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Abstract

The conditional least-squares estimators of the variances are studied for a critical
branching process with immigration that allows the offspring distributions to have infinite
fourth moments. We derive different forms of limiting distributions for these estimators
when the offspring distributions have regularly varying tails with index «. In particular,
in the case in which2 < o < %, the normalizing factor of the estimator for the offspring

variance is smaller than /n, which is different from that of Winnicki (1991).
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1. Introduction

Let{&. j:k,j=1,2,...}and {nc: k = 1,2, ...} be two independent families of indepen-
dent and identically distributed (i.i.d.) random variables taking values in N := {0, 1,2, ...}.
A Galton—Watson branching process with immigration (GWI process) {Xix: k = 1,2,...}1s
defined inductively by

Xi—1

Xo=0,  Xp=) & j+m k=1L (1.1)
Jj=1

Intuitively, the distribution of & ; is called the offspring distribution and the distribution of 7
is called the immigration distribution. Let g(-) and /4(-) be the generating functions of & ; and
Nk, respectively. It is easy to see that {X;} is a discrete-time Markov chain with values in N
and one-step transition matrix P (i, j) given by

o
Y PG, j)sT = g(s) h(s), ieN, 0<s<l.
j=0

Letm = E[&,;], ol = var[& ;j], A = E[n], and y2 = var[ng]. The casesm > 1, m = 1, and
m < 1 are respectively referred to as supercritical, critical, and subcritical.

Received 4 November 2009; revision received 6 February 2010.

* Postal address: School of Mathematical Sciences and LPMC, Nankai University, Tianjin 300071, P. R. China.
Supported by the NSFC (grant numbers 10871103 and 10971106).

** Email address: mach @nankai.edu.cn

*** Email address: wanglm@nankai.edu.cn

526

https://doi.org/10.1239/jap/1276784907 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1276784907

Branching processes with immigration 527

The estimation problem for the variances o> and ¥ in the GWI process has been extensively
studied; see [7], [18], and the references therein. A natural method is the conditional least-
squares estimator (CLSE) in the sense of Klimko and Nelson [11] or Winnicki [18]. Winnicki
also examined the asymptotic properties of the estimators for the variances under the conditions
that E[éﬁl] < oo and E[n‘l‘] < 0o. He showed that the CLSE of the offspring variance is
consistent only if m < 1. In the subcritical case, the CLSE is asymptotically normal with the
normalizing factors n'/%, while in the critical case the CLSE is not asymptotically normal but
it has another limit law with the normalizing factor n'/2. The limit law is expressed in terms
of a Brownian motion and the limit process resulting from the weak convergence of rescaled
GWI processes.

In this paper we consider a similar estimation problem in a critical GWI process and
derive the asymptotic distributions of the estimators without assuming that E[ él 1] < oo and
E[;ﬁ] < 00. We restrict our attention to the critical case, since in this case the asymptotic
behavior of the CLSE is closely related to some limit theorems of the GWI processes, and is
of special interest in considering the limit theorems in a heavy-tailed setting allowing finite
variances but infinite fourth moments. Throughout the paper, we assume that the {§; ;} have
regularly varying tails. Specifically,

P11 > x) ~x “L(x) asx — oofora > 2, (1.2)

where L(x) is a positive function slowly varying at co. Note that if 2 < o < 4, E[S1 1=
and E §2+8] < oo for0 < § < a —2. We refer the reader to [3, pp. 330-337] for a systematlc
study of distributions with regularly varying tails.

Our main result (Theorem 2.2) shows thatif 2 < o < 3 8 the CLSE of the offspring variance
has a limit law with normalizing factor smaller than n'/2, and ifo > § the normalizing factor
is n'/2. When o = &, the normalizing factor depends on the behavior of the slowly varying
part L(-). Itis also 1nterest1ng to note that, when 2 < a < 3, the form of the limit law for the
CLSE may involve an («/2)-stable process and the limit process of the rescaled GWI processes.
This is different from that of [18].

The remainder of this paper is organized as follows. In Section 2 we give the main
limit theorem, and then the asymptotic estimates for the variances of the GWI process as
an application of our limit theorem. Section 3 is devoted to the proofs of the above results.

Notation. Let Ry = [0, 0c0). We respectively denote by ‘% and ‘> the convergence of
random variables in probability and convergence in distribution, we denote by % the weak
convergence in Skorokhod space. We also use the convention that fl=-["= Jiry and
[ _f(roo)forr<teR

2. Estimators and limit theorems

Consider the GWI process given in (1.1). For k > 0, let £ denote the o -algebra generated
by {X;: j =0,1,...,k}. Let Uy = Xy —mXy—1 — A, and let Vx = U2 — 0> X1 — y2.
Then Vj is a martmgale difference with respect to F;. We treat

Ut =0’ Xi1 + y> + Vi, k=1,2,...,n, 2.1

as a stochastic regression equation with unknown coefficients o> and y2 and an ‘error’ term V.
If the means m and A are known, the CLSE (6”2, )7,%) of (02, )/2) resulting from (2.1) is

fet U (X1 — X, " U?
&2_21(71 i (X1 n) Az_Z_k_Ar?X*

= = . Vo = , (2.2)
n ZZ:l(Xk—l _ X;;)Z n P n n

https://doi.org/10.1239/jap/1276784907 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1276784907

