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Abstract. We consider the nonlinear interactions between upper-hybrid (UH) and
Alfvén modes in a magnetized electron–ion plasma containing a fraction of station-
ary charged dust grains. The interaction is governed by a pair of equations for the
UH wave envelope including the relativistic electron mass increase and the density
and compressional magnetic field fluctuations associated with the Alfvén modes
that are, in turn, driven by the ponderomotive force of the UH waves. The coupled
mode equations are then Fourier analyzed to obtain a new dispersion relation,
which admits new classes of modulational instabilities. The existence of a cusp-
shaped UH envelope soliton is also predicted. The result can have relevance to the
electron acceleration by sharply localized UH waves in the dusty magnetosphere
of Saturn.

1. Introduction
Large-amplitude electrostatic upper-hybrid (ES-UH) waves in magnetized plasmas
can be excited by electron and photon beams on account of two-stream instabilities
andmode conversions. Finite-amplitude ES-UHwaves are subjected to a great vari-
ety of nonlinear effects [1–10]. About three decades ago, Kaufman and Stenflo [1]
considered the nonlinear interactions between ES-UH waves and fast magnetosonic
waves propagating across the external magnetic field direction in an electron–ion
plasma. They reported the formation of negative group dispersive ES-UH envelope
solitons composed of bell-shaped ES-UH wave envelopes and super-magnetosonic
density humps in magnetoplasmas with ωc > ωp/

√
3, where ωc and ωp are the
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electron gyrofrequency and electron plasma frequency, respectively. Porkolab and
Goldman [2] re-examined the ES-UH envelope soliton theory for both negative
and positive group dispersions of the UH waves, and presented a modulational
instability analysis which revealed that the quasi-stationary modulations of the ES-
UHwaves would lead to the highest growth rates. The coupling between the ES-UH
and electrostatic ion-cyclotron perturbations was considered by Yu and Shukla [3]
who showed the possibility of a near-sonic cusp-shaped ES-UH envelope soliton.
The one-dimensional collapse of ES-UH waves due to a non-local nonlinearity was
investigated by Litvak and Sergeev [4]. Berezhiani [5] studied the effect of the
relativistic electron mass increase on the ES-UHwave modulation by magnetosonic
perturbations. Sharma and Shukla [7], Pécseli [8] and Shukla et al. [9] have also
presented comprehensive reviews of the nonlinear effects associated with ES-UH
waves involving different types of low-frequency perturbations [10], observed in
laboratory experiments [11,12].
Since large-amplitude ES-UH waves are useful for electron acceleration due to

the surfatron mechanism [13] in laboratory and astrophysical environments, which
may contain a fraction of charged dust impurities, it is of interest to investigate
the nonlinear effects associated with ES-UH waves in dusty plasmas [14]. In the
latter, we have the possibility of a modified shielding distance [15], new linear and
nonlinear wave modes [16–22] and coherent structures [23,24]. In the present paper,
we revisit the nonlinear interactions between ES-UH waves and modified Alfvén
waves (MAWs) [18], accounting for the combined effects of the relativistic electron
mass increase in the ES-UH fields and the enhanced density and compressional
magnetic field perturbations that are driven by the ES-UH ponderomotive force.
We thus extend the work of Shukla and Stenflo [22] by including relativistic effects.
When the relativistic nonlinearity cancels a part of the ES-UH group dispersion,
new classes of oscillatory modulational instabilities [25] appear. The governing
nonlinear equations in a stationary frame admit a cusp-shaped ES-UH envelope
soliton when the speed of the latter is close to the modified (by the presence
of charged dust grains) Alfvén speed. It is suggested that the localized ES-UH
envelope soliton can produce cross-field acceleration of electrons via a surfatron
mechanism.

