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Abstract

Let X — D be a flat family of projective complex 3-folds over a disc D with smooth total space X and smooth
general fibre X;, and whose special fiber &y has double normal crossing singularities, in particular, Xy = A U B,
with A, B smooth threefolds intersecting transversally along a smooth surface R = A N B. In this paper, we first
study the limit singularities of a §-nodal surface in the general fibre S; c A}, when S; tends to the central fibre in
such a way its d nodes tend to distinct points in R. The result is that the limit surface Sy is in general the union
So=S4USp,withS, C A, Sp C B smooth surfaces, intersecting on R along a §-nodal curve C = S4NR = SpNB.
Then we prove that, under suitable conditions, a surface Sg = §4 U Sp as above indeed deforms to a §-nodal surface
in the general fibre of X — D. As applications, we prove that there are regular irreducible components of the
Severi variety of degree d surfaces with § nodes in P3, for every 0 < (dg 1) and of the Severi variety of complete

intersection 6-nodal surfaces of type (d, k), with d > h — 1 in P*, for every 6 < (d;S) - (d_h+1) -1.
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2 C. Ciliberto and C. Galati

1. Introduction

The main object of study in this article is Severi varieties of nodal surfaces on smooth, projective,
complex threefolds. Severi varieties of nodal hypersurfaces on a smooth variety are a well-known
object of study in algebraic geometry that goes back to well more than a century ago. Its importance
is underlined by the relationships with other themes in the area. For example, the recent papers [7, 16]
explore the relation of Severi varieties with the Hodge conjecture.

Our approach to the subject is via degenerations. Degenerations of smooth complex varieties to
complex varieties with simple normal crossings is also a classical object of study. In particular, it has
been widely used by several authors for studying Severi varieties of nodal curves on surfaces. The method
is powerful and enables one to obtain sharp results on the non-emptiness of some Severi varieties of
curves (see, for instance, [3, 5, 6, 10], etc.).

One of the basic ideas in these papers is the well-known and classical fact that the limit of a curve C;
with a node p; on a smooth surface X;, when A; degenerates to a reducible surface Xy = A U B, with
A and B smooth and meeting transversally along a smooth curve R = A N B, and p, going to a point
po € R, is acurve Cy C &) with a tacnode in p(, which appears scheme theoretically with multiplicity
2. This result is an easy consequence of the study of the versal deformation space of a tacnode, and its
proof is in [2, 17]. This result has been proved also using limit linear systems techniques; see [9]. The
present article intends to extend this result on the limit of a nodal curve to the case of nodal surfaces
in threefolds, and we will take the point of view of [9]. In the sequel, a node of a surface will be an
A|-singularity.

Let X — D be a flat family of projective complex 3-folds over a disc D with smooth total space X and
smooth general fibre, and whose special fiber X)) has double normal crossing singularities, in particular,
Xy = AU B, with A, B smooth threefolds intersecting transversally along a smooth surface R = A N B.

First of all, we will study in Section 2 the limit singularities of a 6-nodal surface in the general fibre

S; C X;, when S, tends to the central fibre in such a way that its ¢ nodes tend to distinct points py, ..., ps
in R. The result (see Theorem 2.2) is that the limit surface Sy is in general the union So = S4 U Sp,
with S4 € A, Sp C B smooth surfaces, that cut out on R the same curve C having nodes at py, ..., ps

and no further singularities. In this case, we say that Sy presents a singularity of type 7} at every point
pi.i =1,...,6. The equations of a 7] singularity are given in (2.9). Finally, in 2.4, we provide the local
equation of (an example of) a local deformation of a singularity of type 77 to a node on the general
fibre.

The central part of our paper is Section 3. First of all, we prove in Lemma 3.2 that the only sin-
gularity of a surface S; C A; to which a singularity of type T} of a surface Sp € Aj may be de-
formed is a node. In §3.2.2, we describe the first-order locally trivial deformations in Xj of surfaces
So = Sa U Sp with T} singularities on R and at most nodes elsewhere. In particular, we find suf-
ficient conditions for smoothness of the equisingular deformation locus of Sy in the relative Hilbert
scheme of X. If these conditions are verified, then the 7 singularities of Sy and its nodes can be
smoothed independently inside Aj. Next, in §3.2.3, we consider deformations of a surface Sy c Ajp,
with 7 singularities on R and at most nodes elsewhere, off the central fibre. We prove, in Theo-
rem 3.13, that under suitable conditions, one can deform S\ off the central fibre X; to a surface S;
in the general fibre X;, with only nodes that are the deformations of the nodes of Sy and of the T}
singularites of Sy, and that the space of this deformation is generically smooth of the expected dimen-
sion. Again, generic smoothness means that the nodes of the general surface S; can be independently
smoothed.

In Section 4, we give a couple of applications of our general result. Essentially, we consider the
following problem (see Problem 4.3). Let X be a smooth irreducible projective complex threefold. Let L
be a line bundle on X such that the general surface in the linear system |L| is smooth and irreducible. Let
V?’ 1 be the Severi variety of surfaces S in | L| which are reduced with only & nodes as singularities. The
question we consider is as follows: Given X and L as above, which is the maximal value of ¢ such that

V?’ L has a generically smooth component of the expected codimension & in | L|? We give contributions
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to this problem in two cases. The first one is for X = P?> and L = Ops (d) (see Theorem 4.6); the second
one is when X is a general hypersurface of degree 4 > 2 in P* and L = Ox(d) with d > h — 1 (see
Theorem 4.9).

To finish this introduction, it is worth mentioning that the basic idea of a singularity of type 77 being
a limit of a node is already contained, although in a rather obscure form, in B. Segre’s paper [18]. In
this paper, Segre considers, even more generally, the case of higher dimension. As a matter of fact, we
believe that there should be no obstruction in extending our results in higher dimension too. However,
we did not dwell on this here because we thought that the surface in threefold case already shows the
complexity of the situation. We plan to come back on this in the future.

Notation: In what follows, we use standard notation in algebraic geometry. In particular, we will
denote by ~ the linear equivalence.

2. Limit singularity of a node of a surface in a threefold
2.1. The problem

Let X — D be a flat family of projective complex 3-folds over a disc D with smooth total space X’
and smooth general fiber X;, with # € D \ {0}, and whose special fiber X has double normal crossing
singularities; in particular, Xy = A U B has two smooth irreducible components A and B, intersecting
transversally along a smooth surface R = A N B.

Let £ be a line bundle on X'. For each ¢ € D, we set £, = L)x,. We consider the following question.
Roughly speaking, assume that for ¢ € D general, we have a surface S; € |£;| having a double point p,.
Assume that S; tends to a surface Sy in Xy with p, tending to a point py € R. The question is: What is
the singularity that Sy has at py? Let us make this setting more precise.

2.2. Setup

Letus fix p = po € R, which is a double point for the central fibre X, whereas X" is smooth at p. Hence,
there are no sections of X — D passing through p. So let us consider a smooth bisection y’ of ¥ — D
passing through p.

Step 0. Let us look at the following commutative diagram:

Yy—sX — X

N

D—2sD

where the rightmost square is cartesian and v» : u € D — u®> € D. Then X" is singular along the
counterimage of R (that by abuse of notation, we still denote by R), which is a locus of double points
for X', with tangent cone a quadric cone of rank 3. The morphism ) — X" is the desingularization of
X’ obtained by blowing up X’ along R.

The induced morphism 7 : JJ — X is 2 : 1 outside the central fibre of ). In particular, for every
t # 0, there are exactly two fibres ), and ), of JV — D isomorphic to the fibre X; of X — D via
n, where {u, us} = v;l (7). The family ) — D has central fibre )y = A U £ U B, where, by abusing
notation, A and B denote the proper transforms of A and B and & — R is a P!-bundle on R. The
morphism 7 is totally ramified along A and B, and it contracts £ to R in X. In particular, A N £ and
BN & are two non-intersecting sections of £ both isomorphic to R. Denote by F the fibre of £ — R over
the point p € R C Xj. One has F = P'. Now the counterimage of ¥’ on ) is the union of two sections
of Y — D, each intersecting )y at a smooth point on F. We let v be one of these two sections and g be
the intersection point of y and F.
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Assume there exists an effective divisor S c ), with S ~ 7*(L), having double points along y. Let S
be the image of S in X’ via the morphism 7. Note that S has points of multiplicity 2 along the bisection
y'. Forevery t # 0, if V,, and ,,, with u? = u? = 1, are the two fibres of ) — D isomorphic to X; via
7, we have

S[ =Sm){[ =Su1 USu27
where S, = 7(S,,) and S,,, =S NY,,, fori =1,2.If t = 0, we have that
SNXy=2S9)=2(S4USp),

where Sy =n(SNA)c Aand Sg =n(SNB) CB.
We want to understand S|, . To do this, we will first understand Sly),.

Step 1. Let 1y : ! — ) be the blowing-up of ) along y with exceptional divisor I". We have a new
family J)! — D with general fibre the blow up of ), = Xy, ) at its intersection point with y (that is
also the point of multiplicity 2 of the surface S,,), and central fibre y(; = AUE’ U B, where £’ is the
blow-up of € at ¢. Still denoting by F the proper transform of F in J'!, we have that the proper transform
S! of S in V! satisfies

S' ~ 7t (S) - 2r. (2.1

We deduce that S! - F = =2 and hence F c S'.

Step 2. Let now 75 : V> — V! be the blow-up of J! along F with new exceptional divisor ®. We
have the new family V? — D, whose general fibre is the same as the general fibre of Y I 5 D, and new
central fibre yg =A'"UE"UBUB’, where A’, £” and B’ are the blow-ups of A, £’ and B at F N A,
F c & and B N F, respectively. Notice that ® — F is a P>-bundle on F, intersecting A’ (resp. B’)
along a surface isomorphic to P2, which is a fibre of ® — F, and at the same time is the exceptional
divisor of the blow-up A’ — A at F N A (resp. of the blow-up B’ — B at F N B). Moreover, the surface
E := ® N E” has a P! -bundle structure E — F, and it is the exceptional divisor of £”, arising from the
blowing-up of F in &’.

