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Abstract

Consider the additive effects outliers (A.O.) model where one observes Y, = X; +v;,, 0< j <
n, with
Xj=pXj_1+6j, j=0,:i:l,:i:2,...,|p|<1.

The sequence of r.v.s {X;,j < n} is independent of {v;,,0 < j < n}andv;,, 0< j< n, are
ii.d. with d.f. (I — ya)l[x > 0] + ynLln(x), x € R, 0 < y» < 1, where the d.f.is L, n > 0,
are not necessarily known and ¢;’s are i.i.d.. This paper discusses the asymptotic behavior of
functional least squares estimators under the above model. Uniform consistency and uniform
strong consistency of these estimators are proven. The weak convergence of these estimators to
a Gaussian process and their asymptotic biases are also discussed under the above A.O. model.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 62 G 05, 62 M 10.

0. Introduction

Let F and L,, n > 0, be distribution functions (d.f.s) on the real line R.
Throughout this paper F is assumed to have a density f > 0. Let {y,,n > 0}
be a sequence of numbers in [0, 1] converging to 0 as 7 — oo. Define

(0.1) Bn(x) := (1 =y {Ix 2 0] + ynLn(x), x €ER,

where I[A] denotes the indicator function of the event 4. Let g;, j =
0,+£1,42,..., be independent and identically distributed (i.i.d.) F random
variables (r.v.s), such that the first moment of &, exists and E¢y = 0. Let v; 4,
0<j<n,beiid. B, r.vs.
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We consider the model in which one observes, at stage n, r.v.s Yj,, 0 <
Jj < n, satisfying

(02) Yj,,, =Xj+'llj’n, j=0,l,...,n,
with {X;} obeying the autoregressive model of order one (4R(1)), viz.
(03) Xj=pXj_1+8j, |p|<1, j=0,%£1,£2,...,

where { X} is stationary. Moreover, {X;,j < n} is assumed to be indepen-
dent of {v;,,0 < j < n}, n > 0. This paper studies the problem of estimating
p.

Denby and Martin [5] called the model in (0.2) and (0.3) the additive
effects outliers (A.O.) model. All the above assumptions on {Y;,0 < j < n},
{X;}, {vjn,0 < j < n} and {g;} will be referred to as the model assumptions.
The assumptions on {v;,,0 < j < n} reflect the situation in which the outliers
are isolated in nature. Isolated outliers are defined by Martin and Yohai
[9] as the outliers any pair of which are separated in time by a nonoutlier.
In [9, Theorem 5.2 and Comment 5.1} they also made the assumption of
independence of the process {X;,j < n} and {v;,,j=0,1,2,...,n}, n > 0.

Denby and Martin [5] studied the least squares estimator, A/-estimators
and a class of generalized M-estimators (GM-estimators) of p under the
above models; they took F and L, to be .#(0,62) and .#(0, o2), respectively.
Under their A.O. model all of these estimators have non-vanishing asymptotic
biases with a possible reduction in biases for GM-estimators.

Heathcote and Welsh [7] proposed a class of minimum distance estimators
Pn(s) of the vector p in an autoregressive model of order k, defined so as to
minimize

2
n

M,(t,s) = —s~*log|(n - k)™ Y exp{is(X; - Xj_,t)}
J=k+1
as a function of t, where X}_l =(Xj—, Xj2,.. ., Xjk).

We shall study the behavior of this class of estimators of p € (-1, 1), when
k = 1, under the A.O. model (0.2)-(0.3).

Before proceeding further, observe that the process { X} is stationary er-
godic and X;_, is independent of ¢;, j > 1. From the assumptions on v;,’s
and X,’s it can be seen for each n, that the process {(X;,v;,),0< j < n}is
stationary ergodic and hence so is {Y;,,0 < j < n}. These observations will
be used in the sequel repeatedly.
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NotATION. Throughout this paper, by 0,(1) (O,(1)) is meant a sequence
of r.v.s that converges to zero in probability (is tight or bounded in proba-
bility); the asymptotic bias of p(s) is defined as the mean of the asymptotic
distribution of /n[j(s) — p). Also, let Z, be ar.v. withd.f. L,, n > 0.

