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Some New Properties of the Triangle.
By J..S. Mackay, M.A, LL.D.

[The substance of this communication will be included in Dr
Mackay’s paper on The Triangle in the first volume of the
Proceedings, which is about to be printed.)

Proofs of some optical theorems.
By WiLLian Pepbpig, D.Se.

[The results of this paper will be contained in Dr Peddie’s book on
Physics, which will appear in a short time.]
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On the condition that the straight line
lx+my+nz=0
should be a normal to the conic
(a, b, ¢, £, g, W)z, y, 2)*=0
the co-ordinates being trilinear.
By R. H. PinkerTON, M. A.

1. The condition in question may be found by using the follow-
ing theorem :—
If the equation in trilinear co-ordinates

F(x, y, ) =(u, v, w, u, ¥, W)z, y, 2)*=0 .. (A)
represents a pair of straight lines, then the line whose equation is
lx+my+nz= (B)

will be perpendicular to one of those lines if

F(l — mcosC - neosB, m — ncosA — lcosC, n —lecosB —mcosC)=0 (C)
where A, B, C are the angles of the fundamental triangle.

https://doi.org/10.1017/50013091500030698 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500030698

To prove this, transform the equations (A) and (B) to Cartesian
co-ordinates by writing, as usual,

x, ¥y, z==xcosa+ysina—p, zcosB+ysinfB—p, xcosy+ ysiny ~ p,,
where 8- v=180° - A, ete.

The equation (A) thus becomes in Cartesian co-ordinates
F(xcosa + ysina - p,, xcosf + ysinf — p,, wcosy + ysiny — p;) =0,
and the equation to the pair of straight lines through the origin of

co-ordinates parallel to the lines (A), is

F(xcosa + ysina, xcos + ysinB, xzcosy +ysiny)=0 e (AN

The equation in Cartesian co-ordinates to the straight line
through the origin parallel to the (B) is similarly

Az +py=0 . (B)
where A, p=lcosa + mcosf3 + ncosy, lsmo. + msinf + nsiny.

Now the line (B) will be perpendicular to one of the lines (A) if
the line (B') is perpendicular to one of the lines (A’). The condition
that (B’) should be perpendicular to one of the lines (A’) is found by
substituting in the equation (A') A, p for x, y. The line (B) will
therefore be perpendicular to one of the lines (A) if

F(Acosa + psine, Acos@ + usinB, Acosy + pcosy) =0.
Replacing A, p by their values in terms of /, m, n, we get
Acosa + pcosf = cosa(lcosa + mcosf + neosy)
+ sina(lsina + msinf + nsiny)
= [+ mcos{a~f) + ncos(y~a)
=1 - mcosC ~ ncosB,
with similar values Acosf + psin8 and Acosy +psiny. Hence the
theorem follows.

2, Taking now the conic
8=(a, b, ¢, f, g, W)z, y, 2)*=
and the straight line
lx+my+nz=0 .. (P),
we write down the equation to the pair of tangents to the conic at
the points where the straight line cuts the conic. This equation is
= A(lz + my + nz)? . e (T),
where X is written for (A, B, C, F, G, H)({, m, n)’, and 4, A, B, (,
F, G, H have their usual meanings.
The line (P) will be a normal to the conic 8 if it is perpendicular
to one of the lines (T). The condition for this is, by (C), found by
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substituting 7 — mcosC — ncosB, ete., for ;, ¥, z in (T). The result is
(2, b, ¢, /; 9, h)(l—mecosC —necosB, m ~ ncosA ~ lcosC, n —lcosB -m
c08C)® x T = A(P+ m? + n* — 2mncosA — 2nlcosB — 2/mcosC)?, the con-
dition sought for.

The triangle and its escribed parabolas.
By A. J. PrEssraND, M.A.

§ 1. The problem “to inflect a straight line between two sides
of a triangle so that the intercepted portion is equal to the segments
cut off” has been discussed in the third volume of the Proceedings.

If we discuss the same analytically ; taking CB and CA as axes
of x and y (Fig. 1) and calling each segment %, the equation of the
line considered is

zfla-k)+y/(b-k)=1, (o)

where B=(a-k)?+(b-k)?-2(a— k)b~ k)cosC ... B
The envelope of (o) considering & unrestricted by (f) is

(@+y)r-2a-b)m-y)+@-br=0 .. ()

a parabola touching the axis of z at (a - 5,0)
and the axis of y at (0,6 —a)
and which can be shown to touch AB
a? b?
a-b’ a-b1"
Its axis is x+y=0

and tangent at vertex x —y= a_;i

at the point (

~

§ 2. If we consider z/(a - k) +y/(b+k)=1
which cuts off equal portions from BC and CA produced, the

envelope is
(z-y)-2a+b)z+y)-(a+d)'=0.
which touches CB at (a+5, 0) the point I,
CAat (0,a+bd) the point £,
ABat (%, % ) the point
0
* (a+b’a+b) ¢ pont b
the axis being r—-y=0
and tangent at vertex x+y=a;b.
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