528 C. MA AND L. WANG

ol )7,,2) by using Uy =
Xy — 1y Xp—1 — Ay instead of Uy in (2.2), where (m,,, An) are the CLSE of (m, A) givenin [17].
To obtain the asymptotic behavior of (Anz, )7,%) or (6,12, )7,%) in the critical case, as in [18], we
need to establish some weak convergence results for the processes that allow the offspring
distributions to have infinite fourth moments. Now introduce the sequences

where )_(:‘l = (1/”)ZZ=1 Xk—1. If m and XA are unknown, we get (&2

[nt]
and V,(t) = Z Vi

k=1

X ([nt])
n

Yn(t) =

for t > 0, where [nt] denotes the integer part of nf. Wei and Winnicki [16] gave the following
limit theorem for the sequence Y, (), where the limit process is a continuous-state branching
process with immigration (CBI process). See [13] for the result in generality. Also, see [10]
for a complete characterization of the class of CBI processes.

Proposition 2.1. ([16].) Suppose that m = 1, 0> < oo, and y*> < oo. Then Y,(-) converges
in distribution on D([0, 00), R) to a CBI process defined by

t
Y() =it + / /Y (s)dW(s), 2.3)
0

where W (-) is a one-dimensional Brownian motion.

It follows from (1.2) that P(§1; > x) ~ P(Jé1,1 — 1] > x) as x — oo. So we can find a
sequence of positive constants {a,} such that

P& — 1] >a,) > 1 asn — oo. (2.4)

Then we have a,, ~ (n*L(a,))"/*. In fact, a, may be defined as inf{x: P(|§1 — 1] > x) <
n~2}. In other words, a, = n*/®L*(n) for some slowly varying function L*(x). Recall that
W () is a Brownian motion. Let B(¢) be another Brownian motion. For 2 < a0 < 4, let Sy/2()
be a spectrally positive (c«/2)-stable Lévy process with exponent

0 &[T @ 1 iy 4 25
l—)EO(e ——ll/t)ua/—2+11/l. ()

Suppose that W(t), B(t), and Sy /2(¢) are independent of each other. We have the following
theorem.

Theorem 2.1. Assume that m = 1, y*> < oo, and condition (1.2) is satisfied.

W) Ifae@ Y orifa=3and La,) — oo, then (Y,(), Vu()/a2) > (Y (), V() on
D([0, 00), Ry x R) asn — oo, where Y (-) is defined by (2.3) and V (-) is defined by

t
V() = / Y% (5) dSu 2 (s). (2.6)
0
() Ifa = % and L(ay) ~ c for some ¢ > 0, then (Yo (), Vo (1)/n3/%) 3 (Y (), V() on
D([0, 00), R x R) as n — oo, where Y (-) is defined by (2.3) and V (-) is defined by

t t
V(t):/ ﬁazy(s)dB(s)+/ (Y (5))%/% dSq a2 (s). 2.7)
0 0
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(i) Ifa € (5, 00) orifa =& and L(ay) — 0, then (Y, (-), Va(-)/n*/?) 5 (Y (), V() on
D([0, 00), Ry x R) as n — oo, where Y (-) is defined by (2.3) and V (-) is defined by

t
V() = f V202Y (s) dB(s). (2.8)
0

Remark 2.1. Compared with Lemma 2.8 of [18], Theorem 2.1 shows that there might be a
heavy-tailed effect on the limit behav10r of V,,(-) when E[‘E4 11 = oo. In fact, we decompose
V., (+) into three parts: V,, () = Z 1 Vin() (see(3.1), below) Ifa € (2, 3) the limit behavior
of V,(-) is governed by V1 ,,(-), in Wthh Ck,j — 1)? is in the domain of attraction of a stable
law with exponent /2. If o € (3 , 00), the limit behavior of V;,,(-) is governed by V> ,, (-) which
follows, in some sense from the martingale central limit theorem as in [18, Lemma 2.4]. In the
case in which o = 3, the behavior of V,,(-) involves the ‘mixing’ effects of Vi ,(-) and V2, (-).
As an application of Theorem 2.1, our main result is as follows.

Theorem 2.2. Suppose that the conditions of Theorem 2.1 are satisfied with .. > 0. Then there
exist sequences of positive constants, {b,} and {c,}, such that

Y@ dva) — vy f) Yo de
b(62 — o)\ , Jo Y20y de — (fy Y (1) dr)?
( ) ” VQ) [y Y2y dr — [y Y(0)di [y Y(0)dV (1)
Jo Y20y de — (fy Y (1) dr)?

where Y (-) is defined by (2.3), and by, c,, and V (-), depending on the tail index «, are given
as follows.

(i) In the case of Theorem 2.1(i), b, = nz/aﬁ, cy = n/a,%, and V (-) is defined by (2.6).
(ii) In the case of Theorem 2.1(ii), by, = /n, cn = 1//n, and V (-) is defined by (2.7).
(iii) In the case of Theorem 2.1(iii), b, = /n, ¢, = 1//n, and V (-) is defined by (2.8).

; (2.9)
Cn (J;n2 - )/2)

Furthermore, (2.9) still holds if &,% and )?,12 are replaced by 5,12 and )7,,2, respectively.