1. Definition of a class of estimators

Define & := [-b,—-a]U[a,b],0< a < b,
(1.1)

2
M, (1.s) = { - s‘zlog‘n‘l exp{is[Yj, —Yj_ 1.t} ifse€eS,

Jj=1

%E?:l(yj,n - j—1,nl)2 if s =0.

Let K be a compact set containing the true parameter p in its nonempty
interior. Then p,(s) for each s € #U{0} denotes a measurable minimizer of
M, (-,s) when restricted to K. For M, asin (1.1), p, can be uniquely defined
to be sample continuous on .%. Further j,(s) satisfies

(1.2) Inf My (1,5) = Mu(Pn(s),5)-

Note that p,(0) is the least squares estimator which has been studied in detail
by Denby and Martin [5] under the A.O. model; hence we shall not allow s
to be zero.

2. Uniform (strong) consistency of p,(s),s € %

In this section we prove uniform (strong) consistency of the estimators
pn(s), s € &. The idea of the proof for this result is taken from [4] and [7].

LEMMA 2.1. Foreach n, let Y, = Xjn +Vjn j =0,1,...,n, be r.v.s. Let
Kn=n"' 30 |vjnl AL Let Ky C R* be such that

cin= sup {|s|}, c2n= sup {|st|} and cip+c2n<c<o0.
(I,S)GK,, (t,S)GK,l

Then

n
(2.1) Sup n=' " [exp{is(Yjn — tYj_n]} — exp{is[X;n — tX;_14]}]
1,5)€K, i1

<[lc+2)V4lk,.
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Proof. The triangle inequality and |e" — eS| < |t — 5| A 2, t,5 € R, show
that the Lh.s. of (2.1) can be bounded by

n
(22) n_l Z[{Cl,nlvj,nl + C2,nlvj—l,nl} A 2]
j=1
The expression inside the sum in (2.2) is bounded by [} |V} n|A2]+[C2,n|Vj— 1,4
A2]. The r.h.s. of (2.2) is now dominated by [(c),, V 2) + (¢2,» V 2)]%,. From
which the lemma follows.

REMARK. Under condition

(2.3) (a) x,— 0 in probability or (b) > Ek, < oo,
n=0

the Lh.s. of (2.1) converges to zero in probability or a.s., the latter follows
from the Markov inequality and the Borel-Cantelli Lemma applied to x,.
In the case when v;, are B, distributed for any d.f. L, as in (0.1), Ex, =
n=Y(n+ 1)y, E{|Z,| A 1}, and thus y, = o(1) or }_ y, < co become sufficient
conditions for (a) or (b). Further note from here on we shall supress the n
in the random variables (r.v.s) Y;, and v, ,.

LEMMA 2.2. If ¢,(t) are characteristic functions on R* such that ¢,(t) —
@(t) for each t € RX, then for any compact subset K of R

sup [@a(t) — ¢(t)} — 0.
tek

ProoFr. The proof follows from Ash [1, Theorem 3.2.9].

LEMMA 2.3. Let X,, X»,... be a sequence of strictly stationary and ergodic
random vectors taking values in R¥. Then

(2.4) P(ﬂ sup |F,,(x1,...,xk)—F(xl,...,xk)l=O) =1,

N —00<X],X2,...,X <OO

where F,(x,X2,...,Xx) is the joint empirical distribution function based on
Xi,..., Xn and F(xy, ..., X;) is the joint distribution of the random vector X,.

ProoF. See [11] and [6].

