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ABSTRACT. Sea ice on the large scale is characterized by leads and ridges that typ-
ically have a given orientation. Because of various Taws, we would expect that the ice will
form oriented leads and ice-thickness characteristics that control the heat and moisture
fluxes into the atmosphere. Prediction of these oriented leads, ridges and slip lines is rele-
vant to understanding the role ofice mechanies in global climate change as they can play a
significant role in the iee-thickness distribution.

In this paper we develop a model [or the dynamical treatment of leads and oriented
Maws in large-scale sea-ice models. Two particular isotropic realizations of this model
relevant to climate studies are examined: (a) an isotropic composite with oriented leads
in all directions imbedded in thick ice, and (h) a simple “strain hardening” isotropic
model where only oriented leads having the potential to open rapidly are allowed. Under
applied stress both models yield preferential deformation along a symmetric pair of inter-
secting leads or ridges with the mtersection angles dependent on the confinement stress.
The “uniform-orientation” model results in a yield curve that approximates a sine lens,
while the “strain hardening”™ model has a teardrop-like vield cnrve. How the resulting
[racture-hased vield curves and non-normal flow rules may be cast in a form usable in

numerical investigations of climate is discussed.

INTRODUCTION

Sea ice on the large scale is characterized by leads and
ridges that typically have a given orientation. Because of
various flaws we would expect that the ice will form oriented
leads and ice-thickness characteristics that control the heat
and moisture fluxes into the atmosphere. Moreover the flow
of sca ice and open water ereated under compact ice condi-
tions are largely controlled by these oriented weaknesses.

Present large-scale sca-ice models (e.g. Hibler, 1979;
Stossel and others, 1990; Flato and Hibler, 1992: Holland
and others, 19931 are based on smooth-continuum failure
criteria that do not explicitly take into account the forma-
tion ol leads and eracks. Observations both on the large
scale (Marko and Thompson, 1977) and in the laboratory
(Schulson and Nickolayev. 1995) indicate that the failure of
ice typically takes place by fracturing, especially under
divergent conditions. Also the similarity of results between
different scales (Schulson and Hibler, 1991 and observations
on the large scale suggest that similar mechanisms may
apply ilappropriate scaling can be carried out.

To deseribe completely this composite system would
require an anisotropic model (see e.g. Coon and others,
1992) with a memory ol past oriented leads. However, many
aspects of the [racture-based failure of sea ice may be deter-
mined by examining the response of a system beginning
initially with a uniformly oriented set of weak thin-ice leads
embedded in thicker ice, The principle here is that while
lead formation is locally anisotropic, such a composite is iso-
tropic in the sense that its mechanical response will be the
same regardless of which direction the external stresses are
applied. Also such an approach may be particularly rele-
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vant to climate studies where we are more concerned with
predicting the statistical characteristics of leads rather than
Pill‘li(’\llal' QCCLTTCNCeS.

In this paper we present a model for the treatment of
leads and oriented flaws in large-scale sea-ice models rele-
vant to climate studies. While the theoretical framework is
anisotropic in character, we here examine isotropic realiz-
ations ol the model, beginning initially with uniformly
oriented leads or [laws in all directions. While we do not
consider how these leads were formed, we note that frac-
tures at almost all scales are ubiquitous leatures in pack ice.
In addition, an approximate strain-hardening extension is
proposed where only oriented leads having the potential to
open rapidly are allowed. Both these isotropic models yield
preferential deformation along a particular set ol intersect-
ing leads with the particular deformation and “lead pair”
depending on the confinement stress. The resulting yield
curves and [low characteristics form two archetypal frac-
ture-based rheologies that should have utility in current
numerical investigations of climate.

THEORY

The essential idea is, following Coon and others (1992, (o0
make use ol oriented Haws or weak leads in thicker ice. How-
ever, rather than assume an orientation and intersection angle
for leads we anly assume that the thick and thin ice obey vis-
cous-plastic constitutive laws. The anisotropic flow and yield
characteristics, as well as lead orientation and intersection an-
gles. then become part of the model predictions.

