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Abstract

This paper gives characterizations of functionally compact spaces in terms of filterbases and
nets. Also, a topological property that is weaker than countable compactness but stronger than
first countable minimality is investigated.

1980. Mathematics subject classification (Amer. Math. Soc.): primary 54 D 20.

Key words and phrases: Functionally compact spaces; ®-convergence.

1. Introduction

Dickman and Zame (1969) introduced the notion of functionally compact spaces.
Covering properties of functionally compact spaces have been studied by Gross
and Viglino (1970). Our primary interest is to characterize functional compactness
in terms of nets and filterbases. These characterizations are obtained mainly
through the concept of ®@-convergence. Also we investigate a topological property
that is weaker than countable compactness but stronger than first countable
minimality.

Throughout, cl(4) will denote the closure of a subset 4 in a topological space X
and G(f) will denote the graph of a function f/: X Y.

This research was supported by a grant from the National Science Foundation (Grant No.
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2. Preliminary definitions and theorems

DEFINITION 2.1. Let X be a topological space and let O# A< X. A filterbase
F ={F,: F,< A, acA} on A O-converges to pe X (¥ —,p) if for each open V<= X
containing p, there exists an F, e such that F,ccl(V). &F 8-accumulates to
PEX (F ocyp) if for each open V< X containing p and for each F,e#,
F,ncl(V)#£ @ (Velicko (1969)).

In an obvious way, the concept of ®@-convergence is defined for nets. It is pointed
out by Velicko (1969) that the concepts ®-convergence and ®-accumulation in a
topological space X for filterbases and nets are ‘equivalent’ in the sense that:

(1) Each net ¢ determines a filterbase #(¢) such that ¢ >,p€ X (docgpe X) if

and only if F($)—>gp (F($)x4p).

(2) Each filterbase # determines a net ¢: Z— X such that F —>,pe X (F ocyp)

if and only if ¢—4p (docyp).

DErFINITION 2.2. A Hausdorff space X is functionally compact if for every open
filterbase # in X such that the intersection 4 of elements of % equals the inter-
section of the closures of elements of #, then # is a neighborhood filterbase of 4
(Dickman and Zame (1969)).

DErFINITION 2.3. A closed subset A of a topological space X is O-closed if for
every x¢ A there exist two -disjoint open sets U and V containing x and A4,
respectively. An open set U< X is @-open if and only if its complement is ©-closed
(Velicko (1969)).

O-closed sets are used in Theorem III (Gross and Viglino (1969)) to characterize
functionally compact spaces. Following Definition 2.4, we show that the notions of
O-closed sets and ®-convergence can be used to characterize functional compact-
ness in terms of filterbases and nets.

DEFINITION 2.4. Let A be a closed subset of a topological space X. If UC X'is a
®-open set containing 4, then we say that (4, U) is a @-ordered pair in X.

3. Filterbase characterizations of functionally compact spaces

THEOREM 3.1. In a Hausdorff space X the following are equivalent:

(a) X is functionally compact.

(b) For each O-ordered pair (4, U) in X and each filterbase & on A, there exists
a point pe U such that ¥ ocyp.

(c) For each ©-ordered pair (A,U) in X and each maximal filterbase M on A,
there exists a point p € U such that M —>4p.
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ProoF. (a) implies (b). Suppose there exists a @-ordered pair (4, U) in X and a
filterbase, &, on A that does not f-accumulate in the ®-open set U. Let K = X—U
and define H = X— A4. Then H is an open set containing the ®-closed set K. Now
for each x€ U, there exists an open set V(x) containing x (where cl(V(x))< U)
such that c1(V(x)) n F, = @ for some F, € %. Thus the collection ¢ = {V(x): xe U}
forms an open cover of X—K. Since % does not #-accumulate to any xe U, it
follows that for each finite subcollection {¥V(x):i=1,2,...,n} of &,

Ul (V(x))uH X.
il

Consequently, X is not functionally compact according to Theorem III by Gross
and Viglino (1970).