To state the next lemma, let

(2.5) Da(t,s) =

b

=3 exp{is(¥; = 1¥;1)} = du()bxa(sTp = 1)
j=1

(t,5) € K x ¥, where ¢x denotes the characteristic function of a r.v. X.
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LeEmMMA 2.4. Let {X;} be as in (0.3) with ¢;’s i.id. Let vj,’s be as in
Lemma 2.1. Then
(a) under (a) of (2.3)

(2.6) sup D,(t,s) — 0 in probability
(t,5)EKX.P

and
(b) under (b) of (2.3), (2.6) holds with convergence in probability replaced
by a.s. convergence.

PrOOF. We shall give the proof of (b). The proof of (a) follows similarly.
From the triangle inequality we get

Q2.7

n! Zn:exp{is(Yj -Yi10)}—n7! iexp{is(Xj - Xj-18)}

Jj=1 Jj=1

Dy,(t,s) <

1S explis(X; — Xj—10)} ~ ¢o, (8)bxo(sLp — 11)

j=1

+

That the first term on the r.h.s. of (2.7) goes to zero a.s. follows from
condition (b) of (2.3). Since {(X;_;,&;)} is a stationary ergodic sequence,
Lemma 2.3 yields

q o)

(2.8)
. o) |

=P ( sup
x1,x2€R
<P ( sup

(51,52)EK X K,
where K| and K are any compact subsets of R. The inequality (2.8) follows
from the Continuity Theorem and Lemma 2.2. In particular, taking K; = %
and K; = {s(p—t): s€ ., t € K} in (2.8), we get

. o) _1
Next, set

(2.9)
(2.10) M(t,s) = —s~2log|de, (5)dx,(s[p — D>,  (t,5) e K x L.

n
n~tY ey < x1, X2y < Xa] = Fy (x1) Fxy (x2)
Jj=1

n

ZCXP{islgj + 52X 1} — @6, (51)Px,(52)
=1

n=' Y exp{is(X; — X;_11)} — ¢e, ()bx,(s[p — 11)

j=1

P(g

(1.5)EKXS

Now the lemma follows from (2.7) and (2.9).
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Note that
(2.11)
M(t,s) > M(p,s) for all s and hence tiglt;M(t, s} = M(p,s) for all s.

THEOREM 2.5. Let X;’s and v;,’s be as in Lemma 2.4 with
(2.12) |¢.,(s)| > 0and 0 < |@x,(s[p —t])] < 1, seF andte K - {p}.

Then the following statements hold.
(a) Under (a) of (2.3),

(2.13) sup |pn(s) — p| = 0 in probability.
ses

(b) Under (b) of (2.3), (2.13) holds with probability convergence replaced
by almost sure convergence.

ProoOF. The proof of (b) is as in [4, Theorem 4.1]. We shall give the proof
of (a). From (1.1) and (2.10),

|Ma(t,5) — M(1,5)] < Cologl{Dn(t,5)/|¢e, (5)|dx,(s[p — DI*} + 1],
where Cy = sup{s—2: s € }. Since

(5.t lel:lyf: K|¢6‘| | |¢Xo(s[p - t])|2 > 0

Lemma 2.4 and the above inequality imply that

(2.14) sup | My(1,5) — M(t,5)| = 0p(1).
(1,5)EK XS

From (1.2), (2.11) and (2.14)

(2.15)

sup | Mn(pn(s),s) — M(p,s)| = sup [inf M, (2,s) — inf M (¢, 5)| = 0,(1).
sES s€EF €K tek

For d > 0, let K(6) = K — {t: |t — p| < J}. Then, (2.14) also implies

(2.16) sup mf M,(t, s)— mf M(t $)| = 0p(1).
se [tEK(d
Suppose that
(2.17) sup [P (s) — p| does not converge to zero in probability.
SES

Then there exists 79, 771 > 0 and a sequence of integers n, T oo such that

(2.18) P (sup19n(5) = ol > 1) > 1o
s€F
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Let
=3"1inf |M(p,s) - inf M(1,s)|.
7 sleny (p ) telKn(q,) (¢ S)