We claim that E ~ Fy. Indeed, since F ~ P! and Fisafibre of € — R, we have that N e = Op1®0sp1.
This implies that Ng|er = Opi (=1) & Opi (~1), and hence, E = P(Np|g) = Fo.

If S? is the proper transform of S Uin )2, by (2.1), we deduce that

Sl ~ 15(S)le — mrOlo
~2fg+mp(A"+B +&")|o
~2fo+mr(2fo+E&"lo)
~ (2mp =2) fo +mr(E"lo)
~ (2mp =2)fo + mrE, 2.2)

where fg denotes the linear equivalence class of a fibre of ® — F and m is the multiplicity of S' along
F. Notice that S?|g must be an effective divisor because it is the restriction to ® of an effective divisor
that does not contain . This implies the minimum value of 7y making S2|g effective is mp = 1.

2.3. Description of S)y, and of S|x,

We assume now mp = 1. To better understand S?|e ~ E, we restrict S%|g to £”. Let o and f, with
o? = f2 =0, be the generators of the Picard group of E = £ N ® = F. By restricting (2.2) to E, one
gets
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S = Sloner ~ ;- 2.3)

To compute 5(1'5’ we use the obvious relation (A’ + B” + © + £”)g = 0, which implies the following
identity on E:

2f +Op +Ep = 0. (2.4)

Since E = £ N O, then O is the class of ®? . £” which is clearly the class of the normal bundle
NE|g» of E in £”. Similarly, &}, is the class of © - £"* = ¢1(Ng|e). Since E = P(NE ¢, denoting by
ng . E — F the natural projection morphism, whose fiber is f, and by

e:=0|g =0 =c;(Ngjgn),
we have that Ng g C 75, (NF|e) is the tautological fibre bundle of E = P(Np|¢). So we get that
fre=-1 (2.5)
and
e* —c1(my(Nrjg) - e + o (s (Npjer) = 0,
(see [12, p. 606]). Now
c2(ny (NFje)) = ng (c2(NFjer)) = 0,
since Mg | is a vector bundle on F and dim(F) = 1. So
e —ci(mp(Nrie) e =e® —ap(ciNpe)) e =e* —ci(Npig)f e =e* +ci(Npjgr) =0.
Thus,
e’ = —ci(Npjgr) = 2. (2.6)
Sete =ao +bf.By (2.5) and (2.6), one gets a = —1 and
—2b=(-0+bf)>=e?>=2, hence b=—1.
Thus, we have
O =c1(Ngjgr) = -0 - f.
Hence, by (2.4), we get
&g =c1(Ngjp) =0 — f. 2.7
Remark 2.1. From (2.7), it follows that the divisor E (which does not move on £” being there an

exceptional divisor) does not move in @ either, since Nz |e is non-effective. Hence, by (2.2) and mp = 1,
we have S?| = E.

We are now also able to describe the divisor Szl Arner = 82| pner. Indeed,

Slaner ~ (17(S) = 275(T) = O wner ~ 1375 (S)langr —ON A’ NE,
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and, since S%|g = E by Remark 2.1, it contains the (—1)-curve ® N A’ N £” = E N A’ in its base locus
with multiplicity 1. Thus, S?[ane» = Da U (@ N A’ NE"), where

D ~ (1| (S))laner — 20N A" NE”,

and similarly for & 2 |Brner.
This analysis implies the following:

Theorem 2.2. Let S C Y be an effective Cartier divisor as in Step 0. Then the surface Sy, is the union
of three surfaces Sa = SNA,Sp =SNBand Sg = SNE, where S (resp. Sg) intersects AN E (resp.
B N &) along a curve which has a double point at the point F N A (resp. F N B), these two curves are
isomorphic, and Sg is a P'-bundle over any one of them.

Accordingly, S\x, = 250, with So € |Lo| and Sy is the union of two surfaces Sa, Sp, respectively
isomorphic to Sa, Sp, intersecting along a curve in R that has a double point at p (see Figure 1).

2.3.1. Local equations of S,
We may assume that X locally around p € X is embedded in A’ with coordinates (x, y, z, u,t) with
p corresponding to the origin. We may suppose that X is defined by the equation xy = ¢ and the map
X — Dis given by (x,y,z,u,t) — t. So we will assume that A is defined by the equations x = ¢ =0
and B by the equations y = ¢ = 0, so that R is defined by x =y =¢ = 0.

The above analysis proves that the surfaces S|4 and S|p belong to the restriction linear systems of £
to A and B, respectively, and moreover are tangent to R at the point p. Thus, So = S4 U Sp belongs to
the linear system L (2, p) C |Lo| of surfaces with local equations at p given by

{(a1x+b1y)+f2(x,y,z,u)=0 2.8)
xy =0,
with f>(x, y, z, u) an analytic function with terms of degree at least 2.

Definition 2.2.1. Let Sy = S4 U Sp be a surface that is the union of two irreducible components S 4, Sp
intersecting along a curve C. Let p € C. We will say that Sy has at p a singularity of type T} if S4 and
Sp are smooth at p and C has at p a node.

xt )L-'-‘AL)@

2
t=u.:=u,_ o D

Figure 1. A Ti-singularity of a surface So = Sa U Spin Xy =AU B.
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Remark 2.3. If in (2.8), a1 b1 # 0, then Sy has a T} singularity at the origin p, and, up to a linear change
of coordinates, the local equations are given by

{x +y+ fo(x,y,z,u) =0, with (0,0, z,u) = 0 having anode at 0, 2.9

xy=0.

In the sequel, we will also refer to Ly(2, p) as the sublinear system of |Ly| of surfaces with at least a
T, singularity at p.

Remark 2.4. We have that £y(2, p) C |£p| has dimension

dim(Ly(2, p)) > dim |Ly| — 3.

2.4. Local deformation of a singularity of type T to a node

In §2.3.1, we saw that a singularity of type 77 appears as a generic limit of a double point of a surface.
In this section, we will show that locally the converse happens, i.e., that locally a singularity of type T}
can be deformed to a node.

In local coordinates (x, y, z, u, t), we consider as before the family of 3-folds X; : xy = . We further
consider the one parameter family of 3-folds in A* of local equation at 0 given by

So:x—y—a(t)-22-u*=0,

where a(7) is a suitable function of + € A' to be determined, such that @(0) = 0. We will set
St =Sa@)NA; forany t € Al'. The surface Sy hasa T} singularity at 0 and S, is smooth. Our requirement
on the function /() is that for any ¢ # 0, there exists a singular point ¢(¢) = (x(t), y(t), z(¢), u(t)) € S;,
that is, such that

Ty (Sa) = Tgn) (A1)
This is equivalent to asking if there exists ¢(¢) = (x(), y(1), z(¢), u(t)) € A* satisfying
x(1) = () = () = 2(0? = u(D)? = x()y(D) =1 =0
and
(x = x(1)) = (v = ¥(1)) = 2200 (2 = 2(0)) = 2u() (1 = (1)) = (O (1) (x = x(1) +x() (v = y(1))),
for a non-zero ¢(¢). This implies

2() =u(t) = 0,x(r) = —y (1), a(r) = 2x(r) and t = —x(1)* = 1

Thus, for every # # 0, there exist exactly two divisors S,,, withi = 1,2 and @;(1)> = —4¢ so that

x=y+a;(t) + 2> +u?

Sai(t) = Seu N Ve : {y(y+ai(t) +22+u?) =1t

is a one-nodal surface, with tangent cone at ¢;(t) = “‘T(t) —aiT(t), 0,0) given by

a;(1)\?2
TCqi(n)(Sa;(r)) 1 x—y —ai(t) = 2()’ + —12( )) — (N> —a;j(Hu® = 0.

Notice that, for every i = 1,2, we have that «;(¢) is a well-defined continuous function on
D? =D(0,€) \ {a+i0|0 < a < €} (the disk cut along a radius), vanishing at 0 and holomorphic on
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D? \ 0. Each family S,, — D¢, fori = 1, 2, is not algebraic, while the complete intersection family of
surfaces

D {(x"y_“z_zz)zz_‘” (2.10)

Xy =t.

is algebraic. As usual, we set D, = DN A&;. One has D; = S, (1) U So, () for t # 0 and non-reduced
fibre Doy = 2S¢ for t = 0.

The locus x> +¢ = x+y = z = u = 0, whose general point is singular for D,, is a bisection of X — A!
passing through (0, 0).

3. Deformations of surfaces with 77 singularities and nodes

Throughout this section, we will consider X — D a family of projective complex 3-folds over a disc D
as in the previous section, and we let H¥IP be its relative Hilbert scheme, whose fiber over ¢ € D is the
Hilbert scheme of &} and it is denoted by H* . Moreover, we will consider Sy = S4 U S € Xp, with
Sa C Aand S C B an effective reduced Cartier divisor.

3.1. Deformations and a smoothness criterion

Definition 3.0.1. Let So = S4 U Sp € A), with S4 C A and Sp C B being an effective reduced Cartier
divisor and let

XD
Hisy 2D

be an irreducible component of the relative Hilbert scheme of X’ containing [Sg]. A deformation of Sy
in X not in A is the total space S C X of an irreducible local r-multisection y of ’Hig(lj? passing through
[So]- Equivalently, a deformation of Sy is an effective divisor

S C——=X

\

D

dominating D, whose central fibre is S N Xy = 7Sy (i.e., the surface Sy counted with multiplicity r) and
whose general fibre is a reduced surface with r irreducible components S N X, = S! U --- U S, with

[Si] € 'Hfgg]), for every i = 1,...,¢. We will also say that every irreducible component S of S N &; is

a deformation of Sy or that Sy is a limit of S;'. Let Y be the smooth family of threefolds obtained from
X — D after a base change

y—X —X

N,

D——=D

of order r and after minimally desingularizing the total space of the obtained family. ) has central
fibre Yo = AUE U---UE&,_; U B with normal crossing singularities of multiplicity two, where every
&; is a P'-bundle over &_; N &;, intersecting &_; and &4y, with & = A and &, = B. We denote by
n: Y — X the induced morphism. Then the pullback divisor 7*(S) = S' U --- U S" has r irreducible
distinct components S 1 .., 8", where now every S ! has irreducible general fibre and has central fibre
given by S) = 8" N Ay = S,.
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Proposition 3.1. Let So = Sy U Sg C Xy, with So4 C A and Sg C B, be a reduced effective Cartier
divisor as above. Let p be a point of the intersection curve C = Sp N Sp C R where Sa and Sp
intersect transversally (i.e., such that S s and Sg are smooth atp and T, (Sa) # T,(SB)). Then for every
deformation S C X of So not in Xy, we have that p is limit only of smooth points of the irreducible
components of the general fibre of S (i.e., in a sufficiently small analytic neighborhood of p in X, all
irreducible components of the general fibre of S are smooth). In particular, if Sx and Sp intersect
transversally along C, then Sy is limit only of smooth surfaces.