Remark 2.2. Let N (0, 1) be a unit normal distribution, and let S /2 (1, 8, 0) be an («/2)-stable
distribution with exponent

6 — exp<—|9|a/2<1 —1iB(sgn @) tan %)),

where 8 € [—1, 1], and

1 if6 > 0,
sgnd =10 ifd =0,
-1 if6 <0,

in the sense of [14, pp. 5 and 9]. Using this notation, the distribution of Sy /2 (f) is (Aq /zt)z/ o
x S¢/2(1,1,0) for t > 0, where #Aq2 = m/(2I'(a/2) sin(;ra/4)). By direct calculation we
can show that the limiting random variable of b, (6> — o) has the distribution of a mixture

k18e/2(1,1,0) + k28 /2(1, —1, 0),
1Sy (1,1,0) + ¢ k2 Sy 2 (1, —1,0) + k3N (0, 1), or k3N(0, 1),
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respectively according to whether the range of « is as in case (i), (ii), or (iii) of Theorem 2.1,

where . . .
P (Aay2 Jo 110,00 (Y (@) = [o Y()d)Y ()Y (1) — [ Y (s)ds)®/2dr)?/*
Jo Y20y de — () Y(2) dr)? ’
o = a2 fy Leoon (YO = o YO &9V (fy Y()ds = ¥ (@) dn2/
Jo Y20y dt — (fy Y(2) dr)? '
and

faz(fo Y2(1)(Y () —fo Y (s)ds)? dt)‘/2

fo Y2(¢)dr — (fo Y (t)dt)?
It is clear that, for any K > 0, P(Y(s) = Kforall s € [0, 1]) = 0. Then P(x; +x2 =0) =0,
P(k3 = 0) = 0, and &, is consistent. On the other hand the hmltlng random variable of
c,,(yn — 92) has a similar form and we have |y -2 LN 0, i.e. yn is not a consistent
estimator.

K3 =

3. Proofs of the main results

Let £, be the o-field generated by {Xo, & j, m: 1 < k <n, j > 1}. Recall that V,,(¢) =
Z[m] Vi. By (1.1), V,,(¢) can be rewritten in the following form:

[nt] Xi—1 [nt] Xg—1 j—1
Vi) =Y Y & — D> =0’ 1+2) > > Gj— D& —1D
k=1 j=I k=1 j=2 I=1
[nt] Xi—1 [nt]
( ZZ<sk,—1>(nk—x>+Z[<nk WP -y 1)
k=1 j=1
= Via(t) + Vau(®) + Vau(®). 3.1)

To prove Theorem 2.1, it suffices to study the limit behavior of (V1 ,(-), V2,,(-), V3.,(-)). The
following lemma tells us that V3 , (-), after rescaling, can be negligible.

Lemma 3.1. Assume thatm = 1, 6% < oo, and y2 < oo. Ford > 1, V3,n(~)/nd L0 in the
topology of D([0, 00), R).

Proof. Note that

Xk—1 n Xk-1
E[Z(&,;—l)(nk—m ‘ fk—l} =0 and Y (& — DO —)
j=1 k=1 j=1

is a martingale with respect to %,,. Then, for any T > 0, we have

[nt] X1 n202y2
[ sup ( DO —1)<nk—x>) } /0 E[Y,(s)]ds,

0<t<T

k=1 j=1
[nt] 2
1 2ny~-T
E[ sup Z[(nk—xf—y ]] —.
0<t<T n

Since d > 1 and fol E[Y,(s)]ds — %Mz asn — 0o, we have Lemma 3.1.
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Now we concentrate on V1, (-) and V2, (-). For simplicity, let {¢ ; = & ; — 1. Inspired by
the method of Samorodnitsky ez al. [15], for any fixed ¢ > 0, we introduce a family of random
variables {¢x ;: k, j = 1,2, ...} defined by

= CSkj 1 |Ck,jl < ane,
=27 T (3.2)
Skj i |Sk,j| > ane,

where {Ek, jik,j=1,2,...}isthefamily ofii.d.random variables with a common distribution
P(¢k,j € - | 1k, j| < ane), and independent of {& ;} and {n;}. Set

Xk—1
vf (0 = D@ Y s=ane) — BIGE j L j1>ane) )
j=1
Xk—1 j—1 B B B B
v5, () =2 (& — Elt ;D — Elk1).
j=2 =1

Let VE, (1) = Y ve (k). i = 1,2, Let Z5(t) = (Ya(0), Vi, (0)/a2, V5, (1)/n/?). We first
con31der the weak convergence for Z{ (). We need the following four lemmas.

