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THE STABILITY OF A FUNCTIONAL ANALOGUE 
OF THE WAVE EQUATION 

BY 

MICHAEL BEAN AND JOHN A. BAKER 

ABSTRACT. For h € R and <j> : R2 —• R define Lh(f>: R2 -» R by 
(L/j(/> )(x, j) = <j> (x + h, v) + </> (x — h,y) — <j> (x,y + h) — <j> (x,y — h) for all 
(x,y) G R2 . The aim of the paper is to establish the following "stability" 
theorem concerning the functional equation 

{Lhf){x,y) = 0 for a l l x , y , h e R : 

if6 > 0, / : R 2 - > R and 

| (Lft/X*,y)\<6 for all *,y, h G R 

then there exists e > 0 ami <j> : R 2 —-»• R such that (Lh<f> )(JC, J ) = 0 for all x, 
y,heR and 

\f(x,y) - <j>(xty)\ < e for all (x,y) e R2 . 

Suppose/: R2 —> R is such that 

(1) f(x + Ky) +f(x - Ky) -f(x,y + h) -f(x,y- h) = 0 

for all x, y, h G R. If we define partial (central) difference operators, A and A for h G R, 
\,h 2,h 

by 
h h 

A y(x,y) = ip(x+-,y)-<p(x- -,y) 
\,h 2 2 

h h 
A ip(x,y) = (p(x,y+-)-ip(x,y- - ) 
2,h 2 2 

for x,y G R and ip: R2 —> R, then (1) can be written A2f(x,y) - A2f(x,y) = 0, a 
l,h 2,h 

difference analogue of the wave equation. In [2] a "convolution method" for solving 
functional equations was introduced and used to show that iff: R 2 —> R is continuous 
then/ satisfies (1) for all x,y,h G R if and only if there exist continuous functions 
a,(3: R —• R such that 

f(x,y) = a(x + y) + P(x - y) for vil (x,y) G R. 

A simpler proof of this fact was given by Haruki [5]. Fenyo [4] has found the locally 
integrable and even the distributional solutions of (1) on R2. It was also noted in [2] 
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that if a, (3: R —• R are arbitrary functions and A: R2 —» R is biadditive and skew-
symmetric, (A(x + y9z) = A(x9z)+A(y9z), andA(y,x) = —A(x9y) for all x9y9z G R), 
a n d i f / : R 2 - » R is defined by 

/(je,?) = a:(x + j) + /î(jc-j)+A(jc,y)forall(jc,j) G R 

then (1) holds. McKiernan [7], showed that this is indeed the general solution of (1) by 
transforming it, as Haruki had done, into an equivalent equation as follows. For/: R 2 —* 
R define g: R 2 -* R by g(x, v) = / ( * + y, x - y) for all (x9 y) G R. Then / satisfies ( 1 ) 
if and only if g satisfies 

g(x + h9y + h)-g(x + h,y) - g(x9y + h) + g(x9y) = 0 for all x9y9heR. 

More generally, McKiernan proved the following 

THEOREM. Suppose (G, +) is an abelian group, (H,+) is a module over the diadic 
rationals andf: G —> H. Then 

(2) f(x + h,y + h) —f(x + h, y) —f(x, y + h) +f(x, y) — Ofor all x,y,h G G 

if and only if there exist functions (p,x/;:G —> H and A: G x G —> H such that A is 
biadditive and skew-symmetric and 

f(x, y) — if (x) + -0 (y) + A(x, y)for all x, y G G. 

In recent years there has been considerable interest in studying the stability (in the 
sense of S. L. Ulam) of functional equations (see [6]). Our main aim in this paper is to 
prove stability theorems for the functional equations (1) and (2). Our proofs use ideas 
from McKiernan's paper [7] and a lemma from [1] concerning the stability of multiad-
ditve functions. 

THEOREM 1. Suppose (G, +) is an abelian group, X is a Banach space, 6 > 0 and 
f:Gx G-+Xsuch that 

(3) \\f(x + h9y + h)-f(x + h9y)-f(x,y + h)+f(x9y)\\ <S for all x9y9h G G. 