Proof. LetSog=S54USp C Apand p € R =S4 N Sp as in the statement. Then, there exists an analytic
coordinate system (x,y,z,u,t) of X at p = 0 and such that the local equation of Sy at p is given by
xy=t=z+ fr(x,y,z,u) =0, where f>(x,y,z,u) € (x,v, 2, u)2.

Assume that the assertion is not true. Let 7 : ) — A" be the morphism defined in Definition 3.0.1,
from which we keep the notation. Then the chain of fibres F 11, U---UF ;‘1 of 771(Sy) contracted to p by
7 intersects the singular locus of every divisor S'. In particular, there exists an analytic s-multisection y
of X (with s > r) passing through p, whose general point is a singular point of an irreducible component
of SN A&}, with ¢ general. Every analytic s-multisection of X — D at p gives rise to s distinct continuous
sections y',...,y* over D° =D\ {a +i0|0 < a < 1}, which are holomorphic on D \ 0. If ¢ varies in
D?, then there exists a one-parameter analytic family of irreducible surfaces Z c S, singular along y!,
whose fibre Z; over ¢ # 0 is an irreducible component of S N &; and whose fibre over 0 is Zy = So. The
equation of Z; in A* with coordinates (x, y, z, u) is given by

p(x,y,z,u;t) =0
'xy = t?

where p(x,y,z,u;t) = 0 is an analytic function in (x,y, z,u), whose coefficients are continuous
functions in the variable ¢ € D which are holomorphic on D° \ 0. If

Y (1) = (x(1), y (), 2(0), u(1)),

then by the hypothesis that the general fibre of Z is singular along y, we have that
px,y, zust) = c()(y(1) (x = x(1)) +x(2) (y = y(1))) + g2(x = x(2), y = y(1), 2 = 2(1), u — u(2)),

where g5 (x —x(1),y = y(t),z — 2(t),u —u(t)) € (x = x(1),y = y(t),z — z(t), u — u(t))>.

We moreover have that p(x, y, z, u; t) specializes to p(x,y,z,u;0) = z+ fo(x,y, 2z, u)
=z-2(0)+ fo(x —x(0),y — y(0),z — z(0),u — u(0)) as r goes to 0. This is not possible. Thus, every
irreducible component of the general fibre of a deformation § ¢ X" of Sy is smooth in a neighborhood
of p. O

3.2. Deformations of T| singularities

3.2.1. Deformations not in X of surfaces with 7 singularities
In this section, we prove that the only singularity of a surface in X;, with # # 0, to which a T} singularity
of a surface Sy € Xy may be deformed is a node.

Lemma 3.2. Let Sg = Sa U Sp C Xy be a reduced effective Cartier divisor, with Sx C A and Sp C B
as above. Let p be a point of the intersection curve C = SN Sp C R, where Sy has a Ty singularity. Let
S C X be a deformation of So not in Xy. Then there exists a sufficiently small analytic neighborhood of
p in X such that all irreducible components of the general fibre of S in that neighborhood are smooth
or are 1-nodal.
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Proof. By Proposition 3.1,if § € X is any deformation of Sp not in X, then all irreducible components
of the general fibre of S have, in a sufficiently small neighborhood of p, only isolated singularities. We
want to prove that if the 77 singularity of Sy at p is limit of an isolated singularity, then this is a node.
We argue as in the proof of Proposition 3.1.

Let D = D(0,e) c A' be the open disc with center at the origin and radius e and let
D¢ =D(0,€) \ {a +i0|0 < a < €}. We denote by t = a + ib the coordinate on D and by (x,y, z, u)
the coordinates in A*. In A% x D?, we consider a one parameter family of 3-folds

S plx,y,zoust) =0, t € DY,

where p(x,y, z,u;t) is apolynomial in x, y, z, u Whose coeflicients are holomorphic functions on D¢ \ 0,
continuous in 0, and the one parameter family of 3-folds

Xeixy=t, teD?.
Assume that the surface

p(x,y,2,u;0) =x+y+ pa(x,y,z,u) +0(3) =0

SO:SOQXOZ{xy:O 3.1)

has a 7} singularity at 0, where p,(x,y, z,u) is the homogeneous part of degree 2 of p(x,y, z,u;0),
where 0(3) is the sum of terms of degree at least 3 in p(x,y, z,u;0), and where, by assumption,
p2(0,0, z, u) has nonzero discriminant.

Assume that, for ¢ # 0, there exists ¢ (¢) = (x(t), y(?), z(¢), w(?); 1) € S; = S N A; specializing to 0,
as t goes to 0 and such that S; has a singular point at ¢(#). Thus, S, is smooth at ¢ () since Sp is smooth
at ¢(0) = 0, and we have that

Ty (1) = Tg () (A2).
In particular, there exists a function c(¢), which is nonzero if ¢ # 0, such that
y(O) (x = x(2)) +x(1)(y — y(1)) = C(t) |q(t) (x —x(2)) + C(t) |q(t) (y = y(1)
+ 6(1) |q(t)(Z z(1) + C(I) |q(t)(u —u(1)),
from which we deduce that
y(1) = C(I) |q(t)v x(1) = C([)_lq(t)7 (3.2)

P P
p|q(,) 0 and £|q(,) -0. (3.3)

As t goes to 0, ¢(0) = 0, since x(¢) # 0 # y(z) if t # 0 but x(0) = y(0) = 0 and ‘;—’;Iq(,) #0# ‘;—glq(t)
for any ¢ in a neighborhood of 0. We now write down the local equations

X1 y(0)(x = x(0) +x()(y = y(1) + (x —x (D)) (y - y(1)) =0 (34)
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of X; at ¢(t), and the local equation

5 ‘9—”|q<t> (x = x(1)) + a—”|q<t> (v = (1)) (3.5)
Gt (6= D) - Y(O) + 5B (5= x(0) 2 = 2(0)
S =30 = ) + 5P (3 = () 2 = 2(0)

_|q(1) (v =y(0))(u—u()) + ﬁhj(l)(“ —u(1))(z - z(1))

; O ot (o= x 0 + 32 b6 =30 + 20D gt = u(t))

;3 o (2= 2(1)*+0(3) =0

of S; at ¢(1), where 0(3) € (x —x(1),y — y(t), z — z(t),u — u(t))>. By (3.4), one may write

x()(y -y(@)

S

(3.6)

Let d be the maximum degree of x — x(¢) in (3.5). By substituting in (3.5), by multiplying by
¥ = (y = y(1) + y(1))“. and by using that T, 1 (S,) = Ty () iew Y1) L1y = x(1) %400 for
any t # 0, we find that the local equation of S; = S; N A} is given by

d-1

50 Ly (=200 = y@) (v - v + 30
# (Gepelato 0 =00 (=300 =)y =0 +30)
# (58 g0 = 20 (~x0 =y @) (3 =y +30)
(52 =) (5 =y @) (- v +30)
+ 322 1y (—x @00 = y@n) [y -y +y0)
Flato [y =50 (3 =30 430)°

L (2 Gyl =20+ 5o (,, P =)y =) (v =0 +y0)

+(53 Gyl =y + —u() - 20) (v - 30 + (1)’

8(9

(3l = a0 + 328 o = 20)2) (v = 30 +50)) +03)

a2 + 335 10y0?) [y =3(0)

dp 1 dp
=y O Ly = 5530 + 5 55

+ 3 (v 2 Fygzla0 - ()ax—’;z|q<,>)(y—y<r>)(z—z<t>)
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30" (3055l - ()a%w)(y—y(r))(u—u(ﬂ)

(0 (3 55100 (2 = 20 + 5 5l e~ u())?)

Y0 (522 e - () 2 = 2(0) + 0(3) =0

Up to the irrelevant factor y(¢)¢~2, the Hessian matrix at ¢ () of the above polynomial is

A () Ap(r) Aps(t)
(L) (1)?
Hyi = Ap(1) y22 ;;_;|q(t) yz 2azau|q(t) s
F
A3(t) —y(zt) Segula () y(zt 5 la ()

where
An(o) = |q<t>y<) a4 G a0+ 520 + wzhmy()
An() = y(’)(() Lot - ()%’Zm),

A= 22 (055

dp
Iq(t) x(t )mlqm)-

3.7

Now S; has a node at g(¢) if and only if det(H, ;) # 0. If we substitute the equalities (3.2) in Hy (),
we see that this matrix has the first column divisible by ¢(¢) and the second and third columns divisible
by c(t)%. Let By ;) be the matrix obtained by H, ;) by dividing the first column by c(#) and the second

and third columns by c¢(#)?. We have that

By (2) B12(l) 313(0
B (1) 2(6x lg())? az Blaw 2(6)( lg())? r')z(')btl‘I(t) :

By =
B (1) 2(ax lg)* azau lg 1) 2(ax lgn)? auZ 1P10

where

op, 0dp dp p, Op
By (1) = a_lq(t)ak{(t) + C(t)( - %lq(r)%lq(r)@b(ﬂ

1 dp |q(t)(z_p|q(t))2 ;66 2|q(t)( [;|q(t))2),

2 Ox2
(917
By (1) = |q(t) c(t )( lg() 57— ayaz lgr) = |q(t) axaz|q(t))’
dap
B3 (1) = |q(t) c(t )( lg() 5~ ayau lg () = |q(t) Erem Iq(z))-

