Glasgow Math. J. 57 (2015) 633-642. © Glasgow Mathematical Journal Trust 2014.
doi:10.1017/S0017089514000524.

ON BI-HARMONIC HYPERSURFACES IN EUCLIDEAN SPACE
OF ARBITRARY DIMENSION

RAM SHANKAR GUPTA
University School of Basic and Applied Sciences,
Guru Gobind Singh Indraprastha University,
Sector-16C, Dwarka, New Delhi-110078, India
E-mail: ramshankar.gupta@gmail.com

(Received 22 October 2013; revised 9 January 2014; accepted 1 April 2014; first published online
18 December 2014)

Abstract. The following Chen’s bi-harmonic conjecture made in 1991 is well-
known and stays open: The only bi-harmonic submanifolds of Euclidean spaces are
the minimal ones. In this paper, we prove that the bi-harmonic conjecture is true for bi-
harmonic hypersurfaces with three distinct principal curvatures of a Euclidean space
of arbitrary dimension.
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1. Introduction. The study of submanifolds with harmonic mean curvature
vector field was initiated by B.Y. Chen in 1985 and arose in the context of his theory
of submanifolds of finite type. For a survey on submanifolds of finite type and various
related topics was presented in (cf. [3, 4]). Let M" be an n-dimensional, connected
submanifold of the Euclidean space E™. Denote by X, H, and A respectively the
position vector field of M", the mean curvature vector field of M", and the Laplace
operator on M", with respect to the Riemannian metric g on M”, induced from the
Euclidean metric of the ambient space £”. Then, as it is well known, (cf. [1])

AX = —nH. (1.1)

This shows, in particular, that M” is a minimal submanifold of E™ if and only if its
coordinate functions are harmonic (i.e., they are eigenfunctions of A with eigenvalue
0). We also see that every minimal submanifold of E™ satisfies

AH = 0. (1.2)

A submanifold M" of E™ satisfying this condition (1.2) is said to have harmonic
mean curvature vector field. In view of (1.1), submanifolds with harmonic mean
curvature vector field are equivalently characterised by the condition

A% =0. (1.3)

Therefore, submanifolds satisfying (1.2) are also called bi-harmonic submanifolds.
As remarked, minimal submanifolds are immediately seen to be bi-harmonic.
Conversely, the question arises whether the class of submanifolds with harmonic mean
curvature vector field is essentially larger than the class of minimal submanifolds.
Otherwise stated, we consider the problem to determine, if there exist bi-harmonic
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submanifolds of £, other than the minimal ones. Concerning this problem B. Y. Chen
conjectured the following:

Conjecture The only bi-harmonic submanifolds of Euclidean spaces are the
minimal ones.

In Euclidean spaces, we have the following results, which indeed support the
above mentioned conjecture. B. Y. Chen proved in 1985 that every bi-harmonic surface
in E3 is minimal. Thereafter, I. Dimitric generalised this result [7, 8] and proved that
a bi-harmonic submanifold M" of a Euclidean space E™ is minimal if it is one of the
following:

(a) a curve,

(b) a submanifold with constant mean curvature,

(c) a hypersurface with at most two distinct principal curvatures,
(d) a pseudo-umbilical submanifold of dimension n = 4,

(e) a submanifold of finite type.

In [9] it was proved that every bi-harmonic hypersurface in £4 is minimal. Further,
Chen and Munteanu [5] proved that the bi-harmonic conjecture is true for §(2)-ideal
and §(3)-ideal hypersurfaces of a Euclidean space of arbitrary dimension. Recently,
it was proved that every bi-harmonic hypersurfaces with three distinct principal
curvaturesn in £° is minimal [10]. In this paper we have proved that Chen’s conjecture is
true for bi-harmonic hypersurfaces with three distinct principal curvatures in Euclidean
spaces E"*! of arbitrary dimension.

2. Preliminaries. Let (M, g) be a n-dimensional hypersurface isometrically
immersed in a (n + 1)-dimensional Euclidean space (E"*!,g) and g = -

Let V and V denote linear connections on E"*!' and M, respectively. Then, the
Gauss and Weingarten formulae are given by

VxY =VyY+hX,Y), V X,Y e (TM), 2.1
Vyé =—A:X, ¥ & e (TM?), (2.2)

where / is the second fundamental form and 4 is the shape operator. It is well known
that the second fundamental form % and shape operator A are related by

gh(X,Y), &) =g(4: X, Y). (2.3)
The mean curvature vector is given by

-1
H = —trace h. 2.4
n

The Gauss and Codazzi equations are given by

R(X, Y)Z = g(AY, Z)AX — g(AX, Z)AY, 2.5)
(VxA)Y = (VyA)X, (2.6)
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respectively, where R is the curvature tensor, A = A; for some unit normal vector field
& and

(VxA)Y = Vy(AY) — A(Vy Y) 2.7)

forall X, Y, Z e I(TM).