To develop the basic theory let us lirst consider a single
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weak lead embedded in thick ice. We assume, as in Figure |,
that within the plane of the ice sheet the lead goes comple-
tely through the geographical region of interest. Consider
that the lead has area A and strength 27 and is embedded
in thick ice ol strength 2 and arca | - A as shown in Figure
1. We consider that within the plane of the sheet, both the
lead ice and thick ice obey an isotropic constitutive law with
avield curve deseribed by a truncated ellipse as discussed in
the Appendix. Envelopes of this kind characterize compres-
sive failure of columnar sea ice when hiaxially loaded across
the columns (Schulson and Nickolayev, 1995, For this con-
stitutive law [see Appendix ) the stress may be expressed in
terms of the strain rate by the Reiner Rivlin constitutive
law (e.g. Hunter. 1983) which [or Cartesian tensors is given
by

7 = 206, + (( — n)éwd,, — 0.5(F)b,,
where 1, Cand P are [unctions of the strain-rate invariants,

repeated subscripts are summed over 1,2 and 6, is the
kronecker delta.

Y
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Fig. 1. Schematic view of oriented thin ice lead embedded in

thick ice.

We consider a strain rate €, with the same value in hoth
the leads and thick ice: €, = ¢, = ¢,,". We now consider a
strain rate €., which is composed of ¢, in the thin ice,
and ¢, in the thick ice in a manner such that

.7 . L]

Er A4 (L= A)e,, =6, (1)
and a shear-strain rate ¢, such that

by A+ (1 —A)éy = ¢, . (2)

We insist that the stress is continuous at the thin-ice thick-
ice boundary, which implies that o, and a,,, the compres-
sive and shear stresses across a lace with normal in the .r
direction, are continuous. Using the truncated ellipse con-
stitutive law this condition leads to two equations:

(’l' + (e + (’I’ = C’)éll.‘ln -rP=
(M+Qeé+—Q4é," =P (3)
e, =2né,, . (4)

These conditions basically yield [our non-linear equat-
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ions with {our unknowns: the shear and compressive strain
rates in the thick and thin ice across a lace with normal in
the . direction: €., é,,,'. Bips Ca

We may solve these equations numerically by specilying
an external strain for the whole system, and then iterating
the svstem until a plastic equilibrium is obtained: or il the
strain rates are small enough until the svstem goes to a creep
state. which in the viscous-plastic approximation  Hibler,
1979 is used o approximate rigid fow. Tn solving these
cquations we use the semi-implicit predictor corrector
method of Hibler (1979 whereby at cach iteration the non-
lincar viscositics i and ¢ and the pressure £ (e.g Hiblerand
Ip. 19951 in both the thin and thick ice are lincarized. and
the equations solved commensurate with the external strain.
Onee this is done. we proceed to the updated strain rates in
the thick and thin ice talthough the external strain remains
fixed: and update the non-lincar viscosities in the nexi
iteration.

Single-lead yield characteristics

A resulting vield surface for this single-lead anisotropic sys-
tem in the coordinate system shown in Figure | is given in
Figure 2. The caleulations were made tor P'/P = (.01,
P=10"Nm "and A, the area of the lead, taken to be 1%
ol the total arca. These stress states were obtained by taking
a strain-rate ratio and nomerically determining a consistent
plastic=stress state. Because of the symmetry of the system. i
the prineipal components of the strain rates are in the . and
y directions and henee aligned with the thin ice, then the
principal stress components will also be in this coordinate
svsten. However, it is clear from Figures [ and 2 that even
though the principal axes in this special case arve aligned.
the response ol the system will be different depending on
whether the stress is larger in the .o or the y direction. We
emphasize that, for this composite system, the normal flow
rule no longer applies  the model vields non-normal flow

- -50000—
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Fig. 2. Vield surface for a single lead embedded in thick ice
with orientation as shown in Figure 1. 1 stresses have units
of Nm L The thick ice has strength P = 10° N'w " and com-
prises 99% of the area. he thin ice has a strength equal to
1% of the thick ice stiength and comprises 1 %o of the area.
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rules automatically . Also the limiting behavior where one
ol the principal stresses goes 1o zero (especially g, — 0 is
not precisely represented in Figure 2, as this would require
considerable local-scale enlargement.