Then there exist functions a9/3:G —> X and A.GxG —> X such that A is biadditive 
and skew-symmetric and 

\\f(x9y)-[a(x) + (3(y)+A(x9y)]\\ <206 forallx9yeG. 

PROOF. Let g(x9 y) = f(x9 y) -f(x9 0) - / ( 0 , y) +/(0,0) for x9 y G G. Then 

(4) g(x9 0) - £(0, y) = g(0,0) = 0 for all x9y G G 
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and 

(5) \\g(x + h,y + h) — g(x + h,y) — g(xJy + h) + g(x,y)\\ <6 for all x,y, h G G. 

Let 

(6) e{x,y,h) — g(x + h,y + h) ~ g(x + h,y) — g(x,y + h) + g(x,y) forx,y,h G G 

so that 

(7) \\e(x,y,h)\\ <6 for all JC,v,h G G 

Now, by (6), (4) and (7), for all x,y,he G, 

(8) g(h,y + h) = g(h,y) + e(0,y9h) 

so that 

(8') \\g(h,y + h)-g(h,y)\\ <6, 

(9) g(x + h,h) = g(x, h) + e (JC, 0, h) 

so that 

(9') ||g(;c + /z,/z)-g(x^)| | < « , 

and 

(10) g(h,h) = e(0,0,h) 

so that 

(100 \\g(Kh)\\ <6. 

Moreover, by (6) and (4), 

(11) e (0, -h, h) = -g(h, -h), for h G G, 

so that, by (7), 

(11') \\g(h,-h)\\ <6, for/iGG. 

Now, for all x,y G G, by (6), 

e (s, x, v - x) = g(y9 y) - g(y, x) - g(x, y) + g(x, x) 
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and hence, by (10), 

(12) g(x,y) + g(y,x) = e(090,x) + e(090,y)-e(x,x,y-x) 

so that, in light of (7), 

(120 \\g(x,y) + g(y,x)\\ <3« . 

Next observe that, by (8), for all y,h G G, 

(13) e(0,y -h,h) = g(h,y) - g(Ky - h) 

so that, by (7), 

(130 \\g(Ky-h)-g{Ky)\\ <6. 

Similarly, for all x,h G G, 

(14) e(x-h, 0, h) = g(x, h) - g(x - h, h) 

so that, by (7), 

(140 | | * ( * - M ) - * ( * , A ) | | < « -

By (6) and (4), 

e(x,x + v, -x-y) = g(-y, 0) - g(-y,x + y) - g(x,0) + g(x,x + y) 

= -g(-y> * + y) + g(x, x+y) 

so that 

(15) \\g(x,x + y)-g(-y,x + y)\\ <6 forallx,yGG. 

But, by (80 and ( 130, for all x, y G G, 

\\g(x,x + y)-g(x,y)\\ <6 

and 
\\g(-y,x + y)-g(-y,x)\\ <8. 

From the last three inequalities we find that 

(16) \\g(x,y)-g(-y,x)\\ <3S fo ra lUyGG. 

In (5), put x = w, y = v and h= — u + w to get 

\\g(w,v — u + w) — g(w,v) — g(u,v — u + w) + g{u,v)|| <6. 
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By (8'X ||g(w, v — u + w) — g(w, v — w)|| < 6 and thus 

|| g(w, v-u)- g(w, v) - g(u, v - u + w) + g(u, v)|| < 2L. 

By (13'), ||g(w, v — w + w) — g(u,v + w)\\ < 6 and thus 

|| g(w, v-u)- g(w, v) - g(w, v + w) + g(u, v)|| < 3£. 

By (16), ||g(v + w, —w) — g(w,v +w)|| < 3<5 and ||g(w,v) — g(y, — u)\\ < 36 so that 

||g(w, v — u) — g(w, v) — g(v + w, —u) + g(y, —u)\\ < 96 for all u, v, w G G. 

On replacing wbyx,u by — y and v by z we see that the last inequality may be rewritten 

(17) \\g(x,y + z)-g(x,z)-g(x + z,y) + g(z,y)\\ <96 for all x, y, z G G. 

If in (5) we set x = u + v,y = v + w and /* = — u — v — w we find that 

||g(—w, —w) — g(—w, v + w) — g(« + v, —M) + g(M + V, V + H>)|| < 6. 

