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Abstract

In this paper, we consider the following Robin problem:

—Au=|x|"u’, xeQ,

u>0, xX€Q,
@+ﬂu=0, xX€0Q,
av

where Q is the unit ball in RY centred at the origin, with N >3, p>1, @ >0, 8> 0, and v is the unit
outward vector normal to Q2. We prove that the above problem has no solution when $ is small enough.
We also obtain existence results and we analyse the symmetry breaking of the ground state solutions.
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1. Introduction

Let us consider the following problem:

—Au = |x|%uP, xe€Q,

M>0, XEQ’ (11)
a—u+Bu=0, x €08,
ov

where Q is the unit ball in RY centred at the origin, with N >3, p>1, >0, 3> 0,
and v is the unit outward vector normal to 9€2.

Problem (1.1) has different names depending on the different values of the
parameter (5. It is called a Dirichlet problem if § = +0c0, a Neumann problem if 5 =0
and a Robin problem if 0 < 8 < +o00.
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When g = 0, it is trivial since by integration by parts we can easily prove that (1.1)
has no solution.
When 8 = +o0, (1.1) is reduced to the following problem:

—Au=1xI4", x€Q, u=0, xeoQ. (1.2)

Equation (1.2) was proposed by Hénon in [12] when he studied rotating stellar
structures and is called the Hénon equation. A standard compactness argument shows

that the infimum
I, IVul? dx

m
ueHy@\O} ( [, x| [ulP*! dx)>/P+D

is achieved for any 1 < p <2N/(N —2) — 1 and @ > 0. In 1982, Ni proved in [14] that
the infimum
fQ [Vul? dx

1n
ueH} (@O} ([ x| |ulP+! dx)?/(P+D)

(1.3)

is achieved for any p € (1, (N + 2 + 2a)/(N — 2)) by a function in Hol,ra
of radial Hé(Q) functions. Thus, radial solutions of (1.2) exist also for (Sobolev)
supercritical exponents p.

A natural question is whether any minimiser of (1.3) must be radially symmetric in
the range 1 < p < (N + 2)/(N —2) and a > 0. For a > 0, since the function r — r® is
increasing, neither rearrangement arguments nor the moving plane techniques of [9]
can be applied. Therefore nonradial solutions could be expected. Numerical solutions
obtained by Chen et al. [7] show that for fixed p € (1, (N + 2)/(N — 2)) the ground state
solution of problem (1.2) is nonradial if @ is large enough. Smets ef al. also proved
in [17] some symmetry-breaking results for (1.2). They proved that minimisers of (1.3)
(the so-called ground state solutions, or least energy solutions) cannot be radial for o
large enough. As a consequence, (1.2) has at least two solutions when « is large. (See
also [18].)

Further results on problem (1.2) can be found in [4-6, 18] for residual symmetry
properties and asymptotic behaviour of ground states (for p — (N + 2)/(N —2), or
a — o) and in [2, 15, 16] for existence and multiplicity of nonradial solutions for
critical, supercritical and slightly subcritical growth.

In [8], Gazzini et al. studied the Hénon equation with Neumann boundary
conditions

4(€2), the space

—Au+u=|x|"u?, x€Q,
ou

— =0, xEéQ, (14)
ov

u>0, xeQ.

They proved that for any p € (1, (N + 2 + 2a)/(N — 2)), (1.4) also admits at least one
radial solution. They pointed out for any p € (N/(N — 2), (N +2)/(N — 2)), no ground
state solution of (1.4) is radial provided « is large enough.
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Compared with problems (1.2) and (1.4), there are few results on the Robin problem
for the Hénon equation. The purpose of this paper is to fill this gap and to point
out a series of new, interesting and unexpected phenomena that arise in passing from
problem (1.2) to problem (1.4).

To describe our results, we will investigate the functional Q,(u): H'(Q) — R
defined by

0utu) = VAP Jyg 1 do
oU) = )
(Joy 1l doy?/ oD

We will describe as ‘ground states’ the functions that minimise Q,, over H'(Q2), while
we reserve the term ‘radial minimiser’ for functions that minimise Q, over Hrla 4(€).
The first result of this paper can be stated as the following theorem.

THeOREM 1.1. If 1 < p < (N + 2)/(N — 2) then there exists a positive number B* such
that (1.1) has no solution for any 8 € (0, 5%).

The second result concerns the existence of a solution to (1.1). It may be presented
as follows.

Tueorem 1.2. If B> B*, for any @ >0 and p € (1, (N + 2 + 2a)/(N — 2)), there exists
u € H! [(Q) such that

Qo) = inf — Qy(v).
veH,,(\(0}

rad

A suitable multiple of u is a classical solution of (1.1).

