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A NOTE ON M-SUMMANDS IN DUAL SPACES

BY
TIMOTHY FEEMAN

ABSTRACT. A theorem concerning M-summands in dual spaces is
used to prove that certain known M-ideals are not M-summands. In
some cases where this information was already known, our
procedure greatly simplifies the earlier proofs. Finally, we give a
condition to determine which M-ideals in dual spaces are M-
summands and which are not.

1. Preliminaries. Let M be a closed subspace of a Banach space X. We say
M is an M-summand of X provided there is a projection Q of X onto M
satisfying ||x|| = max{ [|Qx||, || (1 — Q)xI| } for all x € X. Such a projection is
called an M-projection. The subspace M is said to be an M-ideal of X provided
there is a projection P of X* onto M* satisfying || fIl = |IPf]| + || (1 — P)f]|
for all f € X*, where X* is the dual space of X and M is the annihilator of
M in X*. Such a projection is called an L-projection. It is a basic fact that
every M-summand is an M-ideal though the converse is false. These concepts of
M-summand and M-ideal were introduced in 1972 by Alfsen and Effros ([1])
and have been widely studied since. Of particular interest has been the
application to approximation theory. Briefly, if M is an M-ideal of X then
for each x € X there exists m € M such that ||[x + m|| = inf .,/ [Ix + yll
(cf. [1, Cor. 5.6] ). Furthermore, if x € X\M then the set {m € M:||x + m|| =
inf, cp [Ix + yl| } algebraically spans M ([9]).

Below we consider three known examples of M-ideals and present simple
arguments to show that they are not M-summands.

Throughout, H will denote a complex, separable, infinite dimensional Hilbert
space. A(H) and X represent respectively the algebra of all bounded linear
operators on H and the ideal of compact operators on H. If £ is a linearly
ordered set of (self-adjoint) projections in #(H) which is closed in the strong
operator topology then the nest algebra associated with & is the collection
Alg P = {Ae¥L:AP = PAP, Pe2}. The symbols L™ and C denote respectively
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the spaces of bounded measurable and continuous functions on the unit circle
in the complex plane. Via identification with boundary functions, the space H>
of bounded analytic functions on the open unit disk may be thought of as a
subspace of L. For any Banach space X, ball(X) will denote the closed unit
ball of X. The dual space of X is denoted by X*. If J is a subset of X then the
annihilator of J is J* = {f € X*:f(x) = 0forall x € J} while if M is a subset
of X* then the pre-annihilator of M is given by M = {x € Xf(x) =0
for all f € M}. We shall also need the following basic facts concerning
weak-* topologies.

(1.1) For every Banach space X, ball(X) is weak-* dense in ball(X**). (This is
sometimes called Goldstine’s Theorem.)

(1.2) If M is a subspace of X* for which ball(M) is weak-* dense in ball(X*)
and if J is a weak-* closed subset of X* for which J + M is norm-closed, then
ball((J + M)/J) is weak-* dense in (X*/J). This is a consequence of the
identification (X*/J) = (LJ )* and the separation principle.

(1.3) ball(C) is weak-* dense in ball(L*).

(1.4) ball(X") is weak-* dense in ball(#(H) ). This is a consequence of (1.1) and
the identification of A(H) with the second dual of ¢ (cf. [11]).

The main tool used in discussing the examples below is the following theorem
whose proof we present for completeness.

ProposITION A ([4]). If X is a Banach space and M is an M-summand of X*,
then M is closed in the weak-* topology.

Proor. By the Krein-Smulyan Theorem (cf. [6, p. 430ff.]), M is weak-*
closed if the closed unit ball of M is weak-* closed. For this, let {e\}ycp € M
satisfy |ley]l = 1 for all A € A and suppose the net {e)} converges weak-* to f.
We may write X = M + M’ and f = f, + f” where f, € M and f* € M’. Since
the net {ey, — f,} is a bounded net in M converging weak-* to /” we may assume
that f, = 0 to begin with.