From (16) it follows that ||g(—w, —u) — g(w, u)\\ < 66 and thus 

\\g(w, u) — g(—w, v + w) — g(u + v, —u) + g(w + v, v + w)|| < 16. 

But||g(-w,v + w)-g(-w,v) | | <6 by(13/)and||^(w + v , -w)-^(v , - W ) | | <6 by (14') 
so that 

||g(w, u) - g(-w, v) - g(v, -w) + g(u + v, v + w)|| < 9£. 

However, by (16), ||g(—w, v) — g(v, w)|| < 36 and \\g(v, —u) — g(u, v)|| < 36 so that 

\\g(w,u)- g(v,w)- g(u,v) + g(u + v,v + w)\\ < 156. 

But, by (127), \\g(y,w)-{-g(w,vJ)\\ < 35 and \\g(u, v) - (-g(v, «)) || < 36 so that 

|g(w, w) + g(w, v) + g(v, u) + g(w + v, v + w)| < 216. 

However, by (5), ||g(w + v, vv + v) — {g(w + v, w) + g(w, w + v) — g(w, w)}|| <6 andthus 

||g(w, u) + g(w, v) + g(v, w) + g(w + v, w) + g(w, v + w) — g(u, w)\\ < 226. 

Thus, if we define r\ : G3 —• X by 

(18) g(w, w) = — g(w, v) — g(v, u) — g(w + v, w) — g(w, v + w) 4- ,g(w, w) + Ï)(U, v, w) 

for all w, v, w G G then 

|| 77(w, v, w)|| <226 for all u, v, w G G. 
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Now put x — w, y = w and z — v in (17) to conclude that \\v(u,v,w)\\ < % if 
v : G3 —y X is defined by 

(19) g(u, v + w) — g(u, v) — g(u + v, w) + g(v, w) = i/(u, v, w). 

Upon adding (18) to (19) we find that 

(20) 2g(u, v + w) = [g(u, v) - g(v, uj\ + [g(w, w) - g(w, ÏI)] 

— [g(w, v) + g(v, w)j + rj(u, v, w>) + i/(w, v, w). 

But 
||2g(w,v)- [g(K,v)-g(v,ii)]|| = ||g(w,v) + g(v,w)|| < 3 5 , 

by (12'); similarly, 

112g(u, w) - [g(u, w) - g(w, u)]\\<36 and 11g(w, v) + g(v, w)\\ < 35, 

again by (12'). Thus, from (20), we conclude that 

\\2g(u,v + w) — 2g(u,v) — 2g(u,w)\\ <% + ||rç(i*,v,w)|| + ||z/(w, v,w)|| 

< % + 225 + 95 

so that 

(21) \\g(u,v + w) - g(u,v) - g(u,w)\\ <205 for all w, v, w G G. 

Let k(x,y) = g(y,x) for x,y G G. Then 

||fc(jc + h, y + h)—k(x + h,y) — k(x,y + h) + k(x,y)\\ 

= \\g(y + h,x + h)-g(y + h,x)- g(y,x + h) + g(y,*)|| 

= ||e(y,jc,/i)|| < 5 for all JC, y,/* G G. 

Thus, (21) holds with g replaced by k. That is 

(22) || g(v + w, K) - g(v, u) - g(w, u)\\ < 205 for all w, v, w G G. 

From (21), (22) and Theorem 2 of [1], there exists a biadditive function 
A.GxG^X such that 

(23) ||g(x,y) - A(x,y)\\ < 206 for all JC,y G G. 

But, according to (12'), 

fey) + *(**)|| < 35 for all Jcy G G, 

and thus 

(24) ||A(jc,y)+ACy,jc)|| < 435 for all x, y G G. 
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If we let B(x,y) = A(x,y) + A(y,x) forx, y G G then B is biadditive and, according to 
(24), B is bounded. Thus, B(x,y) — 0 for all JC, v G G so that A is skew-symmetric. 

Finally, let a(x) = /(JC, 0) and /3 (y) = / ( 0 , v) - / ( 0 , 0 ) for all JC, y G G. From the first 
line of the proof we deduce that 

\\f(x,y)-[a(x) + (3(y)+A(x,y)]\\ = \\g(x,y)-A(x,y)\\ 

<206 foralljc,jvGG. 