2. Governing equations
Let us consider the presence of large-amplitude ES-UH waves in a uniform mag-
netoplasma composed of electrons, ions and negatively charged dust grains in an
external magnetic field ẑB0, where ẑ is a unit vector along the z-axis and B0 is the
strength of the magnetic field. At equilibrium, we have

ne0 = ni0 − Zdnd0, (1)

where ne0, ni0 and nd0 are the unperturbed electron, ion and dust number densit-
ies, respectively, and Zd is the number of electrons residing on a stationary dust
particle. The nonlinear coupling between perpendicularly (to ẑ) propagating ES-UH
waves with the compressional MAW perturbations in a magnetized dusty plasma
is governed by the ES-UH envelope equation [9]

2iωH

(
∂

∂t
+ Vg

∂

∂x

)
Ex + 3αV 2

Te
∂2Ex

∂x2
+ Ω2

0

|Ex|2
E2

c

Ex − Ω2
0NEx = 0, (2)
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and the driven MAW equation [22](
∂2

∂t2
+ Ω2

R − V 2
AR

∂2

∂x2

)
N =

meni0
3mine0

c2

E2
c

∂2|Ex|2
∂x2

, (3)

where ωH = (ω2
p+ω2

c )
1/2 is the upper-hybrid resonance frequency, Vg = 3k0αV 2

Te/ωH
is the ES-UH wave group velocity, k0 is the wavenumber, α = (1 − 3ω2

c /ω2
p)

−1,
VTe is the electron thermal speed, Ω0 = (ω2

p + 2ω2
c )

1/2, Ec = 2mecω
2
p/

√
3eωH, me

is the electron rest mass, c is the speed of light in vacuum, e is the magnitude
of the electron charge and N = ne1/ne0(= B1z/B0)�1 is the normalized electron
number density perturbation (compressional magnetic field) associated with the
MAWs in dusty plasmas. The x-component (transverse to ẑ) of the ES-UH elec-
tric field is denoted by Ex. We see that the ES-UH waves have negative group
dispersion for ωp <

√
3ωc. The fourth term on the left-hand side of (1) comes from

the relativistic electron mass increase, while the fifth term is associated with the
density and compressional magnetic field perturbations that are reinforced by the
ES-UH wave ponderomotive force [2]. Furthermore, ΩR = Zdnd0ωci/ne0 is the
Rao cut-off frequency [18], VAR = (ni0/ne0)B0/

√
4πni0mi is the modified Alfvén

speed [18] in a magnetized electron–ion–dust plasma, where ωci = eB0/mic is the
ion gyrofrequency and mi is the ion mass.
It should be mentioned that (2) has been derived by invoking the slowly varying

envelope approximation (viz. ∂Ex/∂t�ωHEx) on the ES-UH wave equation that is
obtained by combining the linearized electron continuity and momentum (with an
appropriate pressure term to accommodate the negative group dispersion of the
ES-UH wave) equations together with the Poisson equation. In the ES-UH wave
equation, we have also included the relativistic electron mass increase nonlinearity,
as well as the electron density and compressional magnetic field perturbations
(viz. ne1 and B1z) associated with the MAWs [22]. The latter obey (2), which is
obtained from a combination of the Faraday and Ampére laws together with the
ion continuity equation and the ion momentum equation in which the electric field
was eliminated by the inertialess electron equation of motion that contained the
x-component of the ES-UH wave ponderomotive force [2]. The latter arises owing
to the averaging of the x-component of the electron advection nonlinearity over
one period of the ES-UH waves.
It is convenient to denoteE = Ex/Ec and rewrite the pair of equations (2) and (3)

as

2iωH

(
∂

∂t
+ Vg

∂

∂x

)
E + 3αV 2

Te
∂2E

∂x2
+ Ω2

0(|E|2 − N)E = 0 (4)

and (
∂2

∂t2
+ Ω2

R − V 2
AR

∂2

∂x2

)
N =

meni0
3mine0

c2 ∂2|E|2
∂x2

. (5)

Equations (4) and (5) are the desired set for studying the modulational instability
and collapse of the ES-UH wave packets in a magnetized electron–ion–dust plasma.

