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THE STABILITY OF A FUNCTIONAL ANALOGUE
OF THE WAVE EQUATION

BY

MICHAEL BEAN AND JOHN A. BAKER

ABSTRACT. Forh € R and ¢:R? — R define L;¢:R?2 — R by
Lpp)(x,y) = ¢(x+ h,y) + ¢(x — h,y) — p(x,y + h) — $(x,y — h) for all
(x,y) € R2. The aim of the paper is to establish the following “stability”
theorem concerning the functional equation

(Lpf)(x,y) =0forall x,y,h € R :
if6 >0, fR2—R and
[(Lef)e, )| <& forallx,y,h € R

then there exists e > Oand ¢: R? — R such that (L, )(x,y) = 0 for all x,
y,h € R and

lf,y) = ¢(x,y)| <e forall (x,y) € R%

Suppose f: R?2 — R is such that

(D fa+hy)+f(x—hy) —fx,y+h) —flx,y —h) =

forall x, y, h € R .If we define partial (central) difference operators, A and A forh € R,

by Lh 2k
1%1</>(x,y) (x+h,y) (x—g,y)

h
Ap(x,y) = plxy+ —) —ply—>)
2h 2 2

forx,y € R and ¢:R? — R, then (1) can be written Azf(x y) — 2f()c y) =0,a

difference analogue of the wave equation. In [2] a convolutlon method” for solving
functional equations was introduced and used to show that if f: R> — R is continuous
then f satisfies (1) for all x,y,h € R if and only if there exist continuous functions
a,3:R — R such that

f,y) =ax+y)+8(x—y)forall (x,y) € R.

A simpler proof of this fact was given by Haruki [5]. Feny6 [4] has found the locally
integrable and even the distributional solutions of (1) on R 2. It was also noted in [2]
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that if @, 3: R — R are arbitrary functions and A: R? — R is biadditive and skew-
symmetric, (A(x + y,z) = A(x,z) + A(¥,2), and A(y,x) = —A(x,y) forall x,y,z € R),
andif f: R? — R is defined by

f,y)=ax+y)+[8x—y)+A(x,y) forall (x,y) € R

then (1) holds. McKiernan [7], showed that this is indeed the general solution of (1) by
transforming it, as Haruki had done, into an equivalent equation as follows. For f: R2 —
R define g: R? — R by g(x,y) = f(x + y,x — y) for all (x,y) € R. Then f satisfies (1)
if and only if g satisfies

gx+h,y+h)—gx+hy) —gkx,y+h)+gx,y)=0forallx,y,h € R.

More generally, McKiernan proved the following

THEOREM. Suppose (G, +) is an abelian group, (H,+) is a module over the diadic
rationals and f: G — H. Then

2) f&x+hy+h)—f(x+hy —f(x,y+h)+f(x,y) =0forallx,y,h € G

if and only if there exist functions p,v¥:G — H and A:G X G — H such that A is
biadditive and skew-symmetric and

fG,y) = ex)+¢¥ () +AR,y) forall x,y € G.

In recent years there has been considerable interest in studying the stability (in the
sense of S. L. Ulam) of functional equations (see [6]). Our main aim in this paper is to
prove stability theorems for the functional equations (1) and (2). Our proofs use ideas
from McKiernan’s paper [7] and a lemma from [1] concerning the stability of multiad-
ditve functions.

THEOREM 1. Suppose (G, +) is an abelian group, X is a Banach space, 6 > 0 and
f:G X G — X such that

B fx+hy+h) —f(x+hy) —fxy+h)+fx || <6 forallx,y,h€G.

Then there exist functions o,3: G — X and A: G X G — X such that A is biadditive
and skew-symmetric and

lfee.) = [a@) +BO) +AG. )| <206 forallx,y € G.

PROOF. Let g(x,y) = f(x,y) — f(x,0) — f(0,y) + f(0,0) for x,y € G. Then

“4) g(x,0) = g(0,y) = g(0,0)=0 forallx,y € G
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and

(5 llgx+hy+h) —gx+hy) —gxy+h) +gxyl| <6 forallx,y,heG.
Let

©) e(x,y,h)=gx+hy+h) —gx+hy —gk,y+h)+glxy forx,yheG

so that

(7 ey, )| <& forallx,y,h€G

Now, by (6), (4) and (7), for all x,y,h € G,

(8) gh,y +h) = g(h,y) +£(0,y, h)
so that

8) |gh,y +h) — g(h, || <6,
©) g(x+h,h) = g(x, h) +£(x, 0, h)
so that

@) llgCe+h,h) — g(x, || <6,
and

(10) g(h,h) = £(0,0, h)

so that

(10" gh. b <6.

