REMARKS ON FINITE GROUPS DEFINED BY
GENERATING RELATIONS

ROBERT FRUCHT

1. Introduction. After establishing a duplication principle (§2) which
enables us to derive a group of order 2k with 2 + 1 involutory generators
from any group of order # with %k generators, we shall prove the following
combination principle:

Let § and & be two groups, each having % generators, such that the rth
generators of § and & have relatively prime periods for each 7 from 1 to k.
Then the direct product § X & can likewise be generated by k elements
(instead of 2k, as might be necessary without the condition imposed on the
periods).

In the rest of the paper these two theorems are used as tools in the topological
problem of finding symmetrical graphs of degree 3. Indeed, by a method that
essentially goes back to Cayley and has already been used by the author in an
earlier paper (6), any group with three involutory generators gives rise to a
graph of degree 3, and the ‘“‘duplication principle”’ enables us to derive such a
group from any group $ with two generators. The corresponding graph has
2n vertices, where # is the order of 9, but it will be symmetrical only if
satisfies a certain symmetry condition (§4). Some such groups can be combined
by the ‘‘combination principle” to yield interesting examples of symmetrical
graphs (§§5, 6).

I wish to take this opportunity to thank H. S. M. Coxeter for his criticism
of the present paper in manuscript, and especially for adding some of the
examples, and to thank R. M. Foster for telling me about the symmetrical
graphs found by him.

2. The duplication principle. Let § denote a finite abstract group whose

generators Sy, Sy, . . ., S; are subject to the sole defining relations
fi(SlrS2y~"rSk)=1 (i=1127-'°ym)7
where f;(S1, Sz, ..., Sy denotes a product of powers of some or all of the
generators. Let @ denote an abstract group whose generators Ty, T, . . ., Tht1
are subject to the sole defining relations
T12= T22= e = Tk+12= 1,
fi(Tsz, TQTg,...,TkTIH_l):]. (i=1,2,...,m).

Then the order of & s twice that of .
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Proof. The mapping
T:Ty— Sy, T:T35—S8s...,T3T11—S;
establishes an isomorphism between § and a subgroup
{T1Ts, ToTs ..., T iTr1}

of ®. This subgroup is of index 2 since it consists of all those elements of &
which are products of even numbers of T'’s, e.g.,

T3T1 = T3_T2 . Tle = (T2T3)_1(T1T2)_1.

Example. Applying this principle to the cyclic group G,, defined by
St =1,
we obtain the dihedral group s, (of order 2#) in the form
T2 =T = (T\Ty)" = 1.

When # = 2, this is the four-group €, X €,. (Thus ® is sometimes, but not
always, the direct product of § and the group of order 2.)

More generally, whenever $ is Abelian and 2 = 1 or 2, ® is ‘‘generalized
dihedral” in the sense of Miller (9, p. 168).

Remark. It is sometimes convenient to give § an extra generator Siii,
corresponding to T%4171, and to insert the extra relation

5152 “ o SkSk+1 = 1

(10, p. 26).
3. The combination principle. Let { denote a finite group whose gen-
erators R, (r = 1,2, ..., k) are subject to the sole defining relations
fi(RlyR2v"~ka)=1 (i=1,2,...,m).

Let & denote another group having the same number of generators Sy, Ss, . . .,
Si, subject to the relations
gi(SlySZy-'~ySk)=1 (i=1,2,...,n>.

Let a, be the period of R, (in §), and b, that of S, (in ®). The direct product
T X & can obviously be generated by 2k elements. If, for each r, a, and b,
are relatively prime, § X O is isomorphic with the group R having only k genera-

tors, say U, (r = 1,2,...,k), subject to the defining relations
FUS U U™ =11 G=12...,m),
(U™, U ., ™) =1 Z=12,...,n),
Ur vl =U U™ (r=s; r,s=12,...,k).
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Proof. & contains a subgroup
Rr = (U, U .., UMY
isomorphic with §, and a subgroup
e = {UL", Us", ..., U™}

isomorphic with @. These have no element in common (except the identity),
and each generator of ®  commutes with each generator of & ¢. Hence the 2%

elements »
usr,u.” (r=1,2,...,k)

will generate the direct product 7 X ¢, isomorphic with § X &. To
verify that this subgroup Rz X R¢ coincides with the whole group &, we
express the generators U, of the latter in terms of these particular powers, as
follows. Since (a,, b;) = 1, we can find positive or negative integers a, and £,

such that ara, 4 B b = 1;
then
U (U = U, (r=1,2,...,k).
Example. Take § to be the Ds, defined by the generating relations
R® = R = (RiR2)? =1,
and @ the same dihedral group, but with the generating relations
Si2 = 8" = (S159)?% = L.
Then if # is odd, the group & = { U, U} defined by
U = U = (Ulez")2 — (Uan22)2 =1,
Uan2n — U2nU1n’ U12U22 — U22U12
will be isomorphic with the direct product Ds, X Day,.
Similarly, the direct product of two icosahedral groups,

R15 = R23 = (R1R2)2 = 1

and
513 = 325 = (5152)2 = 1:
is
U5 = U, = (U13U25)2 — (U15U23)2 =1,
U15U25 = U25U15, U13U23 = U23U13
(cf. 2, p. 322).