Lemma 3.2. Assume thatm = 1, )/2 < 00, and condition (1.2) is satisfied. We have, fort > 0,

lim supE[ sup Y,%(s)] < (o + 2202, (3.3)
n—o0o 0<s<t
. 1 1 o _
lim sup( E[|V{, 0] +— 5 EI(V5, (1) ]) 2792 + (% + 20023, 3.4)
n—00 an -2

Proof. Note that X[ = Z[m [Zj(’(l1 Ck,j + (i — A1+ A[nt]. By applying Doob’s

inequality to the martingale term we have

[nt]  Xi—1
1
[ sup Yz(s)] < 2E|: Z(Z[;k, + (nk —)\)]> ]+2xzt2
O=s=t k=1 " j=1

v

t
5202/ E[Y,(s)]ds + *— +2,\“
0

Since fé E[Y,(s)]ds — %MZ as n — 00, (3.3) holds. We also have

1 1 [nt] Xk—1
S EIVE,00 = — E[Z (@2 Y j1>ane) T ELEE l{ck,,»anaﬂ)]
t
E[c“1|;ll|>ang}] fo E[Y,(s)]ds, (3.5
1 2 2(vargy ) 4
— E[(V5,(0)*] = —ZE[Xk 1(Xk—1 — D]
n k=1
t
52E2[§ﬁl]/ E[Y?(s)]ds. (3.6)
0
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By (1.2) and Karamata’s theorem,

2
R

o —2n?

2
E[Si 1 Ly 11>ane}] ~

Note that E[Eﬁl] — o2 and f(; E[Y2(s)]ds — fé(%kaz +2%)s2ds asn — oco. Then (3.4)
holds.

Lemma 3.3. Under the conditions of Lemma 3.2, for fixed ¢ > 0, the sequence Z(-) is tight
in D([0, 00), Ry x R?).

Proof. By Lemma 3.2, (Vﬁn (t)/a,%, V;n (1)/n3?%) is a tight sequence of random vectors
for every t > 0. Note that C(¢) := lim sup,,_, o, E[supy<,; Yn2 (s)] + 1 is a locally bounded
function of r > 0. Now let {z,} be a sequence of stopping times bounded by T, and let {3,,} be
a sequence of positive constants such that §, — 0 as n — oco. We obtain, as in the calculations
in (3.5) and (3.6), for sufficiently large n,

2n?

1
a_2 E[|V18’n(77n + ) — Vin(fn)” =< ) E[é‘]z,] 1{|§1‘1|>a,,s}]
n n

([)18,1]+1)/Yl
X/ E[Yn<[nrn]+[nS]>} ds
0 n

2 Su+1/n
< < ¥ 2o 1)/ CV2(T +s)ds,
o —2 0
1

Sut1/n
IV, (5 +3) = V5, (0] = 2607 + 12 / C(T +5)ds.
N 0

Then (Vf,()/ay, V3, ()/n*?) is tight in D([0, 00), R?) by the criterion of Aldous [1]. By
Proposition 2.1, ¥, (-) is C*-tight. Then it follows from [9, Corollary 3.33, p. 317] that Z5(-)
is tight in D([0, 00), R4 x R?).

Lemma 3.4. Assume that the conditions of Lemma 3.2 are satisfied. Then, for fixed ¢ > 0,

[nt]

= Z}z[(vgn(k))2 Lios osen?y | Fitl 50 asn— oo
k=1

foralle > 0andt > 0.

Proof. By (3.2), {é:k,j} is a family of i.i.d.random variables. Fix k. Since G(E/w-: j =
1,2,...) is independent of Fi_;, we have E[|v5 , (k)|*™ | Fi_1] = 2> A(Xk—1) almost
surely (a.s.) for 0 < § < o — 2, where

m j—1

D (G — Bl D@ — Elgcal)

2+5:|
, m=2,3,....
=2 1=1

A(m) = E|:

Still with k fixed, we note that Z;": 1 (Ek,l — E[é_'k,l]) is an }:nli-martingale, where

=k S = p
Frn =0k 15 Ck2s -+ Skym)-
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Then, by Burkholder’s inequality (see [6, p. 23]) and Minkowski’s inequality,

=1 B 248 -t _ 2+8)/2
E[ > (@ks = El&a)) } <C E[ > (s — ElGe)? ]
=1 =1
Jj—1 B B (248)/2
<C (Z EYCH15 - E[Ck,l]|2+5]> SN END
=1

where C| is a positive constant depending only on 4. Let 245 = E[(§1,1 + 2)>*%]. We have
E[|¢11 — E[§1,1]|2+5] < 2074 for large enough n. Also, note that

m j—1

Ti(m) = Z Z(Ek,j — E[&, /1) (&t — Bl

j=21=1

is a martingale with respect to 55',,]1‘ for fixed k. By Burkholder’s inequality, Minkowski’s
inequality, and (3.7), we have

m . = . 21(248)/2
A(m) < G E[ > (Gr.j — Bl 1)? (Z(z;k,z - E[;k,m) }
j=2 =1
m . _ j—1 _ _ 2489\ (2+8)/2
<G (Z EYCH15 ; — Bla 1171 EY <2+‘”[ > (@rr — Elka) D
j=2 =1
m B B 2+8)/2
< c1c2<Z<j - HEYCG ; - Elg, ,-]|2+5])
=2
< 4C1Cr55, sm* T,
where C» is a positive constant depending only on §. Then
1 o 2 1 446 2 ! 246
o5 D05, 0P Ly iy | Fict] < 201Gt ) [ 10 as,

k=1

which converges in probability to 0 by Proposition 2.1 and the continuous mapping theorem
(see [2, Theorem 2.7]).

By Lemma 3.3, for any fixed ¢ > 0, let Z°(-) = (Y®(-), V1.£(), V2.¢(-)) be any limit point
of Z;(-). Without loss of generality, by Skorokhod’s theorem, we can assume that on some
Skorokhod space (2°, ¢, 7, P®), Z5(-) 25 Z¢(-) in the topology of D ([0, o0), R x R?).