Moreover, by (6) and (4),

an €(0,—h,h) = —g(h,—h), forh € G,
so that, by (7),
(arH llgth,—h)|| <6, forh€G.

Now, for all x,y € G, by (6),

e(x, X,y —x) = g(v,y) — g0, ) — g(x,y) + g(x, x)
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and hence, by (10),
12) g(x,y) +g(v,x) = €(0,0,x) + £(0,0,y) — e(x,x,y — x)
so that, in light of (7),
(129 llgCx,y) + 80, 0)|| <36.
Next observe that, by (8), for all y,h € G,
(13) €0,y —h,h) = g(h,y) — g(h,y — h)
so that, by (7),
(13" llg(h.y —h) — g(h.y)I| <6.
Similarly, for all x, h € G,
(14) e(x—h,0,h) = g(x,h) — g(x — h, h)
so that, by (7),
(149 lgCx — b h) — glx, W] <6.
By (6) and (4),

e, x+y,—x—y) = g(—=y,0) — g(—=y,x +y) — g(x,0) + g(x, x +y)
= —g(—y,x+y) +g(x,x +y)

so that
(15) llgCx,x +y) — g(—=y,x+y)|| <& forallx,y€G.
But, by (8') and (13'), for all x,y € G,

l[gCe.x+y) — glx, || <6

and
|l g(—y,x +y) — g(—y,x)|| <6.

From the last three inequalities we find that
(16) llgCx,y) —g(=y,0)|| <35 forallx,y € G.
In(5),putx =u,y=vand h = —u+wto get

lgw,v —u+w) — g(w,v) — glu,v — u+w) + gu,v)|| <6.
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By (8), ||lg(w,v — u+w) — g(w,v —u)|| <8 and thus
lg(w,v —u) — g(w,v) — gu,v —u+w) + gu,v)|| <26.
By (13'), ||lg(u, v — u+ w) — g(u, v+ w)|| <& and thus
| g(w,v — u) — g(w,v) — g(u,v +w) + g(u,v)|| <36.
By (16), ||g(v + w, —u) — g(u, v+ w)|| < 36 and || g(u, v) — g(v, —u)|| <36 so that
llgw,v —u) — g(w,v) — g(v+w, —u) + g(v,—u)|| <96 forallu,v,w € G.
On replacing w by x, u by —y and v by z we see that the last inequality may be rewritten
(A7) g, y+2) —gx,2) —g(x+z,y)+ gz y)| <9 forallx,yz€QG.
Ifin(5) wesetx =u+v,y=v+wand h = —u — v — w we find that
| g(—w, —u) — g(—w, v +w) — gu+v,—u) + gu+v,v+w)|| <4.
From (16) it follows that || g(—w, —u) — g(w, w)|| < 66 and thus
lgw,u) — g(—w,v+w) —gu+v,—u) + gu+v,v+w)|| <76.
But || g(=w,v+w) —g(—w,v)|| <6 by (13') and || g(u+v, —u) — g(v, —u)|| <& by (14')

so that
llg(w,u) — g(—w,v) — g(v, —u) + gu+v,v + w)|| <96.

However, by (16), ||g(—w,v) — g(v,w)|| <36 and ||g(v, —u) — g(u, v)|| < 36 so that
80w, ) — g(v, w) — gu,v) + gu +v,v +w)|| < 156.
But, by (12), || g(v,w) — (—g(w, ))|| <36 and || g(u,v) — (—g(v,w))|| < 38 so that
ﬂg(w, u)+gw,v) +gv,u) + gu+v,v+ w)” <216.
However, by (5), ||gu+v,w+v)— {g(u +v,w)+g(u, w+v) —g(u, w)} || <é and thus
8w, ) + g(w,v) + (v, 1) + gu+ v, w) +g(u, v+ w) — gu, w)|| <228.
Thus, if we define 7: G—X by
(18)  gw,u) = —gw,v) — g(v,u) — glu+v,w) — g(u, v+ w) + g(u, w) + n(u, v, w)
for all u,v,w € G then

InCu,v,w)|| <226 forallu,v,w € G.
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Now putx = u, y = wand z = v in (17) to conclude that ||v(u,v,w)|| < 96 if
v:G? — X is defined by

(19) gu,v+w) —g(u,v) — glu+v,w)+g(v,w) = v(u,v,w).
Upon adding (18) to (19) we find that

(20) 28, v +w) = [g(u,v) — (v, )] + [g(u, w) — g(w, )|

— [g(w, v) +g(v, w)] +n(u, v,w) +vu,v,w).