The purpose of this paper is to study the symmetry properties of the ground states
as @ — oo. The final result is as follows.

Tueorem 1.3. If B> B*, for any p € (N/(N — 2), (N +2)/(N — 2)), no ground state of
Q. is radial provided « is large enough.

Remark 1.4. Theorems 1.2 and 1.3 give a multiplicity result: for every p € (N/(N — 2),
(N +2)/(N - 2)) and « large enough, (1.1) admits at least two solutions. One is radial
and the other is the (nonradial) ground state.

This paper is organised as follows. In Section 2 we study the nonexistence result
of (1.1). In Section 3 we establish the main existence result and carry out the
asymptotic analysis of radial minimisers.

2. The proof of Theorem 1.1
Before giving our proof, we need the following lemmas.

Lemma 2.1. If u is a nonnegative solution of the equation
—Au=u", xeRV,

withl <p<(N+2)/(N -2), thenu=0.
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Lemma 2.2. Let u(x) be a nonnegative solution of
—Au = |x]*u?, xeRV,

with N>3, a>-2 and p satisfying 1<p<(N+2)/(N-2), p#(N+2+2a)/
(N—=2). Thenu=0.

Lemmas 2.1 and 2.2 are proved in [10].

Lemva 2.3. If > 0,1 < p < (N + 2)/(N - 2), for B small enough, then there exists a
number M > 0 independent of 8 such that any solution u = ug of (1.1) satisfies

llutll ooy < M.

Proor. Suppose that the conclusion is not true. Then there exist a sequence §; — 0
as j— oo, a corresponding sequence of solutions u; = ug, of (1.1) with f=p; and a
sequence of points x; € Q such that

M = |lujll @y = uj(x;) — o0, as j— oo,

Suppose that for a subsequence of j as j— oo, x; — xo € Q. Here our reduction
procedure breaks down into three cases: (1) xp € Q, xy #0; (2) x9 € 0Q; (3) xo =0.
Cases (1) and (2) will be treated simultaneously; case (3) is slightly harder and is
treated separately.

Cases (1) and (2). Let 4; be a sequence of positive numbers defined by /l§
1 and y = x — x;/A;. Define scaled functions

/(P_l)M_ —
=

V/(y) = ﬂi/(p_l)uj()c')

and the domain Q; = {yeRN| Ajy+x;€Q}. Since M; — +oco, we have 4; — 0 as
j — +oo. It is easy to see that v;(y) satisfies

(—?Avj:|/ljy+xj|”v?, yeQ;,
Vj

E+ﬁj/ljvj=0, yGan,
O<Vj§1, VJ(O):l, yEQj.

Let 2d denote the distance of xj to Q. For large j, v;(y) is well defined in the ball

Bd//lj(o)’ and
sup v;(y)=v;(0)=1.
¥€Ba/a;(0)

Since 0 <v;(y) < 1, given any radius R such that Bg(0) C By/,,(0), by the L” estimates
in the theory of elliptic equations (see [13]), we can find uniform bounds for
lvjllw2r(Broy» P > N. Choosing j large enough, we obtain by Morrey’s theorem [13]
that ||vllc2y .0y, 0 < ¥ < 1, is also uniformly bounded. Hence we may have

vi—=v inw*’ N CY (p>N,0<y<1) on Bg(0)
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for j large enough. Furthermore, since y € Bg(0),
Ajy+xj—>xg asj— oo,

As in [13], we may assume that {v;} converges uniformly on any compact domain of
D (R or RY) to a function v. Then v(y) is a solution of

—Av = |xo|*V?, yeD,
»_o €D (D =RY)
oy y I

O<v<1,v0)=1, yeD.
If D =RY, then ¥ = |xo|%/?~ Dy satisfies

—AV =P, yeRY,
>0, y€RY,
7(0) =[x/ P71,

This contradicts Lemma 2.1.
If D =RY, then the function 7 defined by

3 v yas v ) ifyeRY,
V(Yl,yz,--',yn)— . N
V(YI,yz, .. 9yN—1» _yN) lfyeR—’
satisfies
~Av =7, yeRN,
7> 0, yeRV,
¥(0) =1.