From assumption (2.12), # > 0. From (2.15), (2.16) and (2.18), there exists
ko(n, o) such that for all k > ko(7, 10)

(2.19)
no < P Lsup | M, (P (5),8) — M(p,s)| < 1, 5up | P, (5) — p) > m] + 10/2
€ s€F
P [sup | My (Pn,(5),8) = M(p,s)| < n,sup |pn(s) — pl >m,
Se.¥ S€Y

sup

se¥ |teK

1nf M,,k(t s)— inf M(t,s)
t€K(m)

< n]
P[meamMu»w—Mmmn<mwpmﬂw—m>nh
s€S sES

sup
SE€ES

zﬂ+mn

inf M, (t,s inf M(t,s
t€K(m) AC t€K(m) (8,5)

<PmeMMMMJ%Jﬂmm<mmmMM@—m>nh
(3% sE€EF

sup < n] + 3np/4.
sE€ES

From the definition of 7, the first term on the r.h.s. of (2.19) is zero, which
leads to a contradiction. Therefore (2.17) must be false and hence the result.

inf M,,k(t s) — mf M(t s)
teK(m) teK(m)

REMARK. If the distribution of ¢, is infinitely divisible then |¢,,| > O;
hence so is |¢x,| > 0. Also, if the distribution of ¢; is lattice type then
lbx,(s)] < 1, for all s € R — {0}, follows from ¢y, () = dx,(ps)de, (s) and [3,
Theorem 6.4.7]. Thus from the above conditions on &, condition (2.12) is
satisfied.

The proof of Theorem 2.5 does not use the existence of f nor does it use
any of the moments of ¢ or Z,. Note that under the assumptions ¢;’s i.i.d.
and |p| < 1, {X;} of (0.3) is invertible and strictly stationary ergodic.

3. Weak convergence of the process \/n(p,(s) — p),s € %

In this section we prove the weak convergence of \/n[p,(-) — p] as a C(&)-
valued random element. The idea of the proof for this result is taken from
{7]. The C.L.T. given by [12] and [13] has been used to prove its finite
dimensional distribution convergence. We also discuss the behavior of its
asymptotic bias.
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Recall from (1.1) that to minimize M,(¢,s) w.r.t ¢ is equivalent to maxi-
mizing U2(t,s) + V,2(t,s), where for (t,5) € K x 7,

n
(3.1) Un(t,5) = n~") " cos(s[Y; — tY;_y]),
j=1
n
Va(t,s) =n~'> sin(s[Y¥; - tY;_,]) and
j=1
U,=V,=0, otherwise.

Let
m, =27'572(8/81)(U? + V;2).
Then
(3.2) [
= — 2 Y- 1{Unsin(s{Y; — tY;_1]) = Vy cos(s[Y; - t¥;_1])},
mn(ta S) = /=1

t,s)e K x.%,
0, otherwise.

By the Taylor series expansion, we obtain

(33)  Ma(ba(s),5) = ma(p,5) + 2o min(t,ecgioln(s) ~ 1,
where
(34) Pus) =Pl < 1ba(s) =Pl s€F.

Theorem 3.1 below shows that (0/3¢)m,(t, 5)|,=5(s), uniformly in s, converges
in probability to a negative number. Hence

(3.5) sup [mu(pn(s), s)| = 0p(1).
s€F

Thus from (3.3) and (3.5) we see that in order to prove the weak convergence
of \/n(pn(s) — p), it suffices to study the weak convergence of the process
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my(p,s), s € 5. Before stating the next theorem, note that
2