If we consider a strain rate with principal axes not
aligned with the thin ice, then the stress and strain rate prin-
cipal axes are no longer aligned and the behavior is more
complex. Clearly, in general we need a vield surface (as
shown in Figure 2), not just a yield curve to describe the sys-
tem completely. What we see from the vield surface is that as
@,y increases, ., for compressive [uilure decreases. How-
ever, because ol the extreme weakness of the lead in this
case, there is little change in a,, at [ailure.

In the work deseribed here we ave ultimately interested
in isotropic response that takes into account the fracture
and [low character of sea ice laced with cracks and leads.
Consequently in the remainder of the paper we will consider
only cases where the principal axes of stress and strain are
aligned even though the system may be anisotropic. In this
special case the yield characteristics may be deseribed by a
vicld curve rather than a [ull vield surface.

Two or more leads

T consider the case of more than one lead is a straightfor-
ward extension ol the single-lead equation. In particular, in
this case, we simply need to rotate the strain to the lead
coordinate system. The main difference, however, is that
the strain along the lead is no longer the same as for the
thick ice, but is now equal to the external compressive strain
along this direction applied to the whole system. Also, the
numerical solution requires a solution of lincar equations
at each iteration. Failure stresses may be obtained by speci-
lying strain rates and solving for the stresses, or by specify-
ing conlinement-stress ratios as described in the next
section,

The configuration lor two leads is shown in Figure 3.
Again, since we are interested in the most symmetric res-
ponse, il" we consider strains with principal axes aligned
along the x and y directions as shown in Figure 3, the prin-
cipal axes of stress will also be aligned in these directions.
But, as in the single lead case, the response is decidedly ani-
sotropic. The resulting vield curve for this system is shown
in Figure 4, in the case ol leads at an angle ol +£18 relative
to the y axis. We chose 18 because similar angles have often
been observed for intersecting leads (e.g. Marko and
Thompson, 1977). Note that for this case, the leads open up

Lig. 3. Schematic view of two inlersecting leads oriented sym-
melrically about the y axis.
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Fig 1. Vield curve and Jlowe rule_for tewo symmetric intersect -
ing leads oriented at 18 relative lo the y axis ( see Fig. 3) Jo
Ty = O Each lead comprises 04% of the area and has a
strength equal to 1% of the thick ice strength P which is equal
to 1P Nm . (a) Yield curve where circles with plusses
indicate the thin ice leads are closing and open circles denote
opening leads. (b) Angle betceen the strain-rate vector and
the yield curve for a,., [ o,,, < L 'The flow angle is measured
clackwise from the strain-rate vector to the tangent of the yield
curve. Hence. angles < 90 correspond to greater convergence
than the normal flow rule.

under lower confinement # = o, /o, <~ (.32 denoted by
open circles ) and close under higher confinement (denoted
by @ ). With regard 1o asymmetrie strength, the asymptotic
strengths for very low confinement may be understood in
terms of a greater compressive stress on the lead leading to
a greater shear stress needed for failure when oy, ~ 0 as
compared to o,, ~ 0. However, as is the case in Figure 2,
the precise limiting bhehavior for zero confinement is not
well represented in Figure 4a. Also with this model, in con-
trast to the single-lcad model, the thick-ice strength eflee-
tively plays no role in the failure stresses.

Some ol the flow characteristics for this two-lead com-
posite are shown in Figure b, where we have plotted the
angle between the strain-rate vector and yield curve for
Ter| < |oy,l. As can he seen up to confinement ratios of

about 0.09, the flow is more convergent than a normal (low
rule would yield. The effective discontinuity at this confine-
ment ratio arises from the truncated ellipse assumption for
the thin ice (see Appendix ), and occurs when the lead ice
[ailure stress changes [rom uniaxial to biaxial. After this
stress point, the flow is essentially more divergent than for
normal flow with the maximum deviation from normality
occurring where |, | becomes maximum.
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FAILURE AND FLOW OF CRACKED SEA ICE RELE-
VANT TO CLIMATE