This also contradicts Lemma 2.1.
Case (3). xo =0. In this case we choose A; such that /l(jzm)/ P~V =1 and define
the scaled functions

2 -1 —Xj
v :/15 DDy (), y= — i
J

We also have 4; — 0 as j — oo, and v;(y) satisfies

. |@

X
—Avj:‘y+/l—1_ vf, yeQ;,
ov; !
J
E+ﬂj/ljvj=0, yEan,

0<Vj§1, Vj(O):l, yEQj,

where Q; = /l;l(Q - X))
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For large j, v;(y) is also well defined in By,,,(0)(2d = dist(0, 0Q)). The difficulty
lies in the fact that |x;|/A; might be unbounded and |x;|/4; — +co along a subsequence
j — oo. From [11], we will have

vi(y) < near y =0,

P TI I RYTNET
+ L |C+a)/(p-1)
v+ 7l

where C is a uniform constant. Since v;(0) =1,

Thus, up to a subsequence, we have x;/1; — Py with |Py| < C; < +oco. As in cases (1)
and (2),
vi—v inw*nCY (p>N,0<y<1)

on any compact subset in R and v satisfies

—Av =y + Py|*"V?, yERN,
0<v<1,v0)=1, yeRN

By a translation y + Py — y and

—Av =y["v, yeRN,
V(P()) =1.

By Lemma 2.2, we conclude that v = 0, which contradicts v(Py) = 1. This completes
the proof of Lemma 2.3. O

Proor or Tueorem 1.1. We argue by contradiction. Suppose that the conclusion
of Theorem 1.1 is false. Then there exists a sequence 8; — 0% as j — +oo such
that (1.1) with 8= f; has at least one positive solution ug,. By Lemma 2.3 and the
standard elliptic estimate, there exists a positive constant C independent of j such that
lletg, |25y < C. Hence, up to a subsequence, we may assume that

ug, > u in C*(Q)
as j — oo and u is a solution of the following problem:

—Au = |x|%u”, x€Q,

0
Lo, x€0Q, 2.1)
av
u>0, xeQ.
However, it is easy to see that (2.1) has no solutions. This is a contradiction. O
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3. Radial minimisers and their asymptotic analysis

Let Q be the unit ball in RY with N > 3; the numbers 2* = 2N/(N —2) and 2, =
(2N —2)/(N — 2) are the critical exponents for the embedding of H'(Q) into L’(Q)
and L4(0Q), respectively.

If we denote by /l/f (Q) the first eigenvalue of

—-Ap = Ay, x€Q,
0
—<p+,8<,0:O, x € 0Q,
ov

then
f IVv? dx + B f Vdo > X (Q) f v?dx foranyve H'(Q).
Q oQ Q

Accordingly,

1
f (Vv +v*) dx < f [Vv|> dx + f |Vv|? dx+i f v do
Q Q 2 Ja 2(Q) Joo

< (1 + /l[f(lQ) )(L [Vv? dx +p " Vv dO‘).

By trace inequalities,

f vVdo<C f(leI2 +v9) dx,
oQ Q

which implies that
f Vv dx + B f v do<C f (IVv[> +v*) dx  for any v e H'(Q).
Q oQ Q

Hence, the norm |||z ) = (fQ |Vul?> + u? dx)'/? is equivalent to

12
(f |Vu|2dx+ﬂf uzd(r) = ul.
Q oQ

Now we study the function Q,(u) : H'(Q) — R defined by

2 2
0u) - o, IVul? dx + B [, u* dor ) |
’ oy belat e/ ([ xlefufe ! d)?/+D

The functional is well defined and of class C? over H'(Q) if p < (N +2)/(N —2). We
shall see in a while that its restriction to H rla 4(€2), which is the space of radial functions
in H'(Q), is still well defined and C? for a much wider interval of p.

In order to establish the main existence results, we need the following lemmas.
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Lemma 3.1. There exists a positive constant C such that, for allu € H la d(Q),

T
lull

< _
9 < Crgim

x € Q\ {0}

Proor. This follows by the radial lemma of [14]. O

From Lemma 3.1 and similar to the method for the Dirichlet problem obtained
in [14], we have the following result.

Lemma 3.2. The space Hrla 4(Q) embeds compactly into LF(L, |x|* dx) for any p €
[1,2* +2a/(N — 2)), where LP(Q, |x|* dx) is the space of L functions on Q with
respect to the measure |x|* dx.

We are now ready to give the main existence result.

Tueorem 3.3. If B>, for any a >0, pe(l,(N+2+2a)/(N —2)), there exists
u € H! (Q) such that

Qo(u)= inf Qu(v).

veH! (@)

Proor. This follows by Lemma 3.2 and similarly to the proof of [14]. m|

CoroLLARY 3.4. For any a, 8 and p as in Theorem 3.3, (a suitable multiple of) the
minimiser u is a classical solution of the problem

—Au = |x|%uP, x€Q,

3.1
%+ﬁu:0, x € 0Q. -1
ov

Moreover, u is strictly positive in Q.