Assume that f” # 0. Since the closed unit ball of X* is weak-* compact,
it follows that ||f’[| = 1. Choose a positive integer k such that k& - || /|| = 1
but (k + 1) - |||l > 1 and note that the net {ey, + kf’} converges weak-* to
(k + 1)f". For each A € A, we have |ley + kf’|| = max{|lle;|l, k- |lf’]|} = 1 so
that, by weak-* compactness of closed balls in X*, (k + 1) ||f’|| = 1. This
contradicts the choice of k. Thus, f* = 0 as desired.

CoROLLARY 1. Let M be an M-summand of X*. Then X*/M is a dual space.

ProOF. By Proposition A, M is weak-* closed. Thus M = (*M)* and, by
standard results, (J'M)* = X*/(*LM)L = X*/M.
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2. Examples.

ExaMPLE 2.1. In [10] Luecking shows that (H® + C)/H® is an M-ideal in
L*°/H®. In [2], it is shown that L%°/(H® + C) (which may be identified with
(L>/H*)/(H® + C/H®)) is not a dual space. This is accomplished by
demonstrating that the closed unit ball of L*/(H®® + C) has no extreme
points. From this fact and Corollary 1 above we get the following result.

COROLLARY 2. (H® + C)/H® is not an M-summand in L/ H®.

We are using the fact that L/ H is identified with the dual space of H', the
space of analytic integrable functions. An alternate proof of Corollary 2 is
obtained by noting that facts (1.2) and (1.3) imply that (H*®® + C)/H
is weak-* dense in L°°/H. The corollary now follows from Proposition A.

We remark that several other examples exist of closed subalgebras B of L
which contain H® and for which B/H® is an M-ideal in L*°/H® (cf. [12],
[13]). Since every such B must contain H* + C, the second proof of Corollary
2 implies that B/H® is not an M-summand.

ExaMPLE 2.2. Though he did not know it at the time, Dixmier showed in [5]
that 2¢"is an M-ideal in A(H). In [9] it is shown that ¢ is not an M-summand.
The proof relies on an investigation of metric complements and uses the
approximation properties of M-ideals. We now offer a simpler proof.

COROLLARY 3. X is not an M-summand in L(H).

Proor. It follows from (1.4) above that #"is not weak-* closed. Proposition A
now gives the result.

ExAMPLE 2.3. Let & = Alg & be a nest algebra. It is shown in [7] that
HA(H)/o is a dual space. In [8], this author proved that (& + ')/ is an
M-ideal in #(H)/</ but not an M-summand. The proof of this last fact used
metric complements, the approximation properties of M-ideals, and Arveson’s
distance formula for nest algebras. A simpler proof is the following.

COROLLARY 4. (& + X')/« is not an M-summand in L(H)/.

Proor. It follows from (1.2) and (1.4) above that (& + X")/o/ is weak-*
dense in H(H)/« Thus, by Proposition A, (¢ + X')/&/ is not an
M-summand.

3. M-ideals in dual spaces. Proposition A shows that if M is an M-summand
of the dual space X* then M is closed in the weak-* topology. We now show that
the converse holds for M-ideals of X*. The result and its proof are related to but
simpler than a theorem due to Cunningham ( [3; Thm. 5]).

PROPOSITION B. Let X be a Banach space and let J be an M-ideal of X*. If J is
closed in the weak-* topology, then J is an M-summand of X*.
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ProOOF. Since J is an M-ideal of X*, there is an L-projection P of X** onto J +
satisfying ||¢|| = ||Poll + |lp — Po¢|l for all ¢ € X**. For x € X, let
X € X** be defined by X(f) = f(x) for f € X*. For each f € X*, define Qf
and (1 — Q)f by (Qf)(x) = (& — PR(f) and ((1 — Q)/)x) = (PX(/)
for all x € X. Clearly, 0f € X*, (1 — Q)f € X*,and f = QOf + (1 — Q)/.