The main goal here is to consider how [racture and flow of

cracked sca ice affects the constitutive hehavior of sea ice
relevant to large-scale climate simulations. Consequently,
atilizing the above theory, we wish to consider initially iso-
tropic realizations with the main provision being that the
failure and flow are dictated by the thin lead and/jor crack
structure. An implicit assumption here is that the strength
of the aggregate is essentially controlled by the thin ice.
Two cases of isotropic response can be considered. The maost

straightforward case is to consider a uniform distribution of

equally strong leads in all directions. In this case the res-
pouse must clearly be isotropic. although the flow for the
composite as a whole will be considerably different than a
normal isotropic vield eurve with normal low rule. Also,
as discussed below. depending on the stress state, the system
will fail with the concomitant formation of two preferred
leads or ridges.

A second case, which we feel is closer 1o laboratory meas-
urements of the hiaxial failure of fresh- and sali-water
columnar ice. is the case where we allow “strain hardening”™
in the sense that only leads that have the potential o open
rapidly are considered. The other leads are considered to
have become stranger relative to the rapidly opening leads
by freczing, or simply by opening less rapidly. In this strain-
hardening case the orientation of the selected leads will
depend on the orientation of the applied stress state. How-
ever, since strain-hardened leads or ridges are generated by
the stress state, the system is isotropic in the sense that it will
behave the same under any direction of sustained loading,
beeause the leads or eracks that become active will be
picked out by the applied stress.

Since we are mainly interested in the response to a spee-
ified stress, to examine these two cases we will carry ow
numerical experiments in a manner similar 1o those con-
ducted in the laboratory (Schulson and Nickolayev, 1995.
Specifically we consider a biaxial experiment with a fixed
confinement stress ratio R = o, /a,, and a fixed strain rate
along the direction of the larger stress. The other strain rate
is adjusted ar cach iteration so that the stress ratio remains
lixed at each iteration. As in the laboratory, the numerical
experiment then determines the magnitude of the stresses
and strain-rate ratio.

Uniformly oriented leads

Tb approximate numerically the case of uniformly oriented
leads of equal strength we consider a partition of 40 thin-ice
leads at L5 intervals centered at values ol @ ranging from
0= 835 1 6 =90. Clearly, because ol symmetry. we
only need to consider a distribution spanning 180", We then
subject this system to different biaxial stress [orcing as des-
cribed above.

What we expeet to happen with this conliguration is
that certain preferred orientations of leads or ridges) will
lorm depending on the stress confinement ratio. The con-
cept is illustrated in Figure 3. where we use only two leads
as illustrated in Tigure 3. and numerically examine the
stress component @y, at failure as a function of lead-intersec-
tion angle for different fixed-stress confinement ratios
R = a,,/0,, Basically, for a given confinement vatio there
is a lead-intersection angle that vields a minimum compres-
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Fig. 5. Failure stress for tico symmetric intersecting teads
intersecting at angle 20 for different stress-confinement ratios
R =o,,/a,,. Theleadseach comprise 04" of the area and
have a strength equal to 1% of the thick ice strength P which
is equal (o 10" N m !

sive stress for [ailure. This failure stress is lowest [or low con-
finement ratios with the angle of intersecting leads at the
minimum  stress increasing as the confinement  ratio
mnereases,

An interesting feature of Figure 3 is that for intermediate
confinement ratios of about 0,033 there are two minima —
one at abowt 18 and one at 36 . At lower and higher con-
[inement ratios. one of these minima disappear, without
passing through an intermediate minima in between. As a
consequence, with this uniform thin-ice-strength model, it 15
very dilTicult to get leads with angles 205 < 6 < 36 .

Lead deformations resulting from the numerical exper-
iments [or a uniform distribution of equal strength leads are
shown in Figure 6. Since with many leads the confinement-
ralio experiments can, under certain circumstances, pro-
duce solutions at a local stress minima, in all the reported
vesults, solutions corresponding to the lowest compressive
stress were used. These multi-lead results confirm our
expectations, namely that for this uniformly oriented set of
leads. the deformation will occur preferentially across a spe-
cified set of intersecting leads. Tor low confinements, this
deformation will take the form of rapidly opening pairs of
leads with intersection angles decreasing w zero in the limit
of no confinement. For higher confinement. this deform-
ation takes the form of convergence, and henee ridge form-
ation across a pair of leads with the intersection angle going
to zero for high enough confinement. This low-conlinement
stress ratio for lead formation is consistent with stress obser-
vations by Richter-Menge (19971 which indicate low con-
finement ratios, especially during major stress events. Both
these divergent patterns are accompanied by substantial
concomitant shear across the same two particular leads.
Note also that for both ridging (¢losing | and faulting (open-
ing  deformation the rate of convergence tor divergence is
greater for smaller intersection angles.