(b) implies (a). Suppose that the topological space X is not functionally compact.
Then there exists an open set U containing a ®-closed set A and an open cover
¥ = {Uy: a €A} of X— A such that for each finite subcollection {U,:i=1,2,...,n}
of €, UL,cl(U,)vU#X. Thus the sets (X—cl(UY)n(X—U) (where x€l)
together with all finite intersections of the form M7.,(X —cl(Uy))n(X—U) form
a filterbase, &, on the closed set X— U. Now if xe X— A4 and if U,>{x} (where
U,e¥), then cl(U)n(X—cl(UQIn(X—U) =@. Consequently, # does not
f-accumulate in the @-open set X — A which contains the closed set X — U.

(b) implies (c). Let .# be a maximal filterbase on the closed set 4. Then .#
f-accumulates to some p € U and hence f-converges to p according to Theorem 2
of Velicko (1969).

(c) implies (b). Let & be a filterbase of the closed set A< X. Then there exists a
maximal filterbase, .#, on A stronger than % that ©-converges to some point p€ U.
Applying Lemma 4 and Theorem 2 by Velicko (1969), we see that # @-accumulates
to p.

Since filterbases and nets are ‘equivalent’ in the sense of #-convergence, we can
now characterize functional compactness in terms of nets.

THEOREM 3.2, In a Hausdorff space X the following are equivalent:

(@) X is functionally compact.

(b) For each ©-ordered pair (4, U) in X and each net O on A, there exists a point
p€e U such that Docyp.

(¢) For each O-ordered pair (A,U) in X and each universal net ® on A, there
exists a point p€ U such that ® —,4p.

DEFINITION 3.3. A function f: (X, 0)->(Y, 7) is weakly-continuous at x € X if for
each open set V containing f(x), there exists an open set U containing x such that
JO)cc(V). If f(X)cA<Y, then f is weakly-continuous with respect to A if
[ (X, 0)—>(4,7,) is weakly-continuous (Levine (1961)).
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It is noted in Theorem 6 by Herrington and Long (1975b) that a function
f: X~ Y is weakly-continuous at x € X if and only if for every net {x,} in X such

that {X} > x, {f(x)} >4 f(X).

DErFINITION 3.4. A function f: (X, 0)—(Y,7) has a strongly-closed graph with
respect to A< Y if for each (x,a) ¢ G (f) (where a€ 4), there exist open sets Ueo
and ¥V er containing x and a, respectively, such that Uxcl(¥)nG(f) = 9.

The example in Remark 1 by Herrington and Long (1975a) shows that a function
may have a graph that is strongly-closed with respect to A but not strongly-closed
with respect to Y. Also, the example illustrates that a function may be weakly-
continuous with respect to ¥ but not weakly-continuous with respect to 4.

Following Lemma 3.5, we show how to use weakly-continuous functions and
functions with a strongly-closed graph to characterize functional compactness.
To do this we rely on a particular class of spaces, described by Kasahara (1973) as
class S. (S is a class of spaces containing the class of Hausdorff completely normal

and fully normal spaces.)

LeMMA 3.5. If f: X— Y has a strongly-closed graph and if {x,}>peX and
{f(x)}tpg€ Y, then f(p) = 4.

PRrOOF. Suppose {x,}>p€ X, {f(x)}cyq€ Y, and f(p)#q. Then the strongly-
closed graph hypothesis gives the existence of open sets U and V containing p and
g, respectively, such that Uxcl(¥)n G (f) = 9. Now since {x,}—> p, there exists an
ag such that for all a> oy, x,€ U. Thus for all a> g, (X4.f(x)) ¢ Ux cl(¥). This
implies that {f(x,)}oc,q which is a contradiction. We conclude that f(p) =g¢.

THEOREM 3.6. A Hausdorff space Y is functionally compact if and only if for every
topological space X belonging to class S and for every Q-ordered pair (4,U) in ¥,
each mapping, f: X—> A, of X into A with a strongly-closed graph with respect to
U is weakly-continuous with respect to Y.