(3.6) %m,,(t,s) =5 {U,,(t ) et 9 5 Un(2,5) + Valt, s)ng(t 5)
8 2 18 2
+[hies)] + |3 Unes)] }
teK,se.?,
i) - .
57 Un(t:8) = —sn™! 3 Y,y sin(slY; - tY;1]),
j=1
9 1
en Vi(t,s)=sn~ ZY, 1 cos(s[Y; — t¥;_1]),
Jj=1
82 2, 1% 2
(3.7 37 —U,(t,s)= —s5°n Z Y7 cos(s[Y; - tY;_1]),
j=1
92 2 1N y2
57 /nts) = —s*n” S Y2 sin(s[Y; — tY,-4)),

j=1

for all (¢,s) € K x .. From here on it will be understood that sup is taken
over all s € ., unless specified otherwise.

THEOREM 3.1. In addition to the assumptions of Theorem 2.5(a) and all
the model assumptions (0.1)-(0.3), assume lim, EZ? < co. Then
(3.8) sup

Aot i + 19, (IPEXE| = 0p(1)

with r = p, or p,,.

PRrOOF. Throughout this proof we shall need sup of each of the following
random functions

82
o

32
anr

7]

(3.9) |Unl, 37"

Un , — U, ==V

H b

taken over all (¢,s) € K x ., to be bounded in probability, which is evident
from (3.1), (3.7), Es% < 00, the Stationary Ergodic Theorem and

n
(3.10) En~'Y v} | =y,EZ} -0,
j=1

which in turn follows from lim, EZ? < .
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We shall now prove (3.8) with r = p,; the proof for r = p, is exactly the
same. From the triangle inequality the expression inside the sup on the Lh.s.
of (3.8) can be bounded by

] d
(3.11) ’—m (6, 9)|e=p(s) — 57 mn(t,9)]
at " =P) T gy =7
o a2
+ ‘a_mn(tys)lt}——,ﬁ(;,) - atm"(t S)'t l,’Y

l—mntsh ) + |60 () EX2

Here, and in what follows, | =p means that in the given expression replace
Y; by X; and ¢ by p, etc. The ﬁrst term in (3.11) can be dominated by

H2 2
612 G| 2 Uty
Y=X

Un(t S)lt =p(s) —

+ lUn(—ﬁ(S),S) - Un(p_(S),S”szI

62
== Up(t,$)|i~3
oz " =P

O Vil Miertey — Zx Valt,9)
+ |55 Valty )li=zs) — 2= Valt, $)li=5
LY 1=p(s) o " tyﬁ(;)
62
pY?: V;i(tas)lt;Z(;’)

o ? 4 2
[aUn(t,S)ltﬁ(S)] - [a—t-Un(t, S)lt}fzg’)}

9 2 Jo 2
[a%(h”lz:ﬁm} —[En(t,s)lx;z(;)J }

That the sup norms of the second, fourth, fifth and sixth terms in (3.12) go
to zero in probability follows from (3.1), (3.7), (3.9), (3.10), the Lipschitz
property of the sine and cosine functions, the Stationary Ergodic Theorem
and

+ [Va(P(s),5) — Va(P(s), 8)|y=x|

+

(3.13) sup [5(s)| = Op(1),
Se¥

which in turn follows from Theorems 2.5(a) and (3.4). As the sine and cosine
share similar properties, it now remains only to show that the sup norm of
the third term in (3.12) goes to zero in probability in order to prove that the
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sup norm of (3.12) goes to zero in probability. Accordingly

(3.14)
0?2 62
‘612 n(t s)lt =p(s) — (9!2 t S)lt p(s)

< s?n~!