But
128, v) — [, v) — g, ) |Il = [l g(u, v) + g(v, w)|| < 36,

by (12'); similarly,
l128(u, w) — [g(u, w) — gw, w]|| <36 and  ||gw,v) +g(v,w)|| <35,
again by (12'). Thus, from (20), we conclude that

128, v+ w) — 2g(u,v) — 2g(u, w)|| <98 + ||nu, v, w)|| + ||v(u, v, w)|
<96 +226 +96

so that
2D || g(u, v +w) — g(u,v) — gu,w)|| <205 forallu,v,w € G.
Let k(x,y) = g(y,x) for x,y € G. Then

| k(x + b,y + h)—k(x + h,y) — k(x,y + h) + k(x, Y)||
= ||lg+hx+h)—gly+h,x)— gy, x+h)+ g, x)
=|le(y,x,h)|| <& forallx,y,h €G.

Thus, (21) holds with g replaced by k. That is
(22) (v +w,u) — g(v,u) — gw,uw)|| <206 forallu,v,w € G.

From (21), (22) and Theorem 2 of [1], there exists a biadditive function
A: G X G — X such that

(23) llg(x.y) — A(x,y)|| <206 forallx,y €G.
But, according to (12),
llg(x,y) + g0, 0| <36 forallx,y € G,
and thus

(24) |ACGx, y) + A(y, x)|| <436 forallx,y € G.
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If we let B(x,y) = A(x,y) + A(y,x) for x,y € G then B is biadditive and, according to
(24), B is bounded. Thus, B(x, y) = 0 for all x, y € G so that A is skew-symmetric.
Finally, let a(x) = f(x,0) and B (y) = f(0,y) — f(0,0) for all x, y € G. From the first
line of the proof we deduce that
lF0e3) = [ () + 8 + At ]| = [|gx.y) — A y)|
<206 forallx,y € G.

COROLLARY. Suppose (G,+) is a module over the diadic rationals, X is a Banach
space, 6 > 0and f:G X G — X such that

() |fx+hy)+f(x—hy) —fx,y+h) —fx,y—h)| <& forallx,y,h € G.

Then there exist functions a, b: G -— X and B: G X G — X such that B is biadditive and
skew-symmetric and

£ ) — [atx + ) + b(x — ) + Bz, y) || < 205
forallx,y € G.

PROOF. Define g: GXG — X by g(x,y) = f(x+y,x—y) forall x,y € G.Letx,y,h € G
andputX’ = x+y—h,y = x—y—hand ¥ = 2h. It follows from the definition of g
and (x) that

llgCx +h,y) + glx — h,y) — glx,y + h) — g(x,y — h)|
=&+ 0, Y + )+ fY) —f+ K Y)—f LY +H)| <6.
Thus, according to Theorem 1, there exist functions o, 3: G — X and
A: G X G — X such that A is biadditive and skew-symmetric and

(x%) Hg(x, y)— [a(x) + B (y) +A(x, y)]” <206 forallx,y€G.
However, f(x,y) = g(%(x+y), %(x——y)) for all x,y € G. Thus, by replacing x by %(x+y)
and y by §(x — y) in (**) we find that, for all x,y € G,
1 1 1 1
Gex) ooy — [aGa+ ) + 8 (50 =) + AGG+y), s = y)]| <208,

Since A is biadditive and skew-symmetric, it follows easily (as in [7], p. 263) that
1 1 1
A(E(x +y), E(x —-y) = —EA(x, y) forallx,y € G.

The desired conclusion now follows by defining a(x) = a(3x), b(x) = B(3x) and
B(x,y) = (—1/2)A(x,y) forall x,y € G. n

As mentioned above, Fenyo [4] has found the solutions of (1) which are (Lebesgue)
locally integrable on R 2. From his result it easily follows that if f: R? — R is locally
integrable on R 2 and (2) holds (with G = R), then there exist functions e, v:R —R
which are locally integrable on R such that

fey) =) +¢P(y) forallx,y € R.

We will generalize this result as follows.
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THEOREM 2. Suppose f: R? — R is Lebesgue measurable on R2, § > 0 and
[fx+h,y+h) —fx+hy) —fl,y+h) +f(x.y)| >6 forallx,yheR.

Then there exist Lebesgue measurable functions ¢, : R — R such that
() — {p@) + ¥ ()} < 606 forallx, y € R.

PROOF. According to Theorem 1, there exist functions «,3: R — R and a skew
symmetric biadditive A: R? — R such that

|f (e, y) — {a(x)+ﬁ(y)+A(x,y)}| <205 forallx,ycR.