The yield curve corresponding to this suite of numerical
biaxial-confinement experiments is shown in Figure 7.
These stresses are elfectively independent of strain-rate
magnitudes except for very small strain rates in keeping
with the behavior of ice in the laboratory (Schulson and
Nickolayev, 1993, We emphasize that the normal flow rule
does not apply to this composite system, although it is not
drastically diflerent. Note that the yield curve does intersect
the principal stress axes at a non-zero value, which is sub-
stantially smaller than the intersection of the truncated
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Fig. 6. (a) Ratesof opening of leads vs angle for two different
confinement ratios R = o, /o, = 0025 (cocles) and
R = 0.25( plusses ). In order to do a logarithmic plot, a small
constant (10" s ') has been added to the divergence rafes so
the ordinate is actually divergence rate +10 " 5 " (h) Rates
of lead closing vs angle for confinement ratios of R = 044
(plusses) and R = 0.75 (civcles). dn all cases the overall
strain rate imposed on the composite system along the y axis
was €y, =5 x 10" " The composite consists of 40
leads with a uniform spatial distribution: i.e. 8 ranging from
B33 1090, Each lead comprises 0.4% of the area and has
a strength equal to 1% of the thick ice strength P, which is
equal to W Nm'

ellipse for the thin ice (see Appendix ). The general shape ol

the vield curve is close to the sine lens yield curve proposed

by Bratchie (1984), based on kinematical considerations of’

discrete flow collisions. However, there 1s a slight asymmet-
ry in the result here, with the vield curve being narrower
near the origin,

An approximate strain-hardening yield curve and
flow rule

A key feature of the uniformly oriented multi-lead results
was that certain leads open much more rapidly than others.
Il all the Teads are of cqual strength and penetrate through
the same geographical region, then the slower opening
leads would sull [ail, However for a larger region with leads
of different orientations and in different locations with a
distribution of strengths, we would expect higher confine-
ment ratios o produce also opening ol lower intersection
angle leads that can open faster, ultimately lorming cracks
through the whole system. For example, let us imagine a
region ol ice with a set ol weak 18 leads and slightly stron-
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Fig. 7. Failure stresses for a composite consisting of 40 leads
with a untform spatial distribution ( see Fig. 6 caption ).

ger 36 leads, so that both leads may open under the same
conlinement stress. As the strain proceeds the 18 leads will
open rapidly and likely propagate. Consequently the 36
leads will effectively become “stronger” relative 1o the 18
leads as the strain proceeds. Henee we can consider, under
strain, the 367 leads 10 be strain hardened relative to the 187
leads. The effective vield curve resulting from sustained
loading. over say one day, would therefore be similar 1o that
obtained if the 36" leads were removed 1o begin with. This
concept, plus the results of Figure 5 indicating a “barrier™at
about 20, suggest a model where we consider only leads
with an orientation £ 18 relative w the main applied stress.
As we shall see below. this assumption also generates a yield
curve that is substantially similar to that obtained from
laboratory experiments,

Numerical experiments with this = 18 model result in a
vield curve very similar to that in Figure 4, and with the
delormation almost always occurring across the 18 leads
except for very small confinement ratios. However, since
we are postulating that far-field applied stress induces the
orientation of leads, the response will be symmetric rather
than anisotropic as in Figure 4. Also, at some point for sufTic-
ient confinement, when out-ol-plane failure likely occurs, it
is expected that there will be no preferred direction for the
leads. Where this confinement occurs is not clear, so we arbi-
trarily pick the confinement where the convergence and
maximum shear in the 18 leads are approximately equal.
( Picking a lower conlinement would not, however, change
the essential features of the following results,) This confine-
ment occurs around R = a,, /a,, ~ 0.5. For higher confine-
ment, the convergence in the leads exceeds the shear
deformation and we would expect it to be difficult for the
lead to maintain itsell” or to propagate. In the laboratory,
the lailure mechanisms for high conlinement are different
[rom the erack-shear mode (i.e. out-ol=plane spalling instead
of in-plane macroscopic shear faulting .