Lemma 3.5. Assume that the conditions of Lemma 3.2 are satisfied. For any fixed ¢ > 0 and
0 = (61,62, 63) € R3,

t
L(t) = 0701 | _ / Sl O AV (s)) ds
0

is a complex-valued local ¥°-martingale. Here i2 = —1, (-, -) is the inner product 0fR3, and

. 1 o . . 1
A®y) = ir0) — 502912)1 — o003y + 7Y /82 (e —1 - 192u)ua/—2+] du.
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Proof. For any b > 1, define the stopping times
=inf{r > 0: [Z°()Il = bor | Z°(t—)|l = b},
=inf{t > 0: | Z, (D] = bor | Z,(t—)] > b}.

Let Z>¢(t) = Z8(t A zb) and Z5°(t) = ZE(t AP). 1t follows from [9, Proposition 2.11,
p. 305] that, for all but countably many b,

rfﬁ)tb inR and Zbg() 5 zhe() (3.8)

in the topology of D ([0, c0), R} x R?). Define rf,’(t) = tf Atand t2(t) = 2 A r. We claim
that
() 25 2P(¢) inC([0,00),Ry) as n — oo. (3.9)

In fact, since 0 < t,f (t+e)— t,’f (t) < eforanyt > 0, the criterion of Aldous [1] yields tightness
for {rnb(~), n > 1}. Let fk” =0o(Z(j/n): j=0,1,...,k). Note that {Z  (k/n): k > 1} isa
time-homogeneous Markov chain. Then

L,(t) = @Z0) _ 1

[nt]
o k k—1

() =(59)
k=1

is a complex-valued martingale. Let u, (k) = Z;(i’ll (¢k,j — Bl j1). Then

k k—1
ool ) (-
k vy, (k) v; , (k)
=( [exp(( k) o™ 4 g L+ 6 2’;’/2 )) ‘Xk_l} - 1)
n a? n

k vy, (k) v§ (k)
+ E|exp 91 alt )+91@+92 L + 63 20
n a2 32

n

ﬁk"_l] - 1)

Xi—1

(ool ()

j=1
= In(k) + Ju (k).

By (3.2), for fixed k, if X;_; is known then v‘f’n(k), Nk, and (u, (k), v%n (k)) are independent
of each other. On the other hand,

k v5 , (k)
E|:91 un( ) + 93 2,;!/2 Xk—l] = O
n n

e (k
I,(k) =E [exp(ﬁl—ﬂ [exp( ”r(lk) 193')2’31/(2) )‘XH}
xE|:exp<192 Ln ) ‘Xk 1] 1

= I n(k) + Iz,n(k),

Then
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¢ (k
Iy, (k) = E|:exp<i01 ﬁ>i| E|:exp<i92 vl’"z( )> ' Xk_1i|,
n a;

1 k vs (k)2
a0 = Ton GO E| 1= = (0,28 | g, 2 Xeor | = 1.
2 n3/2

where

k v3, (k)
b, (k) = ]O’n(k)E|:eXp<i9] unrf ) +i63 22/2 ) -1
Xk_1i|.

Ll (k) | 05,002
+ §<91 . + 63 32
It follows from (2.4) that n? P(|¢1.1] > apx) — x7% for x > 0 and @ > 2. Moreover, for
any K > 0, n2 E[(¢1.1/an)? gy 1=, k1] — (@/(e —2))K>~%. Let u, be the distribution of
{1,1/a,. We have, asn — oo,

o0
. . 1
n2/ @2 1 — i6hu®)u, (du) — a/ @ — 1 —igu®)—du.  (3.10)
lu|>¢e & u

The right-hand side is equal to

o * 19214 1 s 1 d
5 2 (e - —lgzu)W u.

Let v, be the distribution of 11 /n. We have

Nk o1\ X
I n (k) =E|:exp<i01—>i|<E|:exp<i02<—’ ) 1{I£1,1|>an8}>])
n ay
{11 2
XeXp<—192Xk—1E[<—’ ) 1{|cl,1|>ans}D
dn

A : .
= exp(ielr—l + Xg—1 / @ = 1 = i0yu®) 1y (du) + Xi_ 1010 + Qz,n), (3.11)
|u|>e

where

o0

—_1i-1 . J
o= L( / | (e — 1)un<du>>

j=2 J
. 2 (=1)/! _ J
02n = /(6191” — 1 —i61u)v, (du) + Z T(/(e'e'” — 1)v,,(du)> .
Jj=2