Fora.e.y € R, x — f(x,y) is measurable on R . Denote by S the set of all such y so
that R \ S has Lebesgue measure zero.
Suppose y;,y2 € S. Then

[FCe 1) = {@@) +B() + Ay} <206 and
[f(e,y2) — {@@) + B () +A(x,y2)}| <208  forallx € R.

Thus
[f e, y1) = f(x, y2) = B + B(r2) — Alx, yi — y2)| < 406

for all x € R since A is additive in its second variable. But x — f(x,y;) — f(x,y,) is
measurable on R, and hence it is bounded on some subset, say T, of R having positive
Lebesgue measure. Thus x — A(x,y; — y;) is additive on R and bounded on 7' It is
well known ( see, for example, Ostrowski [8]) that there therefore exists a real number
c(y1 — y2) such that A(x,y; —y2) = c(y; —ys)xforallx € R.

Let U = {y; — y2|y1,y2 € S}. We have shown that for each z € U, there exists a
c(z) € R such that A(x,z) = c(z)x for all x € R. But, by a well known theorem of
Steinhaus [9], since S has positive measure, U contains a neighbourhood of 0, say V.

Lety € R. Choose z € V and a natural number n such that y = nz. Then A(x,y) =
nA(x, z) = nc(z)x for all x € R. Thus, for every y € R there exists a c¢(y) € R such that
A(x,y) = c(y)x for all x € R. But A is skew symmetric so that

cx = A(x,y) = —A(y,x) = —c(x)y forallx,y e R.

In particular, c(x)x = —c(x)x for all x € R so that c(x) = 0 for all nonzero x in R. But,
clearly, ¢(0) = 0 and it follows that A(x,y) = O forall x,y € R.
Thus we have
{f(x,y) — {oc(x)+ﬁ(y)}| <206 forallx,yeR.

Now choose xp,yo € R such that x — f(x, yp) and y — f(xo, y) are measurable on R

and let ¢(x) = f(x,y0) — B (yo) and ¥ (y) = f(x0,y) — a(xp) for x,y € R. Then ¢ and
 are measurable on R . Moreover,

(e, y0) — {er(x) + B(yo) }| <206

and
|f(x0,y) — {a(xO)+ﬂ(y)}I <205 forallx,y€R.

so that | p(x) — a(x)] < 206 forall x € R and [¢(y) — B(y)| <2056 forally € R.
Thus |£(x,y) — {@(x) + ¢ (1) }| <605 forallx,y € R.
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COROLLARY. Suppose f: R? — R is Lebesgue measurable, § > 0 and
|fx+hy+h)—fx+hy) —fe,y+h) +f(x,y)| <6 forallx,y,h € R.

Suppose there exist xy,yy € G such that x — f(x,yo) and y — f(xo,y) are continuous
on R. Then there exist continuous functions a,b: R — R such that

[f(x.y) — {a(x) + b()}| <1806  forallx,y € R.

PROOF. According to the last theorem, there exist measurable functions ¢, 9 : R — R

such that
fr.y) — {e@) + ¥} <606 forallx,yeR.
Hence,
lfx,y0) — { @) + ¥ (yo) } | < 606
and

[f(x0,y) — {p(x0) + Y (»)}| <6065 forallx,y€R.

Let a(x) = f(x,y0) — ¥ (yo) and b(y) = f(xg,y) — @(xg) for x,y € R. Then a and b are
continuous on R, [a(x)— ¢ (x)| < 606 forallx € R and |b(y)—1 (y)| < 606 forall y €
R. Hence, |f(x,y) — {a(x) + b(y)}| < 1806 forallx,y € R.

Remarks
(1) We do not claim that the constants such as 20 in Theorem 1, 60 in Theorem 2, etc.
are optimal.
(2) The technique used to deduce the corollary to Theorem 1 (what McKiernan [7]
calls a change of variable) can be used to deduce stability results for equation (1)
analogous to Theorem 2 and its corollary.
(3) Readers who are familiar with abstract harmonic analysis and integration of Ba-
nach space valued functions will note that Theorem 2 can be generalized as follows
with no essential change in the proof other than replacing Lebesgue measure by a Haar
measure and interpreting measurability of an X-valued function in the sense of Lusin
(see e.g. [3]): if G is a locally compact abelian group, X is a Banach space, § > 0,
f:G x G — X is measurable and such that

lfx+hy+h)—f(x+hy) —fx,y+h)+f(x,| <& forallx,y,heG
then there exist measurable functions ¢, 1) : G — X such that

If ) — {p)+ ¥}l <606 forallx,y € G.

The corollary to Theorem 2 can be generalized along the same lines.
(4) The authors are grateful to the referee for several suggestions.
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