To allow biaxially convergent strain rates to he modeled
we need to close the yield curve past this eritical confine-
ment point. [o do this we may {it an elliptical yield curve
(not necessarily with a normal flow rule) to the fracture-
hased vield curve in a way that allows both the stress and
flow to vary smoothly. This can be done by the appropriate
choice of eccentricity, strength and pressure. Once this is
done, the eccentricity and pressure can be adjusted to obtain
the stress rates on the [racture-based yield curve corres-
ponding to a given strain rate. Hence a set of bulk and shear
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viscosities and pressure as a function of strain-rate invar-
iants can be constructed that map out the isotropic (rac-
ture-hased yield curve.

Results of carrying out this [itting procedure at one
point are shown in Figures 8 and 9. The [low characteristics
are shown in Figure 8 by plotting the ratio of strain-rate
invariants vs stress-invariant ratios for the strain-hardening
vield curve. These particular invariams were chosen in or-
der 10 obtain a single valued function over the yield curve.
For comparisan, we have also plotted the flow characteris-
tics of the truncated ellipse (see Appendix . The lead-based
model has a greater opening rate than the truncated ellipse
model when leads are opening, and a greater closing rate
when convergencee is oceurring: To excend the Now and fail-
ure curves past the point where there is biaxial convergence,

e Iracture model
+ truncated ellipse
o fitted ellipse

\

0 o 1
/ 2
a
o
] 1.0 9 41
el B
0.4 08
1 1

Stress Ratio (35)

Fig. 8. Strain-rate mvariants (¢ o + ¢ )/ (€ 1,7 + €,,° ) = E
vy sress invariants (4., — ay,)/ (.2 + ay’) = 8 for
isatropic truncated elliptical yield curve ( pluses) and for
strain-hardening™ lead model ( zeros ) consisting of leads
<18 welative to the principal applied stress direction. In the
stiain-hardening model each lead comprises 0.4% of the area
and has a strength equal to 1% of the thick ive strength P,
which ts equal to 10 Nm ' Inall cases Ty = Coy = 0
and €, < 0. "The circles denote an elliptical yield curve that
has been smoathly fitted to the “strain-hardening " model at the
Joint where €., changes from positive lo negative values, i.c.

E=-1

o
Tt
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Fig. 9. Isotrapic vield curve for the “strain-hardening ™ model
consisting of weak leads al angles = 18 velative lo the princip-
al applied stress divection (see Fig. & caption ). An elliptical
vield curve has been fitted (o the fracture-based yield curve
beginning approximately at the maximum comnessive stress
in the y divection (for R = o, /ey, < 1) and at a sym-
nietric point for R > 1.
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we have fitted an elliptical yield curve to this stress point in
such a manner that the stress and strain rates vary smoothly.

The composite-stress [ailure curve resulting (rom this
fitting procedure is shown in Figure 9, where the points past
the minimum value of |o,,| for R=0,,/0,, <1 denote
the fived elliptical curve. Other values are taken entively
from the <18 lead maodel. This type of yield curve bears a
substantial resemblance 1o that obtained in the laboratory
for conditions where eracking dominates the failure process.
For large-scale simulations, it has a number of useful char-
acteristics, not least of which being that it will predict inter-
secting lead orientation and intersecting ship lines. Since the
failure characteristics are now based on an anisotropic lead-
hased theory, the opening rates should be more realistic,
Moreover, the system is isotropic in character, so that it can
be modeled within existing model formulations.

CONCLUDING REMARKS

The main purpose of this paper has been w develop a con-
ceptual base for the inclusion of fracture-based flow in sea-
ice rheologies relevant to numerical investigations of elimate.
T'he essential idea is 1o make use of oriented weak leads or
flaws crnbedded i thicker ice, By assuming a viscous-plastic
constitutive law [or both the thin and tick wee and isisting
on continuity of stresses, anisotropic yield and flow charac-
teristics of this composite system may be numerically
obtained.