As t goes to 0, c(1) goes to 0 and the matrix By ;) specializes to the matrix

|0 2o B12(0) B13(0)
By = 0 1% |0)2 >lo z(aleo)zazaulo :
0 %(a—pb)zazaub 2( |0)2 =lo
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Using that g—ib =1-= g—‘y’b, we see that det(Bg) coincides with the discriminant of the degree 2
homogeneous polynomial p; (0,0, z, u), which is nonzero by the hypothesis that Sy has a T} singularity
at 0. We finally deduce that det(B,(;)) # 0 # det(H,(,)) and thus the surface S; has a node at ¢(t) for
t#0. O

3.2.2. Equisingular deformations of surfaces with 7} singularities

We go on considering the setting we introduced at the beginning of Section 3. Assume that Sy =
SaUSp C Ay is asurface with S4 and Sp smooth, intersecting transversally along R = A N B, except
for ¢ distinct points py,...ps € Sa N Sp, where Sy has a singularity of type 7|. We recall the standard
exact sequence

@ B
0 Os, Oxls, Nsyjx —= T} —=0, (3.10)

where Og, = bom(Qéo, Os,) is the tangent sheaf of Sy, Ox|s, is the tangent sheaf of X" restricted

to So, NSO| x is the normal bundle of Sy in X, and TSl0 is the first cotangent sheaf of Sy [20, Section
1.1.3]. The latter is supported on the singular locus Sing(Sy) = S N Sp. The kernel N, S,o\ o of B is the
so-called equisingular normal sheaf to So in X, whose global sections are the first-order locally trivial
deformations of Sp in X'.

In the sequel, an equisingular (first-order) deformation of Sy in X’ will be a (first-order) locally trivial
deformation of Sy in X.

We will denote by £S f;oo] C H¥ c H¥IP the locally closed set of equisingular deformations of So
in Xp. Similarly, if p € Sy is a point, we will denote by £S7° . € H¥ ¢ H¥P the locally closed set

[Sol.p
of deformations of Sy in &, which are equisingular at p.

Lemma 3.3. If €S f;ﬁ) C HXP is the locally closed set of equisingular deformations of Sy in X, then

ESf(SLE]) coincides set-theoretically with £S f?o] C HY,

Proof. This is a straightforward consequence of Lemma 3.2. m

If Ts ¢ H™Y is the Zariski closure of the family of surfaces in Xy with ¢ singularities of type 77,
then every irreducible component of £S f?o] is a Zariski open set in an irreducible component of T.
Consider the rational map

@ HY > HR,

where HR is the Hilbert scheme of R, and ¢ maps the general subscheme of X} to its intersection with R.

Lemma 3.4. Let [So] € Ts be a point corresponding to a surface Sy = Sa U Sp as above and suppose
that [So] is a smooth point of the Hilbert scheme H™0 so that there is a unique component 7-[,;";” of HY0
containing So. Let C be the curve cut out by So on R. Assume that h' (NC|R ®Lip,....ps}IR) = 0, where
Pl....,ps are the nodes of C, which implies that HR is smooth at the point [C) and that the Severi
variety of curves on R with 6 nodes is smooth at the point [ C] of codimension & in the unique irreducible
component ’Hg of the Hilbert scheme HR containing [C). Suppose moreover that the map

Py Mg - HE (3.11)

is dominant.
Then there is an irreducible component T of T s containing Sy that has codimension at most ¢ in 7-[;‘;”.
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Proof. LetV C Hg be the unique irreducible component of the locally closed set of curves on R with
¢ nodes that contains the point [C]. Since [C] sits in the image of 305 V intersects the image of
So

¢ H20 Since ¢, 70 is dominant, the intersection of V with the image of ¢ 70 is an open dense subset
0 0

of V; hence, there is an irreducible component T of Ts containing Sy such that the map
or:T-»>V

is dominant. Let a be the dimension of the general fibre of ¢ and let b be the dimension of the general
fibre of P g0 Of course, a > b. We have
So

dim(T) = dim(V) +a, and dim(Hg') = dim(H§) +b.
Hence,
dim(Hg") - dim(T) = dim(H§) —dim(V) + b —a <5,
and the assertion follows. o

Remark 3.5. Note that in the previous lemma, one has that T has exactly codimension ¢ in 7—[;20 if and
only if a = b.

Lemma 3.6. Assume that Sy = Sa U Sp C Xy is a surface with Sp and Sg smooth, intersecting
transversally along R = A N B, except for ¢ points pi,...,ps € Sa N Sp, where Sy has a singularity
of type T\. Then the equisingular first-order infinitesimal deformations of So in X coincide with the
equisingular first-order infinitesimal deformations of So in Xo. More precisely, we have that
HO(SO’NSI'O\X) S HO(SO’NSMXO ® Ip, st}l/\’o)’ (3.12)

.....

where I, . psyix, IS the ideal sheaf of {p1,...,ps} in Xp.

.....

Proof. Letp = p;,fori =1, ..., 0, be a point where S¢ has a 77 singularity. Consider the localized exact
sequence

0 —— N}

Solv.p = Nsolxp Ty 0. (3.13)

So,p

Let (x,y, z, u, t) be an analytic coordinate system of X’ centered at p such that X is given by xy =t and
such that we have the following identifications:

o thelocalring Os,, , = Ox, p/Ls,|x,p of So at pisidentified with C[x, y, z, u] /(h1, h2), localized at the
origin, where A (x, y, z,u) = x+y+h12(x, v, z,u), hi2(x, v, z,u) € (x,v,z,u)? and h15(0,0, z,u) = 0
having a node at 0 = p, and hy(x, y, z, u) = xy;

o the Os, p-module N, v, is identified with the free Ox, ,-module home .  (Zs,|x, ps Osy.p),
generated by the morphisms /7] and /47, defined by

i (s1(x,y, 2, u)hy(x,y, z,u) + s2(x, y, 2, u)ha (x, y, z,u)) = si(x,y,z,u), fori =1, 2

and, finally,

o the O, ,-module

(Oxlsy)p =~ Ox,p ®Os
~ (6/3x,6/6y,6/61,(9/6u,(9/6t>os(),p/(6/(9t —xd/dy — y0/dx)

is identified with the free O, ,-module generated by the derivatives d/dx,d/dy,d/0z,d/0u.
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With these identifications, the localization ), : (Qx|s,)p — N50| x, p of the sheaf map « from (3.10)

is defined by

@, (8/0x) = (s = s1hy + s2hy > Bs/9x =0, , $10h1/0x + szﬁhz/ax)

= (1 + ahlz/ax)h’{ +yh*,

@, (0/0y) = (1+0hi2/dy)h] +xh,

@, (0/0z) = (0h12/dz)h] and

@p(0/0u) = (Bhia/Ou)h.
By definition of V, 5,0 |0 @ local section s of NV, éo X p is such that there exists a local section v of O x|s, ,,
with ’

V=v(x,y,2,u)0/0x +vy(x,y,2,u)0/0y + v (x,y,2,u)0/0z + v, (X, y,z,u)0/0u,

such that s = @, (v). Hence, locally at p, first-order equisingular deformations of So in X have equations

X4y +hn(ny,zu) + E(vx(l +Oh12)9x) +vy(1+3h1n/dy)

+ ve(0h12/02) +vu(0h12/00)) = 0 (3.14)
xy+e(yvy+xvy) =0,

The first equation above gives a first-order infinitesimal deformation of the Cartier divisor cutting S on
Xy, while the second equation gives a first-order infinitesimal deformation of Aj in A’. More precisely,
by the exact sequence

0 Ox, Ox|x, Nxyjjx = Oy — T;{go = O —0,

one sees that xy + e(yvx + xvy) = 0 is the local equation at p of a first-order equisingular deformation
of Xp in X. But HO(XO’N//\,’()|X) = HO(XO,IR|X0) = 0. It follows that the polynomial yv(x,y, z,u) +
xvy(x,y,z,u) in the second equation of (3.14) must be identically zero, proving the first assertion of
the lemma. In particular, by expanding v, and v, in Taylor series, we see that

v2(0) = v,(0) = 0.

Looking at the first equation of (3.14), we have that %Z”((_)) = %(9) = 0 since hip(x,y,z,u) €
(x,y, z, u)?. This shows the inclusion (3.12). O

Remark 3.7. The argument in the proof of Lemma 3.6 proves more than stated. In fact, it proves that
if S is any surface in Ay with ¢ singularities of type 7} at py, ..., ps (and may be other singularities
which we do not care about), the first-order infinitesimal deformations of Sp in X which are equisingular
at pi,..., ps are a linear subspace of HO(SO,./\/SM/—»(0 ®Iip,....ps}tX)-

Corollary 3.7.1. Same hypotheses as in Lemma 3.4. Assume moreover that
H' (S0, N51) ® I{py.....ps}1%) = O (3.15)
or, equivalently, that

H"' (S0, Nsy1x,) = 0 and h°(So, Ny 2y ® Lipy.....pstiae) = B (S0, Nosy ) — 6 (3.16)
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(assuring that the Hilbert scheme H™ is smooth at [So]). Then the schemes £ES [‘;00 | and T s are smooth
at [So] of dimension h°(So, Nsy|x, ® I(p,
HO(SO’NSOIXO ® I{p,

..... p(s}\Xo)); with tangent space T[SO](ESf?O]) =~ Tiso1(Ts) =
,,,,, ps}lXo)) = HO(So, N, |X)

Proof. Consider the exact sequence

0 NSO\XO ® Ip, psy ——0, (3.17)

..........

from which one deduces that 1! (So, Nsy |, ® I(py.....ps}1%) = 0 if and only if 2! (So, Ns,)x,) = 0 and

,,,,,

h0 (S0, Ny @ I(py.....ps}1x) = h°(S0, Nsy|x,) — 6.