Proor. Let (4, U) be a @-ordered pair in Y and assume that f: X— A has a
strongly-closed graph with respect to U. If {x,} is a net in X converging to pe X,
then the net {f(x,)} 8-accumulates to f(p) according to Theorem 3.2 and Lemma
3.5. Now assume that {f(x,)} does not 8-converge to f(p). Then { f(x,)} has a
subnet f-accumulating to some point y#f(p). Using Lemma 3.5 we see that
F(p) = y which is a contradiction. Thus, {f(x,)}—>s f(p) showing that f is weakly-
continuous.

Conversely, assume that Y is not functionally compact. Then by Theorem 3.2,
there exists a ®@-ordered pair (4, U) in Y and a net, D: D A, in A which has no
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©-accumulation point in U. Let co¢ 2 and defineX = 2 u{c0}. Then the power
set of 9, P(D), together with {T;u{w}: deD}, is a base for a HausdorfT fully
normal topology, o, on X. It follows that the space (X, o) belongs to class S (see
Theorem 1 of Kasahara (1973)). Let pe 4 and define a map f: X4 by /|2 = ®
and f(e0) = p. It follows that G (f) is strongly-closed and fis not weakly-continuous
at the point x = oo, This completes the proof.

4. Countably functionally compact spaces

In this section we investigate a topological property which is weaker than
countable compactness but stronger than first countable minimality.

DEernITION 4.1. A first countable Hausdorff space X is countably functionally
compact if whenever # = {U,: ne N} is a countable open filterbase on X such
that X, U, = N2, cl(U,) = 4, then & forms a base for the neighborhoods of 4.

A space (X, 7) is called first countable and minimal Hausdorff if  is first countable-
and Hausdorff and if no first countable topology on X which is strictly weaker than
7 is Hausdorff (Stephenson (1969)). In our next theorem we give a charactenzatlon
of first countable minimality.

THEOREM 4.2. A first countable Hausdorff space X is first countable and minimal
Hausdorff if and only if for every point x € X and for every open countable filterbase
F ={U,: neN} on X such that {x} =N®_, U, = N2, cl(U,), & is a base for
the neighborhoods of {x}.

Proor. The proof parallels that of Theorem 2 by Dickman and Zame (1969)
and is therefore omitted.

In Example 4.9 we show that a first countable minimal Hausdorff space X need
not be countably functionally compact. However, using Definition 4.1 and Theorem
4.2 we have the following corollary.

COROLLARY 4.3. A first countable Hausdorff space X is first countable and minimal
Hausdorff if it is countably functionally compact.

THEOREM 4.4. A first countable Hausdor[f space X is countably functionally compact
if and only if for every closed set A< X and for every countable open cover
¢ ={U,: neN} of A (where J2_, U, = U®.,<l(U,)), there exists a finite sub-
collection {U,: i=1,2,....k} of € such that A<= %, cl(U,).

ProoF. The straightforward proof is omitted.
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Theorem 3 (Dickman and Zame (1969)) shows that a space X is functionally
compact if and only if every continuous mapping of X into a Hausdorff space Y
is closed. In our next theorem we give a similar result for countably functionally
compact spaces. However, we omit the proof since it closely parallels that of
Theorem 3 by Dickman and Zame (1969).

THEOREM 4.5. A first countable Hausdorff space X is countably functionally

compact if and only if every continuous mapping of X into a first countable Hausdor(f
space Y is closed.

LEMMA 4.6. A first countable Hausdorff space Y is countably functionally compact
if for each ©-ordered pair (A,U) in Y and each sequence (v,) in A, there exists a
point pe U such that (y,)oCgp.

Inview of Lemma 4.6, we can give an additional sufficient condition for a space
to be countably functionally compact. We rely on the space # defined by Kasahara
(1973). (The topology on A" = Nu{co}, where N ={1,2,3,...}, is constructed like
the topology o defined in Theorem 3.6.)