If x € % then % € J* so that P = % For such x we thus have
(Of)(x) = 0 for all f € X*. Thatis, Of € (*J)* . Since J is weak-* closed,
it follows that J = (lJ )L and, hence, that Qf € J for all f € X*. On the other
hand, if f € J then (1 — Q)f = 0 since PX € J* for all x € X. This implies
that Q:X* — J is a projection of X* onto J. It remains to show that Q is an
M-projection.

For this, note first that, for any f € X*,

Iof1l = sup [(x — Px)(/)] = Sup, (I = PO+ 1PHNHD

Ixll=1

IA

Sup, (I1x = PxIl + lIPxll) - 11l = Sup, Xl WA= 1A
x||= x|| =

Similarly, || (1 — @)f|l = ||fIl. Hence,

A1l = max{ |Qf1I, (1 — Q)fI } for all f & X*.

To prove the reverse inequality, notice that (PX)(Qf) = (X — PX((1 — Q)f) =0
for all f € X*, x € X. Thus, (PR(f) = (PR((1 — 0)f) and (& — PR(f) =
(x — PX(QS).

For f € X* and x € X we now have
fC) ] = 13N =1x = PO+ [P ]
=[x = PX(QN | + [ (PX)((1 — Q)N
= [lx — Px|l - IQfIl + IIPXI - 11 (1 — @)f]l
= (lix — PIl + [IPxI) - max{ 1QfI, (1 — @)1}
= |Ixll - max{ [IQf1l, I (1 — @)f1I }.

Hence, || f]| = max{ [|Qf1l, I(1 — Q)fIl }.
We conclude that || f]| = max{ [|Qf]l, || (1 — Q)fIl } for all f € X* which

implies that Q is an M-projection and, therefore, that J is an M-summand
of X*. a

Propositions A and B taken together assert that an M-ideal of X* is an
M-summand of X* if and only if it is closed in the weak-* topology. For the case
of dual Banach spaces, this answers a problem posed by Holmes, Scranton, and
Ward in {9].
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We conclude with some comments concerning metric complements which, as
was mentioned above, were used in some earlier theorems on M-summands. For
a closed subspace M of the Banach space X, the metric complement of M is
given by MO = {x € X:|lx|]| = d(x, M) }.

In [8], it is shown that the metric complement of an M-summand always has
non-empty interior and that the metric complement of (& + %)/« is nowhere
dense in (A(H) )/« where & is a nest algebra. In [9], the authors show that the
metric complement of X" is nowhere dense in #(H) and they speculate that
M-summands may be distinguishable from other M-ideals according to whether
the metric complement has non-empty or empty interior. We now add some
evidence in favor of this speculation with the following result.

ProOPOSITION C. Let X be a Banach space and let M be a subspace of X* with
the property that the closed unit ball of M is dense in the closed unit ball of X*
in the weak-* topology. Then the metric complement of M is nowhere dense.

ReMARK. Facts (1.1), (1.2), (1.3), (1.4) show that this proposition applies to
the M-ideals of Examples 2.1, 2.2, and 2.3.

ProoF. The metric complement of M is defined by MO = {(f e x|fll =
dist(f; M) }. Clearly, M? is a norm closed subset of X*. We will show that M°
contains no open balls.

First, let m € M satisfy ||m|| = 1. Then for 0 < A < 1 we have ||[Am|| = A and
Am € M so that Am & M°. Hence, M° contains no open ball centered at the
origin.