COROLLARY. Suppose (G, +) is a module over the diadic rationals, X is a Banach 
space, 6 > 0 andf: G x G —> X such that 

(*) \\f(x + A,y) + / ( * - Ky) -f(x,y + h) -f(x,y- h)\\ < S for allx,y, h G G. 

77z£/i f/z^re exist functions a, /?: G —• X and B:G x G —• X SWC/Î f/«tf B is biadditive and 
skew-symmetric and 

||/"(JC, y) - [a(x + y) + Z?(JC - y) + £(JC, j ) ] || < 20<5 

for all JC, v G G. 

PROOF. Define g: G x G —>Xbyg(jc, y) = f(x+y,x—y) for alljc,y G G. Let JC, 3?, A G G 
and put x1 = x + y — h, y' — x — y — h and h' = 2h. It follows from the definition of g 
and (*) that 

\\g(x + h,y) + g(x - Ky) - g(x,y + A) - g(x9y- h)\\ 

= \\f(x'+h\y+A;) +/(*',y> -/(y+A7 ,y> -/(y,y+/*')|| < «. 

Thus, according to Theorem 1, there exist functions a,(3 : G —-> X and 
A: G x G —* X such that A is biadditive and skew-symmetric and 

(**) \\g(^y)- [a(x) + P(y)+A(x,y)]\\ < 206 for all JC,3; G G. 

Ho we ver,/(x, 3?) = g(|(*+;y), \(x — v)) for all JC, 37 G G. Thus, by replacing JC by |(jc+y) 

and v by ^(x — v) in (**) we find that, for all JC, y G G, 

(***) |/X*,:v)-[a(i(* + 3 ^ ^ 

Since A is biadditive and skew-symmetric, it follows easily (as in [7], p. 263) that 

A(-(x + v), - (x - y)) = --A(x,y) for all x,y G G. 

The desired conclusion now follows by defining a(jc) = a( | jc) , Z?(JC) = /3( |JC) and 
£(JC, y) = ( - 1 / 2)A(JC, v) for all JC, y G G. • 

As mentioned above, Fenyô [4] has found the solutions of (1) which are (Lebesgue) 
locally integrable on R 2 . From his result it easily follows that iff: R 2 —• R is locally 
integrable on R 2 and (2) holds (with G = R ), then there exist functions (p, -0 : R —> R 
which are locally integrable on R such that 

/(JC, 37) = (p(x) + 0 (v) for all JC, v G R. 

We will generalize this result as follows. 
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THEOREM 2. Supposef: R2 —-» R is Lebesgue measurable onR2, 6 > 0 and 

\f(x + Ky + h)-f(x + h, y) -f(x, y + h) +/(*, y)\>S for all x,y9heR. 

Then there exist Lebesgue measurable functions (f,ip:R —• R such that 
\f(x,y)-{(p(x) + \l)(y)}\ < 606 for allx, y G R. 

PROOF. According to Theorem 1, there exist functions a, (3 : R —» R and a skew 
symmetric biadditive A: R2 —> R such that 

\f(x,y)-[a(x) + l3(y)+A(x,y)}\ < 20<5 for all x, .y G R. 

For a.e. y G R , i ~^f(x,y) is measurable on R. Denote by S the set of all such y so 
that R \ 5 has Lebesgue measure zero. 

Supposey\,y2 € S. Then 

\f(x,y{)- {a(x) + f3(yl)+A(x,yl)}\ < 20£ and 

\f(x,y2)-{a(x) + p(y2)+A(x,y2)}\ < 206 forallxG R. 

Thus 
|/(x,yi) - / ( Jc ,^) " P(yi) + /3(y2) ~ A(x,yi -y2)\ < 406 

for all x G R since A is additive in its second variable. But x —•/(*, vi) —f(x,y2) is 
measurable on R, and hence it is bounded on some subset, say T, of R having positive 
Lebesgue measure. Thus x —• A(x,ji — ^2) is additive on R and bounded on T. It is 
well known ( see, for example, Ostrowski [8]) that there therefore exists a real number 
c(y\ — y2) such that A(x, y\ — y2) — c(y\ — y2)x for all x G R. 