To examine some of the characteristies ol collections of
oriented weak leads embedded in thick ice, two isotropic
realizations of this composite model were examined: an iso-
tropic-lead model with uniformly oriented leads in all dir-
cetions, and an approximate strain-hardening madel where
only oriented leads that have the potential to open rapidly
were allowed. The uniform-orientation model resulted in a
yield curve that approximates a sine lens. The strain-hard-
ening vield curve is maore of teardrop shape, and hears a
substantial similarity to laboratory-based biaxial yield
curves. In both these isotropic cases, simulations naturally
predict preferential opening and/or closing of different or-
iented pairs of leads depending on the nature of the stress
state. Specifically, opening occurred up to stress-confine-
ment ratios 1 = a,, /o, of about 0.3, whereas higher con-
tinement ratios led to ridging and shearing. Also. the precise
amount of opening and closing of individual leads which
may differ from the overall deformation is accounted for.

While these isotropic cases incorporate [racture-based
lailure mechanisms, they can, in principle, be relatively
straightforwardly used in existing large-scale sea-ice dy-
namics madels developed for climate studies by utilizing
the appropriate dependence of the non-linear viscosities
and pressure on the strain-rate invariants. The coupling of
the dynamical equations with ice-thickness evolution equat-
ions could then be carrvied out in the same manner as cur-
rently used in most large-scale models (see .z Hibler, 1979;
Flato and Hibler. 19921 where one strength is assigned to the
whole composite. How this dynamical fitting procedure
might he carried out was outlined in the case ol the strain-
hardening model,

Simulations using variations of this model to solve the
Tull sea-ice-dynamics equations and predict lead patterns
for the Aretie Basin arve currvently underway. More complete
numerical comparisons to laboratory observations are also
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needed to establish a more precise physical basis for the
idealized strain-hardening model. We hope the work des-
cribed here will provide the motivation and framework for
other similar investigations.
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APPENDIX

For the canstitutive law applying to the thin and thick ice we
make usc of an elliptical yield curve maodified to have no ten-
sile stress. For an elliptical yield curve [ollowing Hibler
(1979) the stress is given by:
— I ~ a\a r
aij = 2néij + (( — Mém — 5
where repeated subscripts are summed over and 7 and Care
functions of the strain rate according to:
(=P /2A
9
n=¢/e

where

e 1
A:[((|1"+622‘!)(1+(’—2)
2. 9 g L\14
+ 4de "€19° +2€1[F;3'_»(1 —(—2)]

P is the ice strength (equal to the pressure P for high strain
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Lig. 10. Truncated elliptical yield curve for isotropic thin ice
having a strength of P = 10°N'm '

rates) and e is a constant taken to he 2 in all simulations
done here. To approximate rigid stress states inside the yield
curve, ¢ and 7 arc capped at some large maximum value
(sec Hibler, 1979) for small strain rates.

‘T'he basic principle in the truncated ellipse is o reduce
the shear viscosity in such a way that the maximum shear
stress is reduced to prevent any tensile stress from occurring,
Referring to Figure 10, the condition we wish to enforce is :

loy — | < |y + 2] (Al)
in such a way that
o <0.

With the viscous-plastic rheology ay is given by:
o =26+ (C — )€1 +62) —§ (A2)

where ¢) and €9 are the principal components of the strain-
rate tensor.
If we choose 7 such that

£—((é +ép)

ns [(€1 — é2)]

(A3)
then the condition in inequality (Equation (Al)) will always
be met. To ensure that there is no stress at zero strain rates
we insist the P = 2A¢ where

(= min{gz-Cnmx} -

When plastic flow is occurring, P will be a constant (P*),
but for ¢ = (,ux the stress state will lie on a smaller geomet-
rically similar truncated ellipse to Figure 10 going through
the origin.

This overall procedure will generate a rheology with no
tensile stress and a substantially reduced ice-shear stress
under divergent conditions than occurs with the conven-
tional elliptical yield curve.
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