Remark. When k = 1, this combination principle reduces to the well known
fact that the direct product of two cyclic groups with relatively prime orders
is again a cyclic group. Another special case, given by

b2=...=bk=1,

is Theorem II of Carmichael (1, p. 167). An extension of our principle to
more than two ‘‘factors’ is obvious.
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4. Application of the duplication principle to the construction of symmetrical
graphs of degree three. Any group & generated by three involutory elements
has a graph of degree three for its ‘““Cayley colour group’; e.g., the
Abelian group €; X €» X @. is represented by the vertices and edges of a
cube (7, p. 38). If @ admits an automorphism such that the three generators
undergo a cyclic permutation, then the graph is symmetrical (6, p. 243).
A great variety of symmetrical graphs can be derived from groups in this
manner; the simplest that cannot is Petersen’s graph (as R. M. Foster observed
in a letter to the author).

A group & whose generators Ty, T's, T3 are involutory can be derived by
applying the duplication principle to any finite group  with 2 = 2. Expressing
O in terms of three generators .S, Ss, S; whose product is 1, we see that an
automorphism of & that cyclically permutes the T”s arises from an auto-
morphism of § that cyclically permutes the S’s. Accordingly, we say that a
group $ with two generators, S; and S,, fulfils the symmetry condition if it
admits an automorphism such that the three elements .Sy, S2 and

Sz = (S182)7! = Syt St

undergo a cyclic permutation.

Starting with any group O of order n, that fulfils the symmetry condition, the
duplication principle will yield a symmetrical graph of degree three having 2n
vertices and 3n edges.

It should, however, be remarked that non-isomorphic groups of the same
order can sometimes give rise to the same graph (as has been observed by
Foster). For instance, Coxeter’s graph {12} 4+ {12/5}, formed by the 24
vertices and 36 edges of the hexagonal net {6, 3}.2 on a torus (5, pp. 437-
440), arises from two distinct groups of order 12: the tetrahedral group <3,

defined by

4.1 Si12 =S8 = (S1_152)2 =1,
and the Abelian group

4.2 Si2 =822 = (S152)7%  S1Se = SuS1
or

512 = 522 = 532, Sl S2 Sa = S3 SZ Sl = 11

which is the direct product €, X €g or €, X €2 X €.

It is clear that the graphs obtained by applying the duplication principle
to suitable groups are always of the special kind which Kénig calls “paar”
(8, p. 170): the vertices of such a graph can be coloured alternately blue and
red in such a manner that two vertices of the same colour are never joined by
an edge. An important class of ‘“‘paar’” graphs are the ‘“Levi graphs’’ of con-
figurations (5, p. 413); e.g., the graph {12} 4+ {12/5}, mentioned above, is
the Levi graph for a configuration 12;. Although symmetrical graphs that are
not ‘“‘paar’’ cannot be obtained by the duplication principle, they may still
sometimes be obtainable as “Cayley colour groups’; e.g., Foster’s graph of
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girth 9 with 60 vertices (11, p. 459) represents the icosahedral group generated
by the three permutations

(12)(35), (13)(45), (14)25).

Incidentally, the same icosahedral group can also be generated by the two
elements

S;=(12345), S:=(134235),

which satisfy the symmetry condition with S; = (1423 5). Applying to
this group $ = {S1, Sz} = {S1, Ss,S3} the duplication principle, we obtain
the extended icosahedral group €, X § generated by

Th=(12)35(67), T:= (13)(45)(67), Ts=(14(25)(67),
and this yields a graph of girth 10 with 120 vertices (also found by Foster).