3. Nonlinear dispersion relation and localized ES-UH envelope
solution

In order to investigate the modulational instability of a constant-amplitude ES-UH
pump Ex0 exp(−iωHt + ik0x) + complex conjugate, we decompose Ex as the sum
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of the pump and its two sidebands. Hence, following the standard procedure [9] for
deriving the nonlinear dispersion relation, we have, from (4) and (5),

(
Ω2 − Ω2

AR

)[
(Ω − KVg)2 − 3αK2V 2

Te

4ω2
H

(
3αK2V 2

Te − Ω2
0W

2
0

)]

=
αK2V 2

Temeni0
4mine0ω2

H
Ω2

0K
2c2W 2

0 , (6)

where Ω and K are the frequency and wavenumber of the MAWs, ΩAR = (Ω2
R +

K2V 2
AR)1/2 and W0 = |Ex0|/Ec. The nonlinear dispersion relation (6) admits inter-

esting solutions when α > 0,
√

3αKVTe ∼ Ω0W0 and Ω�ΩAR. Then we have

Ω = KVg ± i
√

αδ
Ω0KVTe
2ΩARωH

KcW0, (7)

which depicts an oscillatory modulational instability. Here we have introduced δ =
meni0/mine0. Furthermore, for α > 0,

√
3αKVTe ∼ Ω0W0 and Ω�ΩAR we have,

from (6),

Ω =
1
2
KVg ± 1

2

√
K2V 2

g ± 2Ω2
D, (8)

where Ω2
D =

√
αδKVTeΩ0KcW0/ωH, which also predicts an oscillatory modula-

tional instability.
Let us now present possible stationary solutions of (4) and (5). We then seek

solutions of the form E = E(ξ = x−Vgt) exp(iΘ(t)) and N = N(ξ), with Vg ∼ VAR.
Hence, we have from (5) that

N =
δc2

3Ω2
R

∂2E2

∂ξ2
. (9)

Inserting the non-local density response (9) into (4) and invoking stationarity in
the moving frame x − Vgt, we obtain

3αV 2
Te

∂2E
∂ξ2

− Ω2E + Ω2
0E

(
E2 − λ2 ∂2E2

∂ξ2

)
= 0, (10)

where Ω = (2ωH∂Θ/∂t)1/2 and λ =
√

δc/
√

3ΩR. Equation (10) is a nonlinear
Schrödinger equation containing both cubic and non-local nonlinearities. For α > 0
it admits a cusp-shaped electric field profile [4] of the ES-UH waves trapped in an
electron density cavity, which has shoulders on its sides.

4. Summary
In this paper, we have re-examined the nonlinear coupling between the ES-UH
waves and MAWs in an electron–ion–dust magnetoplasma, taking into account
the combined effects of the relativistic electron mass increase and the influence
of the ES-UH wave ponderomotive force on the MAWs. Specifically, the model of
Shukla and Stenflo [22] has been extended to include the relativistic nonlinearity
in the ES-UH envelope equation. Our new pair of equations is then Fourier ana-
lyzed to obtain a nonlinear dispersion relation. The latter exhibits a new class of
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oscillatory modulational instabilities for the case in which the relativistic electron
mass increase nonlinearity cancels a part of the UH wave group dispersion. Possible
stationary solutions of our present nonlinear equations, comprising cubic and non-
local nonlinearities in the Schrödinger equation, can be represented in the form of
spiky ES-UH electric fields trapped locally in an electron density cavity having
shoulders on its sides. The results presented here are essential for understanding
the nonlinear instability of the ES-UH waves and the associated localized UH
wave packets that can accelerate electrons across the magnetic field direction via
a surfatron acceleration mechanism. Such a scenario could occur in the dusty
magnetosphere of Saturn, where ES-UH waves have been observed by the Cassini
spacecraft [26].
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