Note that 2|0 | < n2(ﬁ @27 — 1)1, (du))? — Oand |o2.n] < 07 (22 +y2)/n?. Also,

ul>¢

L/ un(k) v3., (k) \?
E[E (91 " + 63 T Xk—1
of ¢ 032 Z W2 (y2
= 5,2 VD Xi—1 + 5 (var(61,1)" (Xj_y = Xie-). (3.12)
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By (3.10), (3.11), and (3.12), if X}_1/n < b then I1 ,(k) = A, (Xk—1/n), where
NV 1
Ap(y) = 17 - 2—var(§1 Dy — —(var(;“l Dyly ==
Ty f @2 _ 1 — i0yu®) pun (dur) + K () (3.13)
|u|>e
for 0 < y < b. Here «,(y) is some complex-valued function satisfying SUPo<y<p [kn (V)] <
Cpo(1/n) for some constant Cp depending on b. It is not hard to show that nA, (y) — A(y)

uniformly on y € [0, b] for fixed 6. Recall that Y,i’(t) =Y, (t/\t,’,’). By (3.8) and [5, Problem 26,
p. 153], we obtain

t t
/exp(i(@, Zi’b(t—)))nAn(Y,f’(s))dsﬁ)/ exp(i(0, Z52(s)) A(Y? (s)) ds
0 0

in the topology of C([0, co), C). Note that [nt]/n — t in C([0, 00), R;). By (3.9), [5,
Problem 13, p. 151], and [9, Proposition 1.23], we have

[nzATD)/n AT
f exp(i(0, ZEP (1))nA, (YL (5)) ds = / exp(i(0, Z5b(5))A(Y"(s)) ds
0 0

in the topology of C ([0, 00), C). For any € > 0,

2 2
€ (6] - 203 - 2,92
[, (k)| < 3 n—zVar(§1,1)Xk—1 + —3(Var(§1,1)) (Xj_1— Xik—1)

46? 463
+—E[(un(k)) 1{\9|un(k)\>en/2}]+ E[(vz(k)) L5050y > en3/2/2)]-

Without loss of generality, assume that 61, 83 > 0. As in the proof of Lemma 3.4, we have, for

O<déd<a-—2,
Ellu, (k) [2+°] < 2C5245 X 20072, (3.14)
where C is a constant depending on §. Since € is arbitrary, it follows from (3.14) and Lemma 3.4
that
[n(tAT)]

S . k—1 P
> exp<1<9, z,§<7>>> I, (k) = 0
k=1

in C([0, o0), C). For large enough n,

Xi_
FAGIE——

101 1CELIS1,11 11y 11> ane}] + 2ELS1, 11T PS1,1] > ane)
+ 2E[1,1 Ly 1 1<a,e31D-

Note that E[¢1,1] = 0, so we have

o ay

[BLS1,1 gy 1 1<anet]l = ELS11 Yjgy g 1>aned]] < BLCL 1 Ly 11> ane}] ~ @ _DeTn2

and @, /n — 0 for @ > 2. Then

b
[n(tAT))]

Z exp<i<6,Z,§(kn;1>>>Jn(k)ﬁ>O in C([0, o0), C).
k=1
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Thus, we have L, (t A r,’l’) 2% L(t A t2) in D([0, 00), C) (passing to a subsequence if neces-
sary). For almostall ¢ > 0, L,(t A r,f) 25 LA rb) in C. Fix T > 0 arbitrarily. It is not
hard to see that there exists a constant K such that |L,, (t A ‘L',l: )| < K for large enough n and

any t < T. Then, for almostallt < T, L,(t A r,'f) il) LA rb) asn — oo. Since L(t A 'L'b)
is right continuous and bounded for t < T, L(t A b ) is a martingale. Note that % - oo as
b — 00, so L(t) is a local martingale.

Proposition 3.1. Assume that the conditions of Lemma 3.2 are satisfied. For any fixed ¢ > 0,
Z%(-) converges in distribution on D([0, 00), Ry X R2) 1o the process Z¢ () defined by

t t
Ys(t)zkt+f o/YE(s) dWE (s), vz,g(t)zf V202YE(s) dBE (s), (3.15)
0 0

t poo pYi(s)
Vie@) :/ / / uN?®(ds, du, d¢), (3.16)
0 Je2 Jo

where WE(t) and B®(t) are Brownian motions, and N¢(ds, du, d¢) is a Poisson random mea-
sure on (0, 00) x Ry x (0, 00) wi'th intensity (a/2) dsu=/2"1dyu d¢. Here W¢, B?, and N¢ are
independent of each other and N (ds, du, d¢) = N°(ds, du, d¢) — («/2) dsu=*/>" ! du dc.

Proof. Ttfollows from Lemma 3.5 and [9, Theorem 2.42, p. 86] that Z* (-) is a semimartingale
and it admits the canonical representation

t
YE(t) =M+ YE(1), Vae=Vs,, Vie= / / uJ®(ds, du),
0 JR,

with (Y2 (z), V2‘: (1)) a vector of two continuous local martingales with quadratic covariation
process ([, cij(s) ds),.%j:l, where ¢11(s) = 02Y4(s), c12(s) = 0, and c2(s) = 20%(Y4(5))2,
and J¢(dr, du) is an integer-valued random measure on (0, 00) x R, with compensator
Je(dt, du) = (@/2)Y° (1) dt 1 g2 o) )u™> " du. Let p(du, d) = (a/2)u~*/>"" du d.
Since (a/2)u~%/>~1 du is supported by (0, c0), we can check that, for any (a, b) C (0, 00),

bre?
@ e —a/2—1 LG
%y (r)/ W du = p(fu: 6, u, €) € (@, B,
2 ane?

where é(t, U,g) = u 1(52,00)(M) 10, v¢)(s). By Ikeda and Watanabe [8, pp. 84 and 93],
there exists a standard extension of the original probability space supporting two independent
Brownian motions W¢(t) and B®(¢) and a Poisson random measure N¢(d¢, du, d¢) on (0, o0) x
R4+ x (0, oo) with intensity dzp(du, dg) such that (3.15) holds, and, for any (a, b) C (0, 00),

t
JE0, 1] (@, b)) = / / L @G5, 1, )N (ds, du, do).
0 JR4 x(0,00)

Then (3.16) holds. Thus, Z#(-) is the solution of the stochastic equation system (3.15) and (3.16).
The pathwise uniqueness of the solution for the above equation system is obvious (see [4]).
Also, by Lemma 3.3 we have the weak convergence for Z; (-).

