1. Let C be a nonempty, closed and convex subset of a uniformly convex
Banach space X and T a quasi-nonexpansive mapping of C' into itself. If T satisfies
Condition A, where F is the fixed point set of T in C, then, for arbitrary =, € C, the

sequence M(z1, an, Bn, T') converges to a member of F.
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PROOF: If z; € F, then the result is trivial. We assume z; € C \ F. Now setting
yn = (1 — Bn)zn + BnTz,, we have for an arbitrary z € F

lenss = 2ll = (1 = &n)(®@n = 2) + €n(Tyn — 2)]
< (1= an)llon — 2l + @ lyn — 2]
— (1= an)ll2n — 2]l + @ (1 = Ba)(@n — 2) + Bu(T2n — 2
< (1= an)ll2n — 2l + (1 = Ba) 2n — 2l + @nBa ll2n — 2]

= |lon — |-

This implies that d(z,41, F) < d(zn, F) and hence that the sequence {d(z,, F)} is
nonincreasing. Further, it is bounded below. Thus "lll;n d(zn, F) exists. Next, we
show that this limit is zero. =

Suppose that nIEn d(zn, F) = b > 0. Then, for some z; € F, li_{n 1z — 2ol =
¥ >b>0. Chooseoz positive integer N such that ||z, — z|| gnzbt'x’for n 2 N.
If we now set s, = (z, — 29)/ l|on — 2| and ¢, = (Tyn — z)/ ||zn — 20]|, then we
observe that ||s,|| = 1 and ||t,|] < 1 for all n. Further, ||(1 — an)sn + antn| =
1 = an)zn + anTyn — 20l / llzn — 20ll = lZn41 = 20l / |&n — 20]] = 1 as = — oo.
But, for n > N, we have

“:l:n — Tyy,|| S f(d(mm F)) > f(b) >0

Ten—2ll = Non—sl = 260

o ~ tal =

implying lim |[s, —t,.|| # 0, which contradicts the result of the lemma. Hence
n—eo
lim d(z,, F)=0.
N0
Now, following the same arguments of Senter and Dotson [8], which we omit here

in order to avoid repetition, it may be shown that the sequence M(z;, an, fn, T)

converges to a member of F.

Bose and Mukherjee [1] have discussed the convergence of Mann type iteration
schemes generated by generalised nonexpansive mappings. In the sequel we discuss the
convergence of Ishikawa iteration scheme when the mappings are generalised nonexpan-

sive.

THEOREM 2. Let C be a nonempty, bounded, closed and convex subset of a uni-
formly convex Banach space X, and T: C — C be a continuous mapping such that

(3) 1Tz - Tyll < allz = yll + b{llz — Tzl + lly — Tull} + e{llz = Tyll, + lly - Tl

forall z,y € C, where a,c > 0 and b > 0 with a+ 2b+ 2c < 1. Then, for arbitrary
z1 € C, the sequence M(zy, an, fn, T') converges to the unique fixed point of T.
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PROOF: By Theorem 2 of Goebel, Kirk and Shimi [3] the mapping T has a fixed
point, which is also unique because of the additional restriction on b. Let p be the
fixed point. Then, setting y = p in (3), we have

(4) ITz - pll < (a+¢)llz —pll + bllz ~ Tz|| + ¢||Tx — pl|
S(e+b+e)lz—pll+(b+c) Tz —pl,
implying
a+b+c
1Tz —pll < 75— llz =Pl < ll= - 7I| -

Thus T is quasi-nonexpansive.

For any y € C we observe from (4) that
ITy — pll < (a+c)lly —pll + blly — Tyl + ¢ [Ty - pl|-
Now, set y = (1 —t)z + tTz, where 0 <t < 8 < 1. Then
(5) ly —pll <llz —pll, lly —=ll = tllz — T=|| < 2t[|= - p|,
whence we get

a+c)lly—pll+cllz—pll+blly— =l + (b+¢) ||z — Tyl

(6) 1Ty — pll < (
<{e+2c)|lz —pll +blly —=|| + (b+¢) lz — Tyl .

Also it is obvious that
(M ITy —pll = llz — pll - llz — Tyl|.
Combining (6) and (7) we derive
blly -zl + (1 +b+c)llz — Tyl > (1 - a = 2¢) |z - p|| > 2b]|= — pl,
whence, by applying the second inequality in (5), we finally derive

2b(1 — t)
1+b+ec

26(1 - 5)

=~ Tyl > s

e - pll > 2222 o _

where 2b(1 — 3)/(1+ b+ c) > 0. Thus T satisfies Condition B and hence Condition
A. Then the result follows from Theorem 1. 1

A variant of Theorem 2 may be stated in the following form.
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THEOREM 3. Let X be a uniformly convex Banach space and C a nonempty,
bounded, closed and convex subset of X . If T: C — C is a mapping satisfying

ITz — Tyll < allz — yll + b{lle — T=z|| + lly — Tyli} + c{ll= — Tyl + lly — T=(|}

for all z,y € C, where a, b, c > 0 with 3a + 2b 4+ 4c < 1, then, for arbitrary =, € C,
the sequence M(z1, 0n, Bn, T) converges to the unique fixed point of T'.

In this case the existence of a fixed point is ensured by the fact that C has a normal
structure, see [1]. The fixed point is also unique. As in Theorem 2, it can be shown
that T is quasi-nonexpansive and satisfies Condition B.

Finally it may be remarked that Theorems 5 and 6 of Bose and Mukherjee [1]

follow as particular cases of Theorems 2 and 3.
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