5. Further examples of groups satisfying the symmetry condition.

5.1. Abelian groups (as well as some others such as the above-mentioned
tetrahedral group) yield graphs whose girth is 6 (or less). Indeed, the relation
S1S:~18;~1S2 = 1, which holds in an Abelian group = {Si, S:}, corresponds
in @ to the relation

(T1 T2 T3)2 = 1,

which gives rise to hexagons in the graph.
In particular, the Abelian group

5.11 Slb = Szc = Sf'cS[J, 5152 = Sle
or
S =8¢ S’ =554 S =515 Si5:S: = 55551 =1

yields the graph of vertices and edges of the regular map {6, 3},,. on a torus
(5, p. 421). This group, of order

n = b®+ bc + %
is € X €, 4 where d = (b, ¢).
If d = 1, it is simply the cyclic group §,. Since
(26 + ©)2 = 4n — 3¢?,
the possible values of # are
3,7,13,19,21,31,...,
for all of which (except the first) —3 is a quadratic residue. Thus €, yields a

graph with 2% vertices whenever 7 is an odd prime not of the form 6m -+ 5,
or a square-free product of such primes. In this case the congruence

*4+x+1=0 (mod #)
or
@2x+1)2=—3 (mod 4n)
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has a solution x, and the same graph {6, 3}, arises from the same cyclic
group €, in the form
S1n = 1, Slz = Sg.
Since
Slx = Sz and Szx = Slz’ = S1—z_1 = 52—151_1,

the symmetry condition is fulfilled by the automorphism which transforms
each element of €, into its xth power.

Setting ¢ = 0 in 5.11, we obtain the direct product €, X €,, defined by

1b = Szb = 1: 5152 = 5251
or

Slb = Sgb = Sgb = 515253 = SaSzS]_ = 1

(3, p. 97), which yields the graph {6, 3},,0 with 2% vertices.
Another instance, given by ¢ = b, is the €, X €3, defined by

S =8y = Ssb, S$15253 = 8535:51 = 1,
which yields the graph {6, 3},,, with 652 vertices.

5.2. A non-Abelian group of order 3b? yielding the same graph {6, 3}; .5,
is
513 = S23 = (5152)3 = (81_152)b =1
or
Si2 = 8% = 83 = 5185:85 = (S17152)° = (S27185)° = (S5715)? =1

(3, pp- 99-100). When b = 3, these relations are equivalent to
Si3 =82 =1, S715,718:S,.5: = S;. Si71S1S1S, (G=12)
(1, p. 38, Ex. 26, 29) or
5.21 S8 = 852 = 53¢ = 515:53 = 1, 525153 = 535:51 = S15:5:.
Thus another generalization is
5.22 2= 82 = 852 = 815:5; = 1, 525153 = S535:51 = 51535y,

of order Ab?% where M\ is the period of S3S»S;, which is apparently & or 1b
according as b is odd or even.
When & = 4, this is a group 932 of order 32, defined by

523 514 = 824 = (5182)4 = 1, S1252 = 52512, SIS22 = 82281,

which gives rise to the author’s symmetrical graph of girth 8 with 64 vertices
(6, p. 244 (3)).
Extending 5.21 another way, we obtain

513 = 823 = S33, 518253 = 1, 525153 = SsSle = 515352 = Z, Z3 = 1,
of order 81, and
519 = 529 = 539 = Slszsg = 1, 525153 = 535251 = 518352 = Z, Z3 = 1,
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of order 243. The former yields a new symmetrical graph of girth 12 with 162
vertices: The simplest known graph of girth 12.

5.3. The quaternion group Qjs, defined by
512 = 822 = (S1 52)2

or

Slz = 522 = 532, S1SzSa = 1

gives rise to a graph of girth 6 with 16 vertices, the {8} 4+ {8/3} of Coxeter
(5, p. 430).
Applying the combination principle to this and the €;
R3=1, Ri= R,

we obtain the direct product €; X Qs in the form

Ur112 = 1, U14 = U24,

U16 — U2G — (U13U23>2’

U:bUs* = U,*U8, U'U* = UPUY,
which easily reduces to

U2 = U, = (U1U2)_2

or

U2 = U2 = U2 = U U, Us,
the {(—2, —2, 2) of Coxeter (4, pp. 367, 377). The duplication principle gives
rise to a symmetrical graph of girth 8, with 48 vertices, found by Foster.
5.4. Applying the combination principle to the tetrahedral group <, and
the four-group €; X €., we obtain the group
S18 = 85,8 = 538 = 515.5; = (S17152)2 = (S27153)2 = (S;71S1)? = 1,
of order 48, which can be generated by permutations
(123)(56)(78), (134)(78)(90), (142)(90)(56),
and yields a graph of girth 8 with 96 vertices. Similarly
Si12 = Sp12 = 5312 = 515,83 = (S17152)2 = (S27155)2 = (S571S1)% = 1,
of order 96 (3, p. 101, footnote), yields a new graph of girth 8 with 192 vertices.