Assume that h' (So, Ns,jx, ® I(p,

there exists a unique component ’H of H containing [So] and having dimension hO(So,/\/'SO| x,) at
[So]. Now, by Lemma 3.4, one has that

ps}tlx,) = 0. Thus, [So] is a smooth point of H*0. In particular,

.....

h°(So, Nsoix,) = 6 = dim(Hg) = 6 < dimpg, ) (ES74 ) < dim(Tis, (ESTE ).
However, by (3.12), one has that
dim(T[So](gSfS?oJ)) < hO(SO’NS,o\X) < hO(SO’NS()lXo ® Lipy,...ps}X) = hO(SO7NSo\Xo) -9
The corollary follows. O

We note the following:

Lemma 3.8. Let [So] € HXP be any point corresponding to a reduced effective Cartier divisor
So = Sa U Sp C Xy. Assume that HI(SO,NSOW)) = 0. Then the space of first-order infinitesimal
deformations of Sy in X is given by

H°(So, Nsyjx) = H (S0, Ny ) ® H(S0, Os,),
and
H' (S0, Ns,1x) = H' (S0, Os;)

is an obstruction space for Oy xp [g,]-
Proof. By the hypothesis, we have Ext! (Os,, N, a,) = H' (S0, Ns,x,) = 0, and by the exact sequence

0 —— Ny — Nsyjao —= Nyjxls, = Osy —=0, (3.18)
we have that

NSO|X =~ NSO|X() (&) 050.

The statement then follows by standard deformation theory. O

Corollary 3.8.1. Ler [So] € HFP be a point corresponding to a reduced effective Cartier divisor
So = SAUSp C X,. Assume that [So] belongs to an irreducible component H of ™ ° that dominates D.
Suppose that H' (S, Ns,|x,) = 0. Then [So] is a smooth point for HYP and dim(H) = dim(?—[fgoo]) +1.

Proof. One has dim(#) > dim(’Hf?O]) +1 = h"(So, Nsy)a,) + 1. However, dim(H) < h%(So, Nsyjx) =
h9(So, N Solx) + 1 by Lemma 3.8. The assertion follows. O
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Corollary 3.8.2. In the same setting as in Lemma 3.6 and same hypotheses as in Lemma 3.4, suppose that
(3.15) (or equivalently (3.16)) holds, assuring that T s is smooth at [So] of dimension hO(So,N50|XO ®
Lipi,...ps}lx) = hO(SO,NSOW)) — 0. Then for every positive integer r < 0, the variety T, is nonempty
and [So] € T,. More precisely, in an analytic neighborhood of [So|, T, consists of (f) smooth analytic
branches each of dimension hO(SO,NSO| x,) — 1 that intersect at [So] along a smooth analytic branch
OfT(s.

Informally speaking, this is saying that the 6 singularities of type Ty of So can be independently
smoothed inside Xj.

Proof. We first prove the assertion for » = 1. Let T be the closure of the subset of the Hilbert scheme
7—[;(0 consisting of all surfaces S{ such that the intersection curve of S; with R = A N B is singular with
at most nodes. Observe that [Sy] € T.
We claim that any irreducible component of T that contains [Sp] has exactly codimension 1 in 7—[;20
Indeed, let T” be such a component. Consider the dominant map ¢ H;(() as in (3.11), which is defined at
0

a general point of T”.
By our hypotheses, the general element in Hg is a smooth curve; hence, T’ has codimension at least
1 in ’HX". Let 7 be the image of the restriction of a0 to T’. Then 7 has codimension 1 in ’HR .

Let @ be the dimension of the general fibre of P g0 and let 3 be the dimension of the general fibre
So

of the restriction of P|py0 1O T’. One has @ < . Then
So

dim(Hg") = dim(Hg) +a
and

dim(T’) = dim(7) + 8 = dim(HE) =1+ > dim(HE) - 1 +a = dlm(HX“)

Since dim(T’) < dim(?—[gf?), we have dim(T’) = dim(?—lgf)o) — 1 and a = B, as claimed.

Now, we consider a suitably small analytic open neighborhood U of [So] in T. Every surface S; such
that [S] € U has at most ¢ singularities of type T}.

Consider the variety I C U X R consisting of all pairs ([S(], g) with g a T singularity of S{). Let

I —- Uand m : I — R be the two projections. The former one has finite fibres, 1mply1ng that
every irreducible component of I has dimension dim(?—[gzo) — 1. As for the latter, it is dominant because
we assume the hypotheses of Lemma 3.4. Moreover, if g € R is a point, the fibre 7, I(¢) is the locally
closed set of surfaces S( in H & having a T; singularity in g.

Let V; be a suﬂimently small analytic neighborhood of p; in R for i = 1,...,6. By the above
considerations, (7, '(V;)) C U is an analytic open set that parametrizes deformatlons of Sy which
are analytically equisingular at p;. Hence, by Remark 3.7, the tangent space to 7y (7 L(V;)) at [So] is
contained in HO(S, N, a, ® I;1%,) and

dimpg,) (Hg?) — 1 = dimysy) (1 (13 (V0)) < B0 (S0, Nyl @ Iy 1)
If (3.15) holds, then hl(So,NSO|XO ®1,,|x,) =0foralli=1,...,6, and one has
(S0, N1 ® I, x0) = B0 (S0, Ny ) — 1 = dimyg, ) (H50) — 1.

Thus, 1 (75 (V;)), that is an open analytic subset of SSf(SOO] i is an analytic branch of U of dimension

h(So, Nsyx,) — 1, smooth at [So].
Next, we prove that the general element [S(] in 7y (7 '(V;)) has a unique T; singularity. We argue for
the case i = 1, and the proof is analogous in the other cases. Suppose this is not the case, and that S, has
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s singularities ¢q1, . .., g5 of type T} with s > 1. When S(') specializes to So, g1, . . ., ¢s specialize, say,
to p1, ..., ps- By the same argument as above, the tangent space to (n;l (V1)) at [S{] is contained in
HO(S(’),N56|XO ® I{g,.....q:}1%,) and, under the hypothesis (3.15), one has

(S0, Ny 0 ® Lgy.....as 1) < B0 (S0. Nsylty ® Lipr...oopy)1%0) = h (S0, Ny 20) = 5 < B0 (S0, Nisyl) = 1

and this is a contradiction. This proves the assertion for r = 1.
Consider now the case 6 > r > 1. Fix p;, ..., p;. distinct points among py, ..., ps. The intersection

that is an analytic open subset of £S ?;00] i pi? is an analytic variety in "H;f)o parametrizing deforma-
sPipse-es iy

tions of Sy that are analytic equisingular at the points p;,, ..., p;,. With the same argument as above,

one sees that, under the hypothesis (3.15), I;, is smooth of codimension r in 7—[;?, with tangent

----- i
space at [So] given by H (S0, Nsylxy ® I{py,.....pi, }1%)-

Moreover, again by the same argument as above, the general element S in T;, ;. has exactly r
singularities of type 7 at points specializing to p;, ..., p;, when S specializes to So. So I;,__;, isa
smooth analytic branch of T, containing [Sp], and this ends the proof of the corollary. O

Letnow Ts, s5,60 C H* be the Zariski closure of the family of surfaces So = S4 U Sp in &) with
04 nodes on A and g nodes on B off R and dg singularities of type 77 on R.

Corollary 3.8.3. Let So = S4 U Sp be a reduced effective Cartier divisor such that Sx and Sp have,
respectively, 64 and 6p nodes pa1,...,pa,s, and pp.1,...,PB,sg Off R, are elsewhere smooth and
intersect transversally along a curve C = §5NS, exceptfor 6 g distinct points pr 1,...,Pr,sg € C CR
where Sy has singularities of type Ty. Let SSf(SOO] be the locally closed set of equisingular deformations
of So in Xy. Consider the ideal sheaf 13)x, in Xo of the 0-dimensional reduced scheme 3 of lenght
0 =04+0p +OR given by

6A oB OR
3= ZPA,L‘ + ZPB,:‘ + ZPR,[-
i=1 i=1 i=1

Then
Tisy (ESTe ) € H(So, Ny, ® Tgjy)- (3.19)
If
h' (S0, Ny ® I312.) = W' (C.NC IR ® L. pr.og HIR) =0 (3.20)
and the map

Cay% . R
(’DIH;? ) HSO > He

defined as in Lemma 3.4 is dominant, then the equality holds in (3.19), and the locally closed set ES f?o]

of locally trivial deformations of Sy in Xy is smooth at [Sy]| of dimension hO(So,NSO|XO ® I31x,) =
hO(So, NSO |x,) — 0. In particular, there exists only one irreducible component T C Ts, s, 55 containing
the point [So] (which is smooth at [Sy]| and contains ES f?o] as a Zariski open set). Moreover, under
these hypotheses, the singularities of So may be smoothed independently in Xy. More precisely, for
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every 0’y < 04, 0y < 0p and 6, < OR, we have that T@A,%,(gk is nonempty and [Sp] € T@A,%,%. In
an analym netghborhood of [So] T, 6,5, consists of

o2 52)(5)

smooth analytic branches of dimension h®(So, Ns,x,) — 6', where 6’ = &', + 8% + 6%, that intersect
at [So] along a smooth analytic branch of T C Ts, s55.68, corresponding to deformations of [So]
preserving 6y, points of type Ty and o', nodes on A and 6%, nodes on B.

Proof. Let Sy be a surface as in the statement. The inclusion (3.19) follows from Lemma 3.6, Remark 3.7
and well-known deformation theory of nodal surfaces (see [1 1, §2.3]). It can be proved by using (3.10).
In particular, if one localizes (3.10) at a node p of So, then H%(Sj, Tslo,p) = C can be identified with the
tangent space to the versal deformation space of a node.