Proor. From the symmetric criticality principle and standard elliptic regularity, we
know that u is a classical solution of (3.1). Replacing u by |u|, we may also assume
that u is nonnegative. By the maximum principle, we have u > 0 in Q. Assume that
there exists xp € 0Q such that u(xp) = 0. Then (0u/dv)(xp) <0 by the Hopf lemma,
but the boundary condition implies that (Ju/dv)(xy) = 0, a contradiction. The result

follows. O
For8>p*, a>0and pe(l,(N +2+2a)/(N - 2)), let
S = min  Q,(u).
ueH} (Q\{0}

rad

Then any (positive) minimiser u, of Q, over Hrla 4(€), when normalised by [lus|l = 1,

satisfies
—Auy = (SPHPOR2|xeyl xeQ,
ou
— +Bu, =0, x € 0QQ.
ov

Now we will consider the asymptotic behaviour of S and u, as @ — co. We begin
with a fundamental result.
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Lemma 3.5. If pe (1, (N + 2)/(N — 2)), the asymptotic relation
(@ +N) f |||t dx = f P! do + o(1), asa — oo,
Q oQ

holds uniformly on bounded subsets of Hrlad(Q).
Proor. This result can be found in [8]. |
From [1, 3], we have the following lemmas.

Lemma 3.6. The first eigenvalue 11(Q) of the eigenvalue problem

-Ap =0, xX€Q,

3.2
6—('D+,8<p=/1<p, x €0Q, ©2)
ov

is positive, and the first eigenfunction ¢;, corresponding to ,(L2), does not vanish
in Q. Moreover, 11(Q) = 61(Q) + B, where §(Q) is the Steklov eigenvalue for —A.

Lemma 3.7. The first eigenvalue A,(€Y) is simple. Let 1,y be two eigenfunctions
associated with 11(Q). Then there exists C such that ¢1 = Cp,. Moreover, ¢ is unique
up to a constant factor and it is radial.

In the statement of the next result, A; and ¢, which is positive in Q and normalised
by |||l = 1, are the first eigenvalue and eigenfunction of problem (3.2), respectively.

THeorem 3.8. Let p € (1, (N +2)/(N — 2)) and let u,, with ||uyl| = 1, be the minimiser
of Q, over Hrlad(Q) such that S g‘d = Q4 (uuy). Then, as @ — oo,

S1 (@ + N PHD|pq) =2/ (3-3)

Proor. We adapt an argument in [8]. Let ue H! (Q) with u>0, |ull=1. By
Lemma 3.5, as @ — oo,

Qu()  _ 1
(a + N2+ (@ + N) fQ |x|2]ulP*1 dx)?/P+D
B 1
" (fig lulP*! dor + (1))
1

o(l),

= +
(fag u|P+! do)2/(p+1)

where o(1) does not depend on u. Since u is radial,

1 2/(p+1) 2 1)-1 2
( uf* do’) = |9Q/ P+~ f 2 do-
0Q 0Q
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Now let u = u,, so

S8 Qu)  _ ! .
(@ + N)@+D " (@ + N)2/p+D) (faQ g |P+! dor)?/ (D

o(1)

. 1
>10Q"HP) min  ———— + o(1)
vl @vi=1 [ V2 do

=10Q" P02, + o(1).

On the other hand, for any u € H! (Q) with [jul| = 1,

T

S X (7 R N ()
(@ + NHP+D (@ + N)2/P+D = (g + N)2/(p+D

1
<109 P ——— + o(1)
o U do

=109 2P*D A, + o(1),
and, choosing u = ¢y,

rad

m < |69|1‘2/(”+1)/11 + o(1).
Thus (3.3) is proved. ]

TueoreM 3.9. If B> B" and p € (N/(N —2), (N + 2)/(N — 2)), then, for a large enough
(depending on p and f3),

luel| . |eel]
mi min .
ueH'(Q\{0} ( fg |x[®[uPt) dx)2/ D ueH! (@\{0} ( fQ |x]|@ulP+! dx)2/(p+D)

(3.4)

Proor. Choose a nonnegative function u € C(l)(Q) and extend it to zero outside Q.
Define v,(x) = u(a(x — x,)), where x, = (1 — 1/, 0, ..., 0). Then

2 (%
f|x|“|ua|!’“ dxz(l——) a—Nf|u|P” dx
Q a Q

and

2-N 2
0u(t) < a fQ IVul” dx < Ca2N¥2NI(+1).
@ 2N/(p+D(] — %)Ztr/(lﬁl)(fg uP*1 dx)2/(+D
By Theorem 3.8, we know that S™¢ ~ @?/P*D)_ Since 2 - N + 2N/(p+ 1) <2/(p + 1)
forall pe (N/(N —2),(N +2)/(N —2)), we see that (3.4) holds for « large enough. O
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