Let U = {y\ — y2\y\,y2 G S}. We have shown that for each z G £/, there exists a 
c(z) G R such that A(x, z) = c(z)x for all x G R. But, by a well known theorem of 
Steinhaus [9], since S has positive measure, U contains a neighbourhood of 0, say V. 

Let j G R . Choose z G V and a natural number n such that ;y = nz. Then A(x, v) = 
nA(x, z) = rcc(z)jc for all x G R. Thus, for every y G R there exists a c(y) G R such that 
A(JC, y) = c(y)x for all x G R. But A is skew symmetric so that 

c(y)x = A(JC, y) = —A(y, x) = — c(x)y for all x, y G R. 

In particular, c(x)x = —C(X)JC for all x G R so that c(x) = 0 for all nonzero x in R. But, 
clearly, c(0) = 0 and it follows that A(x, y) = 0 for all *, y G R. 

Thus we have 

\f(x,y)-{a(x) + P(y)}\ < 20£ for all*,y G R. 

Now choose xo.yo G R such that x —>f(x,yo) and v —>/(xo, v) are measurable on R 
and let ip(x) = /(*, yo) — (3 (yo) and \j) (y) = /(xo, y) — a: (JCO) for x, v G R. Then t/; and 
(̂  are measurable on R. Moreover, 

| / ( x , y 0 ) - { a W + /3(^o)}| <20£ 

and 
| / (xo, j )-{a(x 0) + /3(y)}| <206 f o r a l U y G R . 

so that \<p(x) - a(jc)| < 206 for all x G R and | ^ 0 ) - 0001 < 206 for all y G R. 
T h u s l / C j c ^ - j ^ W + V̂ Cy)}! <606 for all*,y G R. 
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COROLLARY. Supposef: R2 —> R is Lebesgue measurable, 5 > 0 and 

\f(x + h,y + h)-f(x + h, y) -fix, y + h) +/(*, y)\ <S for all JC, v, /* G R. 

Suppose there exist xo.yo G G such that x -^f(x,yo) and y -^f(xo,y) are continuous 
on R. Then there exist continuous functions a,b:R —• R such that 

\f(x,y) - [a(x) + b(y)}\ < 1805 for all x, y G R. 

PROOF. According to the last theorem, there exist measurable functions ip, ip : R —• R 
such that 

\f(x,y)-{(p(x) + \l)(y)}\ <605 foralljc,vGR. 

Hence, 
\f(x,y0)-{<p(x) + il;(yo)}\ < 605 

and 
\f(xo,y)-{<p(xo) + il;(y)}\ < 605 f o r a l l ^ e R . 

Let a(x) = /(JC, yo) — xjj (yo) and b(y) — f(xo, y) — <p(xo) for x, y G R. Then « and & are 
continuous on R, |Û(JC) —<p(x)| < 605 forallx G R and \b(y)-i/j(y)\ <605fora l lyG 
R. Hence, \f(x,y) - [a(x) + b(y)}\ < 1805 for all JC, J G R. 

Remarks 
(1) We do not claim that the constants such as 20 in Theorem 1, 60 in Theorem 2, etc. 
are optimal. 
(2) The technique used to deduce the corollary to Theorem 1 (what McKiernan [7] 
calls a change of variable) can be used to deduce stability results for equation (1) 
analogous to Theorem 2 and its corollary. 
(3) Readers who are familiar with abstract harmonic analysis and integration of Ba-
nach space valued functions will note that Theorem 2 can be generalized as follows 
with no essential change in the proof other than replacing Lebesgue measure by a Haar 
measure and interpreting measurability of an X-valued function in the sense of Lusin 
(see e.g. [3]): if G is a locally compact abelian group, X is a Banach space, 5 > 0, 
/ : G x G —• X is measurable and such that 

\\f(x + h,y + h) -f(x + Ky) -fix,y + h) +/(*,y)\\ < 5 for a l l x , y , h e G 

then there exist measurable functions (p,%l;:G^X such that 

\\fix,y)-{ifix) + i;iy)}\\ < 605 forallx,^GG. 

The corollary to Theorem 2 can be generalized along the same lines. 
(4) The authors are grateful to the referee for several suggestions. 
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