5.5. The group
5.51 S = 85" = (S1S9)* =1, 5125512 = S, 5251522 = 5

or
S = 5 = 552 = 515,55 = 1, Si%85:5:2 = S, S22535,2 = S5, 55251857 = Sy,
of order 4n3, yields a graph with 8x® vertices, which has girth 10 if = > 3.
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Thus a graph of girth 10 with 216 vertices comes from the group of order 108
generated by
(12)(456)(89), (23)(45)(789), (123)(56)(78).
The above relations are easily seen to imply
S:25,? = S92512, S9%S5?2 = S32S52,  S52S:2 = S$1%532,

so that the subgroup {S:%, S.?, Ss?}, of index 4, is simply €, X €, X G,.
If » is even, this subgroup has a factor group of order 3#3, given by inserting
the extra relation

SI"S#Sy* = 1 or (S125:25:%) = 1 or (S3S:S)% = 1.
Hence the whole group has a factor group of order 2xn3 (when # is even), given
by inserting the extra relation
(S11S81815)% = 1 or (S3S:S)¥ = 1.
This yields a graph with 4n® vertices (# even), whose girth is 10 if n > 4.

Thus a graph of girth 10 with 256 vertices comes from the group of order 128
defined by

S18 = 898 = (S152)% = (Sr15:71S152)% = 1, S:125:5:2 = Ss, S2251S,? = Si.

5.6. Similarly, the group

561 S12" = 522n = (5132)% = 1, 51252 = 52512, 51522 = SZZSI
or

S = 5,7 = 532 = 515:55 = 1, 51352 = 52512, 2255 = S35,2, Si3S1 = S1S3?,

of order 4n3, yields a graph with 8x% vertices whose girth is 10 if » > 3; and
if # is even, it has a factor group of order 2x%, given by inserting the extra
relation

(51_152_15152)%" =1 or (538251)%" =1,

which yields a graph with 4u3 vertices.
When z = 2, 5.51 and 5.61 both reduce to 5.23. But when z > 2, the two
graphs are distinct, as R. M. Foster found by examining them in detail.

5.7. A graph of girth 12, with 288 vertices, is yielded by the group

Sls = 526 = 336 = 515253 = (535251)2 = 332522512 = 1,
51352 = S2SI3' 52353 = 535231 53351 = 51533

of order 144, which is a subgroup of €¢ X €5 X Tys.

5.8. A graph of girth 8, with 336 vertices, results from the well-known
simple group of order 168 in the form

St = 8ot = (S171852)% = (5125,)% = 1
or
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Sit = 8ot = St = 515,83 = (S5171852)% = (557853)% = (S57'S1)? = 1
(3, p. 96). As permutations of degree seven, we have

S1=1(12)(4657), Sa= (34)(6217), Ss=1(56)(2437).

5.9. The author’s one-regular graph of girth 12, with 432 vertices (6,
p- 246), comes from Hesse's collineation group of order 216 (9, p. 239) in
the form

516 = 526 = 536 = 515253 = 1, 51252512 = 522, 52253522 = 532, 53251532 = 512~
As permutations of degree 9, we have

S1=(48)(162395), So=(59@B41276), S;=(67)(253184).

6. Concluding remarks. In each of the foregoing examples the duplication
principle would allow us to indicate also generating relations for a group ®
whose order is twice that of the given group $. For instance, the group 5.22
yields
T=T2=1Ty= (Tsz)b = (TBTl)b = (T1T2)b =1,

(T1T2T3)2 = (T2T3T1)2 = (T3T1T2>27

of order 2Ab% (where A = b or 3b according as b is odd or even).
Again, 5.51 and 5.61 yield

T2 =Ty =T = (TyT9)* = (TT)" = (ThWT)" =1
with the extra relations

T]T2T1T3T1 = T2T3T2T1T2 = T3T1T3T2T3
and
[T1(T2T3)2]2 = [To(T5T1)°] = [T5(T\T2)*]* = 1,

respectively. When # = 3, the former has a factor group of order 108, given
by the extra relation (7:,7%73)® = 1; this yields Foster’s graph of girth 9 with
108 vertices.

If the conditions for the combination principle are fulfilled, its application
yields further symmetrical graphs corresponding to such direct products as

@7 X DS, (63 X 63) X QSy @7 >< Eer
€3 X D2, Qg X Ty Qs X €3,

etc. When generating relations for each ‘‘factor’” are known, the combination
principle yields also generating relations for the direct product, as in §5.3 for
€3 X Qs, and in §5.4 for (€ X C2) X Tya.
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