Let Z,(t) = (Y, (t), Vi.n(t) /a2, Va.n(t)/n>?). We have the following proposition.

Proposition 3.2. Assume that the conditions of Lemma 3.2 are satisfied with 2 < a < 4. Let
W(t) and B(t) be Brownian motions, and let N(ds, du, d¢) be a Poisson random measure
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(0, 00) x R4 x (0, o0) with intensity (o /2) dsu=*2"1dy dc. Suppose that W, B, and N are
independent of each other. Then Z,(-) converges in distribution on D([0, 0co), Ry X R?) 10 the
process Z(-), which can be defined by

t t
Y()=At +/ oY (s)dW(s), Vo(t) = / ﬁozY(s) dB(s), (3.17)
0 0

t oo pY()
Vi@) =/ / / uN(ds, du, dc¢), (3.18)
o Jo Jo

where N(ds, du) = N(ds, du, d¢) — (a/2) dsu=*>"1 dudc.

Proof. Obviously, there exists a unique solution for the equation system (3.17)—(3.18),
denoted by Z(-). Let Z®(-) be defined by (3.15)—(3.16). It is not hard to see that Z*(-)
converges in distribution on D([0, 00), R4 x R2) to the process Z(-) as ¢ — 0. We claim that,
forany T > Oandr > 0,

lim lim supP( sup |Z:(t) — Z,(t)| > r) =0. (3.19)
e—>0 nooo 0<t<T

Recall that F,=0 (X0, &, j, mk: 1 <k <n, j > 1). Then

[nt] Xg—1

Via®) = Vi, =YY (62 Ly j1<ane) — EIEZ 11z j1<ane)))

k=1 j=1
is an [,;;-martingale. By Doob’s inequality,

[nT]

. 1 .
lim sup—4E[ sup (Vin(t) — V]ﬁn(t))z] <limsup — ¥ E[Xi11EICH ) Ly 1<ane]
n—oo ay 0<t<T n—oo fy 7
da 4 T
< P —“/ E[Y ()] ds. (3.20)
4 — 0

Since 2 < & < 4, lim,_q lim sup,, _, o Blsupy<, <7 (Vi.n (1) = V{,(1))*]/a;; = 0. Note that

[n1] Xk—1
Van(®) = V5,0 =2 @i Yiews=ane) — BlGki Ligei1=aneDek,j Lici1<ane)
k=1 i#j
[nt] Xk—1
-2 Z (Ck,i Yoy s1>ane) — ElCk,i 1 PUSk,i| > an€))k,j Lot ;1<ane)
k=1 i#]
[nt] Xk—1 ~ B ~ B
-2 Z Z (Cie,i Ligp 1> ane — ELSk,i D Gk, j Mgy j1>aney — ElSk,j1)
k=1 i<j
[nt] Xk—1

+2) D G Ve simane) S Nt j1>ane)

k=1 i<j

4
=Y Jealt). (3.21)
k=1
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Note that J; ,(k/n)/n/? is an F;-martingale. For any ¢ > 0,

1 [n1] Xi—1 20
n_3 ZE[(Z (Ck,i 1{|Ck,i\>ans} - E[é‘k,i 1{|§k41|>lln8}])é‘k,j 1{|§k,j|>fln8}) f'k_li|
k=1 i#j
2 ' 4 3 ;
a o a o
T on? (e —2)ee? [§1,1]f0 (O ds+os (@ — D2(a —2)ee—4 Jo " () ds

which converges in probability to O by II;emma 2.1 and @ > 2. It follows from the martingale
central limit theorem that Jl’,,(t)/n3/2 — 0 in the topology of D([0, 00), R). For Jg,n(t)/n3/2,

LB J <3(E : @ o\ M g2
m [OE?ET| 3,’1(Z)|] = [|§1,1|]n5/48a + o — 1 n5/48°‘7] o [ n (S)] S,

which converges to 0 by @ > 2. Similarly, J>(¢)/ n3/2 and J4(1)/n>/? have the same results as
J1.n(t)/n*? and J3 ,(t)/n3/?, respectively. By (3.21) and (3.20), (3.19) holds. Proposition 3.2
follows from Proposition 3.1 and [2, Theorem 3.2].