Now we want to prove that, under the hypotheses of the corollary, the locally closed set £S E\;OO] is

smooth at [Sy] of codimension § in the Hilbert scheme H
Let C C R be the dg-nodal curve cut out by Sy on R By the hypothesis (3.20), one has that
h'(C,Ncir ® Lipg,,...., pr.og IR) = 0. This implies that [C] is a smooth point of the locally closed
Severi variety Vs of 6-nodal curves in Hg. Let V be the unique irreducible component of Vs containing
[C]. Now, as we saw in Lemma 3.4, gol’?_ll x, (V) has at least one irreducible component of codimension
So
at most g in 7-[;‘;". However, by Lemma 3.6, we have that

T[So](‘Pl_;L;co (V) c HO(SO’NSolXo ®I{px,1 ----- PR,&RHXO)’
0

and by (3.20), we have h°(S, Nsolxo ® Zipg.i.....px. 5R}\Xo) = dim(H O) — Og. Thus, gol x (V) is
50
smooth at [Sy] of codimension §g. We observe that ¢ ‘ x, (V) is an analytic open set of the variety
50

X of deformations of Sy in Ap that are locally trivial at every T} singularity pg ;, and

[Sol.PR.15--sPR.5R
we just proved that

T1s,] (55 )= Tis, (‘P XO V) = HO(SO’NSO|XO ®Z{PR] ----- PR, 6R}|XO)

[Sol,PR.1s--sPR,6R

We morever observe that the general element [ S ] of <p XO (V) corresponds to a surface S = S/, USF,

where §’, and S’ intersect transversally along a curve C’ onR exceptfor g points py ..., pg 5. € C’,
which are smgularltles of type T of S, and specialize to pg 1, ..., PR.6g 85 S|, spemahzies to Sp.

We claim that §’, and S’; are smooth outside R. Indeed, since [So] belongs to (pl XO (V), the surface

S(, may have at most 0, < 54 nodes pai,... ,Pa,5, on A and 0 < dp nodes pB,l, .-»DPB,s,, on B,
deformations of ¢/, nodes of Sp on A and 6 nodes of Sy on B. If this happens denoting by 3’ the scheme

of singular points of Sg» then Tigy) (ES™ ) =Tis ]<p (V) C H()(S',./\fsq;(0 ® I31x,)-

[Sol,PR.15---sPR.6R |

But, once again by (3.20) and by semicontinuity, one has that 1°(S?, NS{)WO ®I3x,) = H(S}, Naj1x0) =
Or — 0/, — 0. It follows that ', = 0, = 0 (i.e., S/, and S’ are smooth off R and (’DI_;{XO (V) is a locally

S
closed set in one irreducible component T C Ty,, smooth at [So]). We just proved that, under our
hypotheses, one may deform Sy in &) by smoothing all nodes of Sy and by preserving all 7} singularities.
Let now 34 and 3p be, respectively, the scheme of nodes of Sy on A and B. Let £S Xo be the

[S0].34.38
scheme of deformations of Sy which are locally trivial at every node of Sy. By standard deformation
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theory of nodal surfaces, one has that, under the hypothesis /' (S, Nyl ® I3,0351x,) = 0 (that holds

by (3.20)), ES?;OO],SA,SB is smooth of codimension 64 + §p in 7-[;20 at [So], and moreover,

A 0
T[S()](gs[é)o],SA,SB) = H"(S0, N 2 ® Z3,0351%)-

With a similar argument as above, one sees that the general element [Sy] of £S ?;00] 3435

to a surface 50 =8, USg, with §4 and Sp intersecting transversally along a smooth curve C C R and

having, respectively, d 4 and 6 g nodes as singularities. In particular, £S ?;00] 34.38 is a locally closed set

in an irreducible component T of T, 5, 0. of which [So] is a smooth point.
Now the equisingular deformation locus 58%’0] of So in A} is the intersection of the loci

X0 Xo
SS[SO]»PR,I ----- PR.6R and ES[SO]aSAaSB
Xo

is a smooth point of H

corresponds

. Hence, ESf?O] has codimension at most § in "H;f)o because [Sp]

So ©
However, one has
Ao \ Xo X
Tiso) (ES[SU]) =Tiso) (ES[SO]J’R,I ,,,,, PR,JR) N Tso) (58[50]»3»33)

= HO(SO’NSO|XO ® Lipg.i.... PR,6g }a) N HO(SO’NSO|XO ® I3,u351%)
= H%(S0, N5y 12 ® Z3)x,)-

By (3.20), we have

RS0, Ny ® Z31x,) = B (S0, Nisy)a0) — 6.

This proves that £S f?o ! is smooth at [Sp] of codimension exactly ¢ in H;‘Z’, as wanted. This proves the
first part of the corollary.

The second part is proved with analogous arguments as the ones used in the proof of
Corollary 3.8.2. O

Proposition 3.9. Let So = Sa U Sp be a reduced effective Cartier divisor as in the statement of
Corollary 3.8.3. Assume that [So] belongs to an irreducible component H of HP that dominates D
and that (3.20) holds.

Let SSEYSo],%A,SB be the locus in HY of deformations of So which are equisingular at every node of
So. Then ES fgo 1.31.38 is generically smooth of codimension 6 s + 5 g in ‘H, and it contains ES

as a subscheme of codimension 1.
In simple words, [So| can be deformed out of Xy preserving the § 4 + 6 g nodes.

Xo
[So0]1.34.38

Proof. From the hypotheses, it follows that H 1(S(),N50| x,) = 0. Then, by Corollary 3.8.1, HXIP g

smooth at [Sy] with dimension hO(SO,NSO| x) +1= dim(?—[;i’) + 1. By standard deformation theory,
there is an analytic neighborhood U of [Sy] in H and a versal morphism

f:U— 1_[ Ap,

PE3A+3B

where A, is the versal deformation space of a node, and therefore, it has dimension 1. Let U = UN 7—[;‘3’.
Then f restricts to

g:U — 1_[ Ap.
Pe3a+dn
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The differential of g at [Sp] is

HO (S0, Ny ) — l_] TSlo,p = COaton
PE3A+3B

and this map is surjective since its kernel is H%(Sp, Ny 12, 73,035 %) Which has codimension §4+d 5
in H°(So, Ns, 12,) by (3.20). Hence, g has maximal rank at [So] and therefore also f is of maximal rank
at [So]. Hence, f~1(0) and g'(0) are analytic subvarieties of U and U’, respectively, smooth at [So]
and of codimension d4 + 65 in U and U’, respectively. By versality, f~1(0) (resp. g~'(0)) coincides
. X

with 88?;0 1.31.35 (resp. £ES [ S"O 1.34. 33)' The statement follows. O
3.2.3. Global deformations of surfaces with 77 singularities to nodal surfaces
In this section, we will assume the following setup. We have the family 7 : X — D as usual with its
relative Hilbert scheme 7~ /P, whose fibre over ¢ € D is the Hilbert scheme of HY of X;.

Let V;Y“D be the Zariski closure in H*!° of the relative Severi variety Wf\%lD\O c HX\XIDAO of

d-nodal surfaces. We want to provide sufficient conditions for Vg{ ' to be nonempty.
We will suppose that we have a line bundle £ on X with the following properties:

(1) h°(X;, L,) is a constant r + 1 in 7 and greater or equal than 4. In particular, every surface Sp in |Lo|
belongs to an irreducible component H of the relative Hilbert scheme H*'® that dominates D;

(2) |Ly]| is base point free, so that we can assume that |£,| is base point free for all ¢ € D;

(3) if p; € X, is a general point, then the general surface in |£;| with a singular point at p, is singular
only at finitely many points, for the general ¢ € D.

In this setting, we can consider the rank r projective bundle 7 : P(x.(£)) — D. A point in
P := P(x.(L)) that maps to ¢ € D is a nonzero section of H(X;, £;) up to a constant. In particular, if
t # 0, a point in P corresponds to a surface in | £, |. Consider the open Zariski subset P’ := 7~1(D\ {0}),
which, by the above considerations, can be regarded as a subvariety of the relative Hilbert scheme of
surfaces in X'. By a standard parameter count, one sees that there is a subscheme Z of pure codimension
1 in P’ whose points correspond to sections vanishing along singular surfaces. We will denote by Z the
closure of Z in P that has also codimension 1.

Proposition 3.10. Set up as above with the following further condition: the subspace of sections of
H(Xy, L) that vanish on R = AN B, with A and B the irreducible components of Xy, has codimension
strictly larger than 1 in H*( Xy, Lo).

Let So =S4 U S C Ay be a surface corresponding to a section of Ly. We suppose that:

(a) S4 and Sp are smooth and intersect transversally along a curve C = S4 N Sp, except for a point
p = p1 € C C R where Sy has a singularity of type T1 and the hypotheses of Lemma 3.4 hold for

6=1;
(b) the sublinear system Ly(2, p) of |Lo| of surfaces with at least a Ty singularity at p has codimension
3in |Lol;
(c) (3.15) (for 6 = 1) holds for Sy.
Then:

(i) T is smooth at [So] of codimension 1 in Ho;
(ii) So can be deformed to a 1-nodal surface S; C X;;
(iii) if T C Ty is the unique irreducible component containing [So|, then there exists a reduced,
irreducible component V C VIX ID of dimension dim(H) — 1 whose central fibre Vy contains T as
an irreducible component.

Before giving the proof of the proposition, we make a preliminary lemma. For this, we need some
notation. Let I C |L£o| X R, with R = A N B be the locally closed subset consisting of pairs (So, p) such
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that Sy cuts out on R a curve singular at p. We will consider the two projections 7} : I — |Ly| and
my - I — R. Note that if p € R, then 7r2‘1 (p) can be identified with Ly(2, p).

Lemma 3.11. (i) There is at most one irreducible component I’ of I such that the restriction of m to I’
is dominant to R via .

(ii) If I’ exists, and if its general element (Sy, p) is such that Sy cuts out on R a curve with finitely
many singular points, then Lo(2, p) has codimension 3 in |Ly|. Moreover, dim(I") = dim(|Ly|) — 1,
and its image in |Ly| via ; has codimension 1 in | L.

(iii) If there is a pair (So, p) in I such that Sy cuts out on R a curve with finitely many singular points
and if Ly(2, p) has codimension 3 in |Lo|, then (So, p) belongs to an irreducible component I’ of 1
dominating R via rty. For this component, one has dim(1”) = dim(|Lo|) — 1, and its image in |Lo| via
7y has codimension 1 in | L.