A bi-harmonic submanifold in a Euclidean space is called proper bi-harmonic if
it is not minimal. The necessary and sufficient conditions for M" to be bi-harmonic in
E™1]is

AH + Htrace 4> = 0, (2.8)
2A(grad H) +nHgrad H = 0, 2.9)

where H denotes the mean curvature. Also the Laplace operator A of a scalar valued
function f is given by [1]

n

Af == (eief — Veed), (2.10)

i=1

where {ej, ez, ..., ¢,} is an orthonormal local tangent frame on M".

3. Bi-harmonic hypersurfaces with three distinct principal curvatures. In this
section we study bi-harmonic hypersurfaces M" of E"+!. We also assume that mean
curvature is not constant. From (2.9), it is easy to see that grad H is an eigenvector of
the shape operator A4 with the corresponding principal curvature ";H . We choose ¢;
in the direction of grad H and therefore shape operator 4 of hypersurfaces will take

the following form with respect to a suitable frame {e, es, ..., €,_1, en}

—nH
2

A2
Ay = . (3.1)

The grad H can be expressed as

grad H =) e(H)er. (3.2)

i=1

As we have taken e; parallel to grad H, consequently

eil(H)#0,e(H)=0,e3(H)=0,...,e,_1(H) =0, e,(H)=0. 3.3)
We express
n
Ve = Za);ek, Lj=12,...,n 3.4
k=1
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Using (3.4) and the compatibility conditions (V,,g)(e;, e;) = 0 and (V.. g)(e;, ;) = 0,
we obtain

Wi, =0, Wy + o =0, (3.5)

fori#j,andij,k=1,2,...,n
Taking X = ¢;, Y = ¢;in (2.7) and using (3.1), (3.4), we get

(Vo A)e; = ei(d))ej + Y wher(hy — he)-
k=1

Putting the value of (V,,4)e; in (2.6), we find

n n
eih)e; + Y wher(hy — h) = ei(h)ei + Y ler(hi — ),
k=1 pa

whereby for i # j = k and i # j # k, we obtain

ei()) = (i = X)), (3.6)
(hi = M)y = Ok = Ay, (3.7)
respectively, for distinct i, j, k = 1,2, ..., n.
Since A; = =22 from (3.3), we get
er(A) #0,e2(21) =0, e3(h1) =0, ..., €p1(21) = 0, e4(21) = 0. (3.8)
Using (3.8), we have
[ei, ej](A1) =0, Lj=2,...,n,
whereby using (3.4), we find
ol = ol 3.9

fori#jandij=2,...,n
Now we show that A; # 41,7 = 2,3, ..., n. Infact, if A; = A; for j # 1, from (3.6),
we find

eik) = (M — Ay =0, (3.10)

which contradicts the first expression of (3.8).
Since M" has three distinct principal curvatures, we can assume that A, = A3 =
eo. = Ay_1 = A # XA,. From (2.4), we obtain that

)\n=3”TH—(n—2))\, A _’;H,j”_Hz,z(i”fll). 3.11)
Puttingi,j =2,3,...,n— 1, and i #j in (3.6), we get
ei(r) =0, for j=2,3,....,n—1. (3.12)
Putting i # 1,7 = 1 in (3.6) and using (3.8) and (3.5), we find
wl; =0, i=1,2,3...,n (3.13)
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Puttingi =2,3,...,n—1,j = nin (3.6) and using (3.12), we obtain
wh; =0, i=2,3,...,n—1. (3.14)
Puttingi=1,;=2,3,...,n—1,n, in (3.6), we have

oo QG =20 =20 - 2a@) s (us)

O T H 2 —2x 0 N T T uH 2

Puttingi =n,j=2,3,...,n—1, in (3.6), we find

2e,(2)

o el =2.3,....n—1. 3.16
"= 30H — 2(n— DA J " (3.16)

Puttingi=1,j#k,andj k=2,3,...,n—1,in (3.7), we obtain

W, =0, j#k and jk=2,3,....n—1. (3.17)

Puttingi =n,j #k,andj,k=2,3,...,n—1,1in (3.7), we have

w,, =0, j#k, and jk=2,3,...,n—1. (3.18)
Puttingi=n,j=1,andk=2,3,...,n—1,in (3.7), and using (3.9) we get

o, =w, =0, k=2,3,....,n—1. (3.19)
Puttingi=1,j=n,andk=2,3,...,n— 1, in (3.7), and using (3.9) we find

oy =wi; =0, k=2,3,...,n—1. (3.20)
Now, we have the following:

LEMMA 3.1. Let M" be an n-dimensional bi-harmonic hypersurface with non-constant
mean curvature in Euclidean space E"', having the shape operator given by (3.1) with

respect to suitable orthonormal frame {ey, es, . .., e,_1, e,}. Then, we obtain
Vee1 =0, Vyer=—we;,i=2,3,...,n—1, V, e = ey, (3.21)
n—1
; 2e,(1) .
Veiei:()lé’]—‘r.z aﬁiej—men, 122,3,...,7[—1, (322)
i#]j=2
n-2
Veer= Y oher, ij=2.3.....n—1, (3.23)

i =2
2e,(2)

Vee, =0, V,e,=—8e;, Voo, = ———"——¢;,
ot oln = —her Vet = 5 ¢

i=23,...,n—1, (3.24)

o N _ 2000 g _
where wj satisfies (3.5) for Lj,k=1,2,3,...,n—1,n, and oz_mfl'ﬁ,ﬁ_

e (3nH—2(n—2)1)
—AnH+2(n=2) °

Using Lemma 3.1, Gauss equation and comparing the coefficients with respect to
a orthonormal frame {ey, e, ..., €,_1, ¢,}, we find the following:

https://doi.org/10.1017/5S0017089514000524 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089514000524

638 RAM SHANKAR GUPTA

d X=€1,Y=€2,Z=€1,

H)
—e1(@) +a? = ”T (3.25)
* X=e,Y=e,Z=¢,
2e,(M) 2e,(2)
_ — 3.26
°l <3nH—2(n— m) “InH — 2(n — A (3.26)
* X=¢,Y=¢,Z=c¢,
H (3nH
e1(B) + B2 = ”7 < ”2 - 2)x> . (3.27)
* X=e3,Y=¢,Z=c¢,
2e,(1)
(@) + ——— = 0. 3.08
G R Yoy s A (3.28)

* X=¢, Y=0,Z=e¢,,

2e,()) 2e,()) 2 3nH
e (3nH “2(n— 1),\) —ob - <3nH— 2(n — m) = (T —m- 2)’\) '
(3.29)

Using (2.8), (2.10), (3.1) and Lemma 3.1, we find

2H? 3nH .
—ere1(H) + [(n — 2)a — Bler(H) + H [” (=207 ("T —(n— 2)x> —0.
(3.30)
From (3.3) and Lemma 3.1, we obtain
eie1(H) =0, i=2,3,...,n—1,n. (3.31)

2e1(2) B = e1(3nH—2(n—=2)1)
nH+20> 7 = —4nH+2(n—2)\

(nH + 2))e (@) + 20e, (1) = 2e,e1(R),
(=4nH + 2(n — 2)M)en(B) = —2(n — 2)ene1(r) — 2(n — 2)Ben(1)

Differentiating o = along ¢,, we get equations

respectively and eliminating e,e; (1), we have
(—4nH + 2(n — 2)1)en(B) = —(n — 2)(nH + 20)ex(a) — 2(n — 2)( + B)en(R).

Putting the value of e,(«) from (3.28) in the above equation, we find

4en(Mn(n — 2)(a + B)(A — H)
(—4nH + 2(n — 2)0)(3nH — (2n — 2)1)

en(:B) =

Differentiating (3.30) along ¢, and using (3.31), (3.28) and e,(8), we get

4(a + Blei(H)
—4nH + 2(n — 2)

en(2) |: . + H((2n — 2)A — 3nH)] =0. (3.32)
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We claim that ¢,(A) = 0. Indeed, if ¢,(A) # 0, then

4(a + Bei(H)
—4nH +2(n — 2)x

+ H((2n — 2)» — 3nH) = 0. (3.33)

Now, differentiating (3.33) along e,, we have

8(c + B)(nH (14 — 5n) + 4(n — 2)(n — 1)A)e1(H)
(—4nH +2(n — 2022 — (n —2)2)

+ H(2n—2)=0. (3.34)

Eliminating e;(H) from (3.33) and (3.34), we obtain

2m— DA —3nH =0

3nH

which is not possible since A # STy

to

consequently, ¢,(A) = 0. Therefore, (3.29) reduces

af = A (MTH —(n— 2)x> . (3.35)

Now, eliminating e;e; (H) and eje;(A), using (3.35), (3.30), (3.27) and (3.25), we obtain

213 H?
2

+ 6(n® — 2n*)HA* + (—151° + 18n)H? 1.