Let N1 (ds, du) be a Poisson random measure on (0, o0) x R with intensity
g dsu=?>"1du,
2

independent of W, B, and N. Define

t poo Y (s) N
%mozﬁﬁ A (Y (5)) "2 1y ()0, uN (ds, du, dg)
t o0 ~
+Aﬂlmmﬂmmww

Then Sy /2(¢) is a martingale. By It6’s formula, it is not hard to see that S, /2(¢) is a one-sided
(e /2)-stable process with exponent defined by (2.5). Thus, we also have

t
Vi) = / Y% (5) dSe/a(s). (3.22)
0

Proof of Theorem 2.1. For case (i), note thatn3/2/a,% — 0. Write V,, (t)/a,% = Vl,,,(t)/aﬁ +
(n3/2/a2)(Va,u(t)/n3/?) + V3,(t)/a. By Lemma 3.1, Proposition 3.2, (3.22), and the con-
tinuous mapping theorem, the weak convergence result holds with (2.6). In a similar way, we
also have cases (ii)—(iii) when @ < 4. Now we concentrate on case (iii) when o > 4. As
in the proofs of Lemmas 3.2-3.5 and Proposition 3.1, we can prove that (Y, (), V2.,(-)/ n3/2)
converges in distribution on D ([0, 00), R4 x R) to the process (Y (-), V2(-)) defined by (3.17).
Ifoa > 4, E[sﬁl] < oo and

Xi—1

1 [nt] 2
= (Xt -o)
k=1 j=1

_ 1 !
ﬂq}f—ﬂﬁﬁ/lMDM,
n 0
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which converges in probability to O for any ¢+ > 0. By the martingale central limit theorem
(see [6, p. 58]), V1.,(t)/n3/? = 0 in the topology of D([0, 00), R). If « = 4, we note that

1 ) [nt] Xk—1 2
n3_/E[ sup Vi n(S)|] = ﬁEl/z[(Z > @ Vg j1=an) —EIEE 1{|§k,j|§an}])) }

O=s=t k=1 j=1

[nt] Xk—1

2 2
T > DB g 1man)]
k

=1 j=I

4 [nt] A 1/2
= <n—3 > EIXi]ElL 1{|c1,1<an}])

k=1

2 [n1]

+ n3/2 ZE[Xk—l]E[Qz,l Ly 1> an ]
k=1

Since o = 4, it follows from Karamata’s theorem (see [3, Proposition 1.5.9]) that

242
2
E[¢7y Ly 11>a,] ~ n_zn’

and thatE[{l 1 Yegi<an] = L(ay) — a, P(|{1 1| > ay) for some positive function L(x) slowly
varying at co. In this case, az/n3/2 — 0 and L(a,)/n — 0. Then V; n(t)/n3/2 — 0 in the
topology of D([0, co), R). Thus, by Lemma 3.1, Theorem 2.1 follows from the continuous
mapping theorem.

Based on Proposition 2.1, Wei and Winnicki [17] gave the asymptotic properties of the CLSE
(iftn, An) of (m, 1) as follows.

Lemma 3.6. ([17].) Ifm = 1, 6 < 00, and y* < oo, then
Y2(1)/2 = (Y (1) + 62/2) [} Y (1) dt
G, — m)\ o Jo Y20y dt — (fy Y (1) dr)?
< o =2 ) - [y oY 2@y dw @) f) Y2y dr — [y Y(0)dt [ aY32(0) dW (1)
Jo Y2myde — (f) Y() dr)?

k]

(3.23)
where Y (-) and W (-) are given in (2.3).

Proof of Theorem 2.2. Write V,,(t) = M, (t) + H,(t), where

[nt] Xk—1 [nt] Xg—1 j—1
May(t) =Y > @ Wi j1<an) — ELEE ; Vg j1<anD +2 ) Ck.j Skl
k=1 j=1 k=1 j=2 I=1
[nt] Xk—1
+2) 0 Gl — ),
k=1 j=1
[nt] Xi—1 [n1]
H,(t) = Z Z(Ck i Vi 1=an) — BIEE j L j15an]) + Z((’?k -0 =y
k=1 j=1 k=1
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Now we turn to case (i). In this case, M, (¢) is an f:[m]-martingale, and, for any ¢t > 0,

1 o !
lim sup — E[M; (1)] < n/ E[Y(s)]ds
- 0

n—oco ay

Here H, (t) has paths of finite variation on bounded intervals. Denote its finite variation by
o |dHy (s)]. We have

] 1 ! 200 !
lim sup — E / [dH,(s)| | < —— / E[Y (s)] ds.
n—oo ap 0 o—2 0

Then, by Theorem 2.1 and [12, Theorem 2.2],

V ( ) 1 t t
<Y 0, == a2/0 Yn(s)dV,,(s))—> (Y(z),V(t),/O Y(s)dV(s)) (3.24)

n n

in distribution on D([0, 00), Ry x R?), where V(-) is defined by (2.6). Here V(r) and
fot Y (s) dV (s) are stochastically continuous. Also, note that

n 52 _ g2y (a) Jo Yn() AV (s) = V(D /ay) Jo ¥a(5) ds.
az " fo Y2(s) — (fiy Ya(s) ds)?

LI B /IO B I 02)/ Yo(s) ds.

ay ay ay 0

By (3.24) and the continuous mapping theorem, we have (2.9) for case (i). Cases (ii)—(iii) can
be proved in a similar way. On the other hand,

U} — U} = (g — m)>X?_ | + Gon — )% + 207, — m) (A — 2) Xi—1
— 20y — m)UpXj—1 — 2(hn — M Ug.

As in the above proof, again by Lemma 3.6 and [18, Lemma 2.7], we can show that the above
results also hold for 52 and 2.
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