Proof. (i) Let I’ be an irreducible component of I such that I’ is dominant to R via m,. If p € Ris a
general point, we know that 75 (p) can be identified with Ly(2, p), and Lo(2, p) is a projective space
with dimension s independent on the general point p. This clearly implies that I’ is unique.

(ii) Suppose the dominating component I’ exists. With the same notation as above, we have dim(/") =
dim(R) + s = s + 2. However, by Remark 2.4, s > dim(|Lg|) — 3; hence, dim(/’) > dim(|Lo|) — 1. By
the hypotheses, the map ny, restricted to 1, is generically finite onto the image, and this image cannot
be dense in |Ly| by Bertini’s theorem. Hence, dim(/’) < dim(|£y|) — 1, so the equality holds, and this
implies that s = dim(|Ly|) — 3, as wanted.

(iii) Keep the same notation as above. The dimension of the fibre of 7, over a general point of R is
r = dim(|Ly|) — 3 = Lo(2, p) > 0. Moreover, there is an open dense subset U of R, containing p, such
that for all g € U, one has that Ly(2, p) has dimension s = dim(|Ly|) — 3. Hence, there is a component
I’ of I dominating R via ;. O

We can now give the following:

Proof of Proposition 3.10. We notice that by Corollary 3.8.1, [So] is a smooth point for ¥ P. Part (i)
follows by Corollary 3.7.1.

Let us prove part (ii). For this, we go back to the notation introduced before the statement of
Proposition 3.10. Consider then the intersection Zy of Z with 77'(0) = |Lo|, such that any of its
irreducible components has codimension 1 in |L|. By the hypotheses we made, if Z(’) is any irreducible
component of Z, its general element does not contain R; hence, it is a surface S(’) € |Ly| that intersects
R along a curve C’. By Proposition 3.1, the curve C’ is singular.

Claim 3.12. There is an irreducible component Zé of Zy, such that for S(’) € Z(’) general, S(’) intersects
R in a curve C’ that is singular at a general point p’ of R. Moreover, S is limit of reduced singular
surfaces S; € |L;|.

Proof of the Claim 3.12. This will be a consequence of the following fact that we are going to prove:
given a general point p” € R, there is some S| € Zo such that the curve C’ cut out by S on R is singular
at p’. Indeed, given p’ € R general, take a smooth bisection y’ of X — D that passes through p’. As
in §2.1, we can consider the family ) — D obtained by desingularising the variety X’ — D gotten
via 2-fold base change v, : D — D. The variety ) — D has a section 7 that is mapped to y’ via the
map 7 : Y — X. We consider 7*(L). Our assumption (3) implies that there are nonzero sections of
7* (L), on Y\ Vo, vanishing with multiplicity at least 2 along y. The assertion is now a consequence of
Theorem 2.2. m]

By the hypothesis (b) and by Lemma 3.11(iii), the pair (Sp, p) belongs to the unique irreducible
component I’ of I dominating R via 75, and I’ has dimension equal to dim(|Lg|) — 1. Consider now the
subset /" C I of the pairs (S}, p") with Sj € Zé, where Z(’) is as in Claim 3.12. We notice that [”’ also
dominz_ltes R via mp. So by Lemma 3.11(i), 1" Coinfzides with I’. This implies that Z(’) = m1(I’); hence,
So € Z; and therefore, the general surface S € Z{ has a unique 7} singularity. By Lemma 3.2, the
assertion (ii) follows.
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To prove (iii), we remark first of all that (ii) implies that VIX i nonempty and there is an irreducible
component V' of VIX '® that dominates D and contains [So]. The general point in V corresponds to a
surface S; with ¢ # 0, with a unique node at a general point p, € X;. Moreover, since [Sy] is a smooth
point of H, we have that [S;] is a smooth point of 7, and by the hypothesis (c) and by semicontinuity,
we have that 4! (S:, N, |x, ® Ipp,) = 0. This yields that V N, is smooth of dimension dim(#,) — 1.

Hence, V has dimension dim(#{) — 1. To prove that V is reduced, it suffices to prove that V' is smooth at
[S¢]. To see this, consider the exact sequence

’ 1
0— N, 12 = Ns,ja = Ts, = 0,

where T;t is supported on p, with stalk C, and H%(S;, N, Aét | ) is the Zariski tangent space to V at [S;].
The map

H(S;, Ns,jx) = T, =C

is surjective because S; is smoothable inside #, by the hypothesis (2) at the beginning of this section.
Hence, hO(Sf’NS/,w) = hO(S,,NSZ\X) — 1 =dim(H) — 1, as wanted. O

We can now prove the main result of this section extending Proposition 3.10 to the case 6 > 1:

Theorem 3.13. Set up as in Proposition 3.10. In particular, we have the following condition: the
subspace of sections of H( Xy, Lo) that vanish on R = A N B, with A and B the irreducible components
of Xy, has codimension strictly larger than 1 in H°(Xy, Lo).

Let S =S4 U Sp C Xy be a surface corresponding to a section of Ly. We suppose that:

(a) Sa and Sp have, respectively, 64 and 6p nodes pa1,...,pa.s, and pp1,...,pB,s55 Off R are
elsewhere smooth and intersect transversally along a curve C = S4 N Sp, except for S distinct

points pr.1,...,PR,6x € C C R, where Sy has singularities of type T\ and that the hypotheses of
Lemma 3.4 hold;

(b) the sublinear system Ly(2, p;) of | Lo| of surfaces with at least a T\ singularity at p; has codimension
3in |Lol, forevery 1 <i < 6;
(¢) if 3 is the O-dimensional scheme of length 6 = 64 + 5 + g given by

6A oB OR
3= ZPA,[ + Z PB,i t Z DPR,i>
i=1 i=1 i=1

then H' (S0, Nsy1x, ® I3)x,) = O (where I3 x, is the ideal sheaf of the scheme 3 in X).
Then:

(i) S can be deformed to a 6-nodal surface S; C X;;
(i) if T C Ts,.65.6r IS the unique irreducible component containing [S], then there exists an irre-

ducible component V C nglD of dimension dim(H) — § whose central fibre Vy contains T as an
irreducible component.

Proof. Again, by Corollary 3.8.1, [So] is a smooth point for H*P. Moreover, by Corollary 3.8.3,
Ts,.68,6r is smooth at [Sp].

We denote by T the unique irreducible component of T, 55,5, containing [So], which is smooth
at [So]. Furthermore, we set 3 = 34 + 3 + 3r, where 34 is the scheme of nodes of Sy on A, 3p is the
scheme of nodes of Sy on B, and 3 is the scheme of T}-singularities of Sg.

Again by Corollary 3.8.3, in an analytic neighborhood of [S], T consists of an analytic branch T
that is the transverse intersection of ¢ smooth analytic branches of dimension hO(Sg, N Solxp) — 1, each
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branch corresponding to the locus of deformations of Sy that are equisingular at a given point in 3; that
is, we have that

— Xo
T= ﬂ 88[5()],17'
PEJ

The general element S of £S f;o(,] is a surface in Xj that has a unique singularity analytically equivalent
to the singularity of Sy at p (i.e., anode if p € 34 + 3B, a T} singularity otherwise).

By Proposition 3.9, for every p € 34 + 35, 88?;00] » is contained in &S‘fg I

olp s 4 subvariety of

codimension 1, and £S ?;0] p isan analytic branch of the Severi variety VIX‘D.
If p € Jr, then by the hypothesis (b), for general element S of ES?;OO] » the condition (b) of
Proposition 3.10 holds. Then, by Proposition 3.10, ES ?;"0] » is contained, as a subvariety of codimension

1, in an analytic branch 7, of lelD having codimension 1 in H, which is smooth at the general point
corresponding to a 1-nodal surface.

Now, the intersection
7 _ X
T=(Tn [ &5,
PEJR PE3at+3n

has codimension at most ¢ in H, and it contains the smooth analytic branch 7 of T, which has
codimension § + 1 in . The general element of 7~ corresponds to a surface S, not contained in X, with
at least ¢ singularities, precisely 0 4 (resp. d ) singularities in neighborhoods of the nodes p € 34 (resp.
p € 3p) and O singularities in neighborhoods of the 7} singularities p € Jg. Taking into account
Lemma 3.2, we deduce that S has & nodes and no further singularities. This proves (i).

If § ¢ X, and it has nodes at 41, --., 4 s, by semicontinuity, we have that HO(S, Nng‘ ®1g,,...as511%:)
has dimension dim(#,) — 6. Thus, 7~ is an analytic branch containing the point [S] in an irreducible
component V C Vg(lD of dimension dim(7?) — 6 whose central fibre V) contains T as an irreducible
component. This proves (ii). O

4. Applications
4.1. Severi varieties

Let X be a smooth irreducible projective complex threefold. Let L be a line bundle on X such that
the general surface in the linear system |L| is smooth and irreducible. We denote by V;’lLl the Severi
variety, that is the locally closed subscheme in |L| parametrizing surfaces S in |L| which are reduced
and with only ¢ nodes as singularities. If [S] € V;.(’lL‘, then the Zariski tangent space to Vg(’lLl at [S]
coincides with

Tis) (V) ~ HO(S, 05 (L) ® Iy js),

where N is the reduced scheme of nodes of S. In particular, dim(Vf’lLl) < KOS, 05(L) ® In|s)-

Moreover, by standard deformation theory, H' (S, Os(L) ® Iy |s) is an obstruction space for va,m S|’
PR

and thus,
(S, Os(L) ® Iy|s) = h'(S, Os(L) ® Injs) < dim(Vy H) < h(S, Os(L) @ I ).
If h'(S, Os(L) ® In)s) =0, then V;(’ILl is smooth at [S] of dimension

h(S, Os(L) ® Ins) = dim(]L]) - 6.
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In this case, one says that [S] is a regular point of the dim(Vf;"L‘). An irreducible component V of

dim(Vf;’ ‘LI) is said to be regular if it is regular at its general point.

Remark 4.1. Suppose V is a regular irreducible component of dim(V?"Ll). By standard deformation
theory already used in Section 3, the nodes of the surface corresponding to any smooth point in V can be

independently smoothed. This implies that there are regular components of dim(VX,’ |L‘) for any §” < 6.