(3.36)
Differentiating (3.36) along e and using (3.35), (3.30), (3.27), (3.25) and (3.36), we get

[(10n — 2n°)a — 4npBlei(H) =

1112
[(13113 + T") H? + (4n® — 14n* + 2n + 20)HA? + (—1502° + 1807 + 24n)H2A:| o

+[=31n2 H? 4+ (—=161% + 36n — 8)HA> + (42n* — 60n)H*1]B
69n*H?
= e|(H) [

+ (24n — 30n*)H + (61 + 4n* — 28))»2} . (3.37)

Also, we have
3nei(H) = a(n — 2)(nH + 21) + B(—4nH + 2(n — 2))\) (3.38)

Combining (3.37) and (3.38), we obtain

[(9;13 + 1710 H? + (161° + 401> — 244n — 200)HA> + (=301 — 1981* — 516n)H>A
2 224 3 2173 2 2
— [ 16n" —8n—160 + — | A° | + | 90n“H” + (561~ — 72n — 80)H A
n

224
+(=126n* + 108n)H* A — <l6n2 —8n— 160 + —) ,\3] B =0. (3.39)
n
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For simplicity, we denote by
p1 = 9 + 17177 H? + (160° + 401 — 244n — 200)HA>

n

224
+(=30n° — 198n* — 516m)H*A — <16n2 —8n— 160 + ) A3
P> = 90> H? + (56n% — 72n — 80)HA” + (—1261° + 108n)H>A
224
— (16n2 — 8n— 160 + —) 23
n
Therefore, (3.39) can be rewritten as
ap1 + pp> = 0. (3.40)
On the other hand, combining (3.38) with (3.36) and using (3.35), we find
o(n — 2)(10 — 2n)(nH + 21) — 4B*(—4nH + 2(n — 2)1) = R, (3.41)

where R is given by

63n° H?
R="" (280 — 106n% + 100n)HA2 + (10212 — 513)H?A
— (4n® — 28n® + 64n — 48)1°.

Using (3.40) and (3.35), we get

o= 2 <3”—H —(n—z)x>, ﬁzz—@ <3”—H —(n—2)k>
D1 2 D2 2

Eliminating o® and 82 from (3.41), we obtain

<3”H b (n— mz) [(14n — 2n* — 20)(nH + 2A)p3 — 4p1(—4nH + 2(n — 2)1)]

= Rpipa, (3.42)

which is a homogeneous equation of degree 9 in terms of A and H. Here, we point
out that A # 0. In fact, if L = 0 then (3.42) gives H = 0, which is contradiction to our
assumption. We put ¥ = %, then (3.42) will reduce to an algebraic equation of degree
8in YV

(3”75/ . 2)) [(14n = 20% = 20)(nY +2)3 — 443 (=4nY +2(n — 2)] = rq1¢s,
(3.43)
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where

g1 = 9 + 1710) Y3 + (161° + 40n* — 244n — 200) Y

224
+ (=301 — 198n* — 516n)Y?* — (16n2 —8n— 160 + —
n

¢» = 90n> Y3 + (560° — 72n — 80)Y + (—126n> + 108n) Y>
224
— <16n2 —8n — 160 + —) ,
n

_63°Y?

r =

+ (281 — 1061> + 100n) Y + (1022° — 511°) Y?

— (4n® — 28n® + 64n — 48),

641

and without having solve to (3.43) explicitly, even in the case of the existence of a real
solution, H will be proportional to A with a numerical factor u, where u be the root of
the equation (3.43). Hence, we can assume that H = p and substituting it in (3.25),

(3.27), (3.30), we obtain

e2(r) 4 nu(np + 2)A3
-2 A+ 2| = = -
erer(A) + . |:lU’l+2+ i| 5 )

erer(A) +

A L—4un+2n—4 4
et [2(n —2) 3nu-—-2n+ 4i|

A un+2  4un-—2n+4

—erer(A) +
2
=23 [#4—(7[—2)4— <3HTM—(}1—2)> :|

From (3.44)—(3.46), we find

(4nu — 2n + 4)(np + 2)1*
1 ,

i) =

(7/,L2n2

ei(n) =

et(x) [ 3nu —2n+4 1:| npu(—4np + 2n — 4)2°3

(T = 3m) + (1 — 2) + (n — 22)(un + 203

un—2n+6

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

Using (3.47) and (3.48), we get (5n°u? — 2un® — 2n — 8)(nu + 2) = 0. Since A # =22,

gives ni + 2 # 0. Therefore, we have
Sn*u* —2un* —2n — 8 = 0.
On the other hand, differentiating (3.47) along ¢;, we obtain
2e1e(M) = (dnp — 2n + 4)(np + 2)2°3,
From (3.44), (3.47), and (3.39), we find

Snp —2n+6 =0,

2n—>6
Sn

which gives yu = . However, this contradicts the equation (3.49).
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Now, we have main result as follows:

THEOREM 3.2. There exist no proper bi-harmonic hypersurfaces with three distinct
principal curvatures in the Euclidean space of arbitrary dimension.
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