THEOREM 4.7. A first countable Hausdorff space Y is countably functionally
compact if for every @-ordered pair (A,U) in Y, each mapping, f: ¥ > A, of ¥
into A with a strongly-closed graph with respect to U is weakly-continuous with
respect to Y.

ProoF. The result parallels that of Theorem 3.6 and the proofis therefore omitted.

REMARK 4.8. Let X be a non-compact first countable Hausdorff space. If X is
countably compact, then X is countably functionally compact according to
Theorem 4.4. However, X is not functionally compact. (If X was functionally
compact, then X would be a functionally compact regular space and, hence,
compact.)

We note that the space X constructed in Section 3 (Lim and Tan (1974)) is first
countable and countably functionally compact. We conclude this section by giving
an example of a non-countably functional compact space that is first countable and
minimal Hausdorff. The construction of the space closely parallels that of Example
2 by Dickman and Zame (1969) and therefore many of the details are omitted.
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ExAMPLE 4.9. Let Z = [0, 1] have the usual subspace topology of the reals, let
N={1,2,3,...}, and define

Y= {akeZ: a =ﬁ5, keN},u:bkeZ: b, =’Ii—-::_-;, keN}u{O, 1}.
Now let
X=yVv,uy,
Nn=l
where
1 1. 2
V, = {m—’;. m>3)(n +5n+6),meN}

1 1 2
U{m'*';’. m>(3)(n +5n+6), meN’

Vi T m>(3)(n%+5n+6), meN} .

{1+n 1
2+n

I+n 1 2
U{m-*_ﬁ' m>3)(n*+5n+6), meN

bl

and define a function ® from Y into the two-element subsets of ¥ by ®(0) = {0, a,},
(1) ={1, by}, O(ay) = {asy, byy} and O(by) = {azsy1, D21 41} It follows that the subset
Y and the function ® satisfy conditions (i) through (8) given in Example 2 by
Dickman and Zame (1969). Now define Y* = {®(y): y€ Y} and topologize the
set X * = (X— Y)u Y * with open sets U< X * satisfying conditions (1) and (2) of
Dickman and Zame (1969). By Proposition 1, X * is first countable and minimal
Hausdorff and by Proposition 2, X * is not functionally compact (see Dickman
and Zame (1969)). Moreover, X * is not countably functionally compact. To see

this, let
U,=X*n 0—1— u er'l—i<x<l+;l- m—(3)(30+n)}
n ’S+n 5 m 5'm’
1 1- 1 1 .
U{XEZ. 3-—’;<x<§+’;,m=(3)(12+n)}

21 2. 1
: u{_xEZ. §—Z<x<_.§+a,_m—(3)(12+n);

0 (322, 1] wioo0pv 0G@y): k>(n+3)

u{®by): k>(n + 3)}} if n is odd,
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1 1 1 1 1
£ * — ——— — —_— =
U.=X n{[0,5+n)u{xez.4 m<x<4+m,m (3)(n+20)’

11 1 1
U‘er. §_E<x<_+ﬁ’ m= (3)(n+12)=
‘|

3
2 1 2 1
xeZ: 3—’;<x<§+a, m= (3)(n+12)’

U (‘5‘—:—,1'5 1] O{®(0), DAY} L {D(ay): k> (n+3))

u{®(d,): k>n+ 3)}}
if n is even,

and let 4 = {@(0), P(1)}. Then F = {U,,: ne N} forms a countable open filterbase
with

A= AU,= OdU,.

n=1 =]

However, if

G=X*n{ O,l)u er:l——1—<x<l+l,m=36}
6 I m 3 m

21 2 1 1
u{xez.g—’—n-<x<§+;n—,m = 36} U (5’ 1]

L), D)} u{d(ay): k>4}u{D(by): k>4}

then A< G and U, ¢ G for each ne N. Therefore, X * is not countably functionally
compact.
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