One can consider the following two questions.

Problem 4.2. Given X and L as above, which is the maximal value of ¢ such that the Severi variety
V;(’lL‘ is nonempty?
Problem 4.3. Given X and L as above, which is the maximal value of ¢ such that the Severi variety

V;(’ L has a regular component?

As for Problem 4.2, this is a classical and difficult question, for which there are several contributions,
too many to be quoted here. Probably the most efficient one is given by the Miyaoka’s bound [15,
Formulae (2) and (8)]. In particular, the problem has been completely solved for X = Pland L = Ops (d)
with d < 6 (see, for example, [ 14] and references therein). However, in this section, we will not consider

Problem 4.2, but we will give some contribution to Problem 4.3.

Remark 4.4. One could be tempted to believe that the maximal 6 for which the Severi variety is
nonempty is bounded above by the dimension of |L|. This is not true. In fact, there are classical
examples, for X = P3 and L = Ops(d) for suitable d, for which Vf;’ L1 i nonempty and ¢ is greater than
the dimension of |L| (cf. [1], [19]). In these cases, every component of the Severi variety is not regular.

Remark 4.5. Referring to Problem 4.3, it is rather natural to conjecture that the 6 which answers the
question should be bounded below by 6y = [W]. The reason for such a conjecture is the following:
choose py, ..., ps, general points on X. Since a double point imposes at most four conditions to |L|,
certainly there are surfaces which are singular at every p;. If the general such surface has only nodes
at p1, ..., ps, and no other singularities, then it belongs to a regular component of the Severi variety.
However, this heuristic argument is very difficult to be made rigorous in general.

4.2. The case of P3

In this section, we give a contribution to Problem 4.3, in the case X = P? and L = Op:(d). More
precisely, we will prove the following:

3
Theorem 4.6. There is an irreducible, regular component of VE :[Op3 (d) ‘, forany § < (d; 1).

Proof. In view of Remark 4.1, it is sufficent to consider only the case ¢ = (dg 1).

Let X’ = P> x D — D be a trivial family. Let us consider X — X" the blow-up of a point ¢ in the
central fibre P? over 0 € D. Let ¥ — D be the new family. The fibre over # € D \ {0} of this family is
X; = P3. The central fibre X}, consists of two components A U B, where f : A — P? is the blow-up of
P3 at ¢, whereas B = P3 is the exceptional divisor in X', and A N B = R = P? is the exceptional divisor
in A and a plane in B.

On X, there is a line bundle £’, which is the pull-back via the first projection, of Ops(d). We
pull this back to X and denote it £. Now we consider on X’ the line bundle £ ® Ox((1 — d)B). Its
restriction to the general fibre &; is given by (£ ® Ox ((1 — d)B))|x, =~ Ops(d). As for the restriction
of L& Ox((1 —d)B) to Xp, we observe that (L ® Ox((1 —d)B))|a = Oa(d) ® Oa(—(d — 1)R),
where O4(d) = f*(Ops(d)), whereas (L ® Ox((1 —d)B))|p =~ Ops(d — 1) and, finally, the restriction
of LR Ox((1 —d)B) to R is Op2(d — 1). One easily checks that the line bundle £ ® Ox ((1 — d)B)
verifies the hypotheses (1), (2) and (3) at the beginning of Section 3.2.3.

We now consider on R a curve C which consists of the union of d — 1 general lines. It has § = (dg l)
nodes as singularities. By standard application of Bertini’s theorem, there exists a smooth surface Sp

https://doi.org/10.1017/fms.2025.37 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2025.37

26 C. Ciliberto and C. Galati

in B of degree d — 1 cutting out on R the curve C. Similarly, there exists a smooth surface S5 €
|OA(d) ® Oa(—(d —1)R)| restricting to C on R. To see this, let (x, y, z) be an affine coordinates system
on P3 centered at ¢. If ¢1(x,y,z) = 0 is the equation of C in the plane at infinity, and ¢, (x,y,z) is a
general homogeneous polynomial of degree d in (x, y, z), then the projective closure Sg of the degree
d affine surface with equation ¢ (x, y, z) + ¢2(x, y,z) = 0 has a point of multiplicity d — 1 at ¢ and no
other singularities, and its minimal resolution obtained by blowing up ¢ is the required surface.

Now Sp = S4 U Sp is a Cartier divisor in X belonging to the linear system |£ ® Ox ((1 — d)B)|.
Moreover, Sy verifies all hypotheses of Theorem 3.13. In particular, if 3 is the reduced scheme of
the nodes of C, then 3 imposes independent conditions to |[£L ® Ox ((1 — d)B)|r| = |Op2(d — 1)|, and
therefore to | L® Oy ((1—-d)B)|, because the Severi varieties of nodal curves in the plane are well known
to be regular. By applying Theorem 3.13, one may deform S to a surface S; ¢ &; with § nodes and no

further singularities, which are deformations of the ¢ singularities of type 77 of So. Finally, the nodes

3
of S, impose independent conditions to surfaces of degree d on X; ~ P?. Hence, [S;] € Vg 1O ()]

belongs to a regular component of the Severi variety. O

Remark 4.7. Taking into account Remark 4.5, we believe that the previous result is far from being
sharp, not even asymptotically. Indeed, we may expect that the bound on ¢ for the existence of regular
components of the Severi variety of nodal surfaces of degree d in P could asymptotically go as § ~ ‘21—31.
See also [14, Corollary 4.1] and related references for a very large upper bound of the number of nodes
& of a surface in P? in a regular component of the Severi variety (if nonempty). Moreover, our results
could in principle be improved by imposing to Sy nodes off R, but we do not dwell on this here.

Remark 4.8. The known results about Problem 4.3 are very few. For example, in [13], one proves that if

3
V;F 1O (D 5 nonempty, then every component of it is regular for d < 7 and ford > 8 and 6 < 4d -5,

and this last bound is sharp (the case d < 7 was already proved in [8]). Nonemptiness results for d < 7
are also well known (see, for example, [14, p. 120]). In particular, our Theorem 4.6 is, at the best of our
knowledge, new as soon as d > 8.

4.3. Complete intersections in P*

In this section, we want to provide a partial answer to Problem 4.3 in the case of complete intersections
in P*.

Let X be a general hypersurface of degree / > 2 in P*. We consider on X the linear system |Ox (d)|.
Our aim is to construct regular components of Vf;’lox (@1 with suitable o.

Theorem 4.9. Let d > h — 1 be an integer. There are regular components of V:;(,IOX ()] for

6<(d+3)_(d—h+1)_1.
3 3

Proof. As usual, to prove the theorem, it suffices to do the case
d+3 d-—h+1
0= - - 1.
[

Let Y be a general hypersurface of P* of degree /2 — 1 and H be a general hyperplane, cutting Y along
a surface R, which is a general surface of degree & — 1 in H ~ P3. Let X be a general hypersurface of
degree h and let us consider the pencil generated by X and Y U H. Specifically, if X has equation f = 0,
Y has equation g = 0 and H has equation £ = 0, we will consider the hypersurface X’ in P* x A!, with
equation {tf + g€ = 0, withr € A'}. Via the second projection X”" — A!, this becomes a flat family of

3-folds, with smooth general fibre X, corresponding to a general hypersurface of degree 4 in P*, and
whose fibre over 0is X' =Y UH C P*. We are interested in the singularities of X'” in a neighborhood
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of the central fibre (i.e., we are interested in what happens if ¢ belongs to a disc D, centered at the origin).
Thus, we consider the family

X' ={tf +gl =0, witht € D} > D.

It is immediate to see that the singular locus of X’ coincides withthecurve D : 1= f=g=¢=0C &},
which is isomorphic to a smooth complete intersection curve of type (1,4 — 1, k) in P* cut out on
R =Y N H by X. Moreover, X’ has double points along D with tangent cone a quadric of rank 4. We
resolve these singularities by blowing up X’ along D. One obtains a new family ¥ — D with the same
general fibre as X’ — D and whose central fibre consists of three components ¥ and H, the blow-ups of
Y and H along D and the exceptional divisor @ that is a P! x P! bundle over D. Now we can contract ®
by contracting one of the two rulings of the P! x P! bundle. We choose to do this in the direction of Y.
We obtain a new family of 3-folds X — D, with X smooth, with fiber X; = &/ over ¢ # 0, and whose
central fiber Xy = AU B, where now B = H ~ P3 and A = Blp(Y) is the blowing up of Y along D and A
and B intersect transversally along a surface isomorphic to R, which we still denote by R = A N B. The
exceptional divisor ® in A = Blp(Y) is a P!-bundle on D C R, intersecting R along D. In particular,
0O = P(Npyy).

Notice that one has a natural morphism X — P*. This factors through a morphism ¢ : X — P*. The
action of ¢ on Aj is as follows: it maps B isomorphically to H, and it maps A to Y by contracting the
exceptional divisor ©. Let us now set L5 = ¢*(Ops(d)) and assume that d > h — 1.

Recall that R is a general surface of degree & — 1 in P3, with h > 2. By [4], Vf’lo" (@]
and contains a regular component V for

s =am(or@n = ("33 (73 -1

is nonempty

So we can choose a general curve C in V, that is a complete intersection of type (& — 1, d) on R with &
nodes. Using Bertini’s theorem, we can assume that there is a divisor Sy € L4, that cuts out C on R
and Sg = S4 U Sp (the notation is obvious), with §4 and S smooth.

Now Sy verifies all hypotheses of Theorem 3.13. In particular, if 3 is the reduced scheme of nodes
of C, then 3 imposes independent conditions to L4]x, because the component V of the Severi variety
is regular. By applying Theorem 3.13, one may deform Sy to a surface S; c &; with  nodes and no
further singularities, which are deformations of the ¢ singularities of type T} of Sy. Finally, the nodes

of S; impose independent conditions to surfaces in |Ox, (d)|. Hence, [S;] € V;(”lox‘ @l belongs to a

regular component of the Severi variety, as wanted. O
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