Next, suppose f € X* and 8§ > 0 satisfy 0 < § < ||f||. Choose x € X
such that ||x|| = 1 and |f(x)| > ||fIl — 8/4. Define f; € X* by fi(y) =

8/QlLf(x) 1) - f(y). We have

sl 5 II£1 . V)
= 2ol = 2~ o/% ~ 2171 =38 = QIfll + 8 — o)

so that f] is in the ball of radius § centered at the origin. The density hypoth-
esis implies that there is a sequence {g,} S M satisfying ||g,l/| < & for all
n and g, — f, in the weak-* topology. Hence, there exists N such that
lgy(x) — fi(x) | < 8/4. Let gy(x) = fi(x) + £ where |£§| < /4. We now have
1 (f + gy) — fll = ligyll < 8 so that f + gy lies in a ball of radius 8 about f.
Also,

ILf+ gnll = 1 (f + gy)x) |

= 1f) + /i) + 8 = ]f(x)(l + 2|ffx) |) + £|

= /e (1 + ) -t > 1701+ 2 =2 >

8
2/() |
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= dist(f, M) = dist(f + gy M).

Thus, /' + gy € M 0. We conclude that M° contains no open ball centered at f.
This completes the proof of the proposition.

We would like to thank the referee for making several useful suggestions and
for pointing out to us the following construction which shows that there do exist
M-ideals which are not M-summands but whose metric complements have
non-empty interior. Let M be an M-ideal in a Banach space Y and let W be any
other Banach space. Let X = Y @ W where ||y © w|| = max{ [|yll, [w]| } for all
y € Yand w € W. Then M ©® {0} is an M-ideal in X and its metric
complement, (M & {0} )O, contains the openset {y ®w € X:[[y|| < |w|l }.If Y
and W are dual spaces, then so is X. Also, if M is not an M-summand in Y, then
neither is M @ {0} in Y & W.

Thus, a necessary condition for an M-ideal M in a Banach space to have
metric complement which is nowhere dense is that there does not exist an
M-summand N satisfying M € N C X.

REFERENCES

1. Eric M. Alfsen and Edward G. Effros, Structure in real Banach spaces, Ann. of Math. 96
(1972), pp. 98-173.

2. Sheldon Axler, 1. David Berg, Nicholas Jewell, and Allen Shields, Approximation by compact
operators and the space H® + C, Ann. of Math. 109 (1979), pp. 601-612.

3. F. Cunningham, Jr., M-structure in Banach Spaces, Proc. Camb. Phil. Soc. 63 (1967),
pp. 613-629.

4. F. Cunningham, Jr., E. Effros, and N. Roy, M-structure in dual Banach spaces, Israel J. Math.
14 (1973), pp. 304-309.

5. 1. Dixmier, Les fonctionelles linéaires sur I'ensemble des opérateurs bornés d'un espace de
Hilbert, Ann. of Math. 51 (1950), pp. 387-408.

6. N. Dunford, J. Schwartz, Linear Operators, part 1, Interscience, New York, 1958.

7. T. Fall, W. Arveson, and P. Muhly, Perturbations of nest algebras, J. Operator Theory 1
(1979), pp. 137-150.

8. Timothy G. Feeman, M-ideals and quasi-triangular algebras, Illinois J. Math. 31 (1987),
pp- 89-98.

9. Richard Holmes, Bruce Scranton, and Joseph Ward, Approximation from the space of compact
operators and other M-ideals, Duke Math. J. 42 (1975), pp. 259-269.

10. Daniel H. Luecking, The compact Hankel operators form an M-ideal in the space of all Hankel
operators, Proc. AM.S. 79 (1980), pp. 222-224.

11. Robert Schatten, Norm ideals of completely continuous operators, Ergebnisse der Math. und
ihrer Grenzgebiete 27, Springer-Verlag (1960).

12. R. Younis, Best approximation in certain Douglas algebras, Proc. AM.S. 80 (1980),
pp- 639-642.

13. , Properties of certain algebras between L™ and H°, J. Func. Analysis 44 (1981),
pp- 381-387.

DEPARTMENT OF MATHEMATICAL SCIENCES
ViLLANOVA UNIVERSITY
ViLLANOVA, PA 19085

https://doi.org/10.4153/CMB-1987-058-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1987-058-4

