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On the condition that the straight line
Ix + my + nz = 0

should be a normal to the conic
(a, b, c, f, g, h)(x, y, zf = 0

the co-ordinates being trilinear.

By R. H. PINKERTON, M.A.

1. The condition in question may be found by using the follow-
ing theorem:—

If the equation in trilinear co-ordinates

~F(x, y, z) = (M, v, w, u', v', w')(x, y, zf = 0 .. (A)

represents a pair of straight lines, then the line whose equation is

Ix + my + nz = 0 (B)

will be perpendicular to one of those lines if
~F(l — mcosC - rtcosB, in — ncosA - fcosO, n - icosB - ?»cosC) = 0 (C)
where A, B, C are the angles of the fundamental triangle.
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To prove this, transform the equations (A) and (B) to Cartesian
co-ordinates by writing, as usual,
x, y, z = xcosa + ysina - plt xcos/3 + ysin/3 - p^ xcosy+ i/siny-JO3,
where (i - y = 180° - A, etc.

The equation (A) thus becomes in Cartesian co-ordinates
F(a;cosa + ysina - pu xcos/3 + ysinft - p^ iccosy + ysiny - p3) = 0,

and the equation to the pair of straight lines through the origin of
co-ordinates parallel to the lines (A), is

F(a;cosa + ysina, KCOS/3 + ysinfi, a;cosy + ysiny) = 0 ... (A').
The equation in Cartesian co-ordinates to the straight line

through the origin parallel to the (B) is similarly

XX + IMJ = 0 (B')

where A, /A = ?cosa + mcos/3 + ncosy, Zsina + msin/J + wsiny. v

Now the line (B) will be perpendicular to one of the lines (A) if
the line (B') is perpendicular to one of the lines (A'). The condition
that (B') should be perpendicular to one of the lines (A') is found by
substituting in the equation (A') A, /J. for x, y. The line (B) will
therefore be perpendicular to one of the lines (A) if

F(Acosa + /isina, A.cos/2 + fisin/3, Acosy + /xcosy) = 0.
Replacing A., //. by their values in terms of I, m, n, we get

Acosa + /icos/j = cosa(fcosa + mcos/? + wcosy)
+ sina(Zsina + ?)isin/3 + nsiny)
= I + mcos(a~f3) + ncos(y~a)
= I - ?;icosC - «cosB,

with similar values Acos/J + /isin/3 and Acosy+ /*siny. Hence the
theorem follows.

2. Taking now the conic

S = (a, b, c,f, g, h)(x, y, 2)2 = 0

and the straight line
lx + my + nz = Q (P),

we write down the equation to the pair of tangents to the conic at
the points where the straight line cuts the conic. This equation is

S2 = A(lx + my + nzy (T),

where 2 is written for (A, B, C, F, G, B)(l, m, nf, and A, A, B, C,
F, G, H have their usual meanings.

The line (P) will be a normal to the conic S if it is perpendicular
to one of the lines (T). The condition for this is, by (C), found by
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substituting I - wcosC - ncosB, etc., for x, y, z in (T). The result is
(a, b, c,f, g, h)(l - mcosC - ncosB, m - ncosA - ZcosC, n-lcos&-m
cosC)2x2 = A(P + »»2 + na-2mncosA-2«fcosB-2;»icosC)', the con-
dition sought for.

The triangle and its escribed parabolas.

By A. J. PRESSLAND, M.A.

§ 1. The problem " to inflect a straight line between two sides
of a triangle so that the intercepted portion is equal to the segments
cut off" has been discussed in the third volume of the Proceedings.

If we discuss the same analytically ; taking CB and CA as axes
of x and y (Fig. 1) and calling each segment k, the equation of the
line considered is

x/(a-k)+yl(b-k) = \ (a)

where A2 = (a-kf + (6-kf - 2(a- k)(b - k)cosC ... (0)

The envelope of (a) considering k unrestricted by (/?) is

(x + yf~2(a-b)(x-y) + (a-bY = 0 ... (y)

a parabola touching the axis of x at (a - 6,0)
and the axis of y at (0,6 - a)

and which can be shown to touch AB

at the point I . - I .
F \ a - b a-bf

Its axis is x + y = 0

and tangent at vertex x-y =

§ 2. If we consider xj(a -k)+ yj(b + k) = 1
which cuts off equal portions from BC and CA produced, the
envelope is

(x-yf-2(a + b)(x + y)-(a + bf = 0.

which touches OB at (a + b, 0) the point I,
CA at (0, a + b) the point k,

( 2 /)2 V

, I the point t,
a+b a+bI

the axis being x-y = Q

and tangent at vertex x + y = —_—.
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