> sin(s[Y; — B(s) Y, DIYA, — X2,]
=

st 37 X2 {sin(s[Y; - P(s)Yj-1]) — sin(sLX; — B()X;_1D}|-

Let C), = sup{sz} and C; = sup{|s|3}; then the r.h.s. of (3.14) can be domi-
nated by

3.15) G

n n
207 Y Xy + 7! va—ll
J=1 j=1

+Cy |n7! Z _1lvj| + [B(s)|n ™! Z —1vj- 1|]

This follows from (0.2), the fact that the sine function is bounded by 1 and
Lipschitz of order 1, with constant 1. That the sup norm of the expression
(3.15) goes to zero in probability follows from (0.1), (3.10), (3.13), Ee3 < oo,
lim,, EZ? < oo, the Markov inequality applied to each of the averages in
(3.15) and the independence of {X;,j < n} and {v;,0 < j < n}. This
completes the proof that the sup norm of the first term of (3.11) is 0,(1). We
shall now show that the sup norm of the second term in (3.11) is o0,(1). It
can be dominated by

(3.16)
Co o U.(p i — U, Uy (

U6l =70 y=x — 32 Ut S)lt = Un (P, $)ly=x
82 02

+C0 6[2 t § It p(s V(p S) s)lY X~ 6[2 V;l(tas)l;zf‘,Vn(pss)lY:X
0 : 8 2

ol gyttt |z = [ 77405 |1z

+ G [atUn(Z S)] ,;Z()_}) - I:EUn(t,S)] tz

From (3.4), (3.7), (3.9), the Lipschitz property of the sine and cosine func-
tions, Theorem 2.5(a) and the Stationary Ergodic Theorem, the sup norm of
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the third and fourth terms in (3.16) goes to 0 in probability. Since the sine
and cosine functions satisfy similar properties, to prove that the sup norm of
the expression in (3.16) converges to zero in probability we only need now
prove that the sup norm of the second term in (3.16) converges to zero in
probability. It can be dominated by

a2 92 _
(17) Go|[ gVt s = st M =g | TaE(0) lrx

2
Va(B(), )l r—x — V(2 )l ¥-x] %Vn(z,sny,:,),(

From (3.1), (3.4), (3.9), the Lipschitz property of the sine function and The-
orem 2.5 (a), we get that the sup norm of the second term in (3.17) goes to
zero in probability. Let s* = sup{|s|}. The sup norm of the first term in
(3.17) can be dominated by

n
1y Gt xk [{sesuplo) - ol £2);

+ G

this follows from (3.1), (3.4) and the sine function being bounded by I and
the inequality |sin(s) — sin(¢)] < |s — | A 2, t,s € R. It remains to prove
that (3.18) goes to zero in probability. Let ¢ > 0 be arbitrary. Then for all
n > no(m),

n
(3.19) P n“}2XﬁJ{fﬂ}dprﬂﬂ—M}A4>e
=1 s€.¥

<P (n-' Y X2, [{s*lxj_.l up |Pu(s) - pl} A 2] >e,
j=] 36.5’

. 1 1
- < — —_
gymm m_m)+m

<e'EX¢ [{s*|X0|i} /\2] + L
m m
This follows from (2.16), the Markov inequality and the stationarity of {X}.
In (3.19), taking limit as n — oo and then as m — oo, we see that Ee3 < oo
and the D.C.T. give that (3.18) converges to zero in probability.
Heathcote and Welsh [7, Theorem 2] proved that the sup norm of the third
term in (3.11) goes to zero a.s. This completes the proof of (3.8) as well.

In order to prove the finite dimensional distribution convergence of the
process /n[p(s) — pl, s € &, we shall use [12, Theorem 2.1] and [13] to
prove the needed C.L.T. To achieve this consider the following lemmas.
For the definition of a;-mixing set process see [12].
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LEMMA 3.2. Let 6,, w be Borel measurable functions from R? to R and
Ein = 0(Yjcin, Yjn), 1 < j<nn>1 Let Y, = w(X;,v,), where
{X;,j =0,£1,%2,...} is a stationary process that is strongly ax-mixing [8,
Definition 17.2.1] and the sequence of independent r.v.s {v;,,0 < j < n}
is independent of {X;,0 < j < n}, n 2 0. Then{ = {{,,n > 1}, where
& ={&jn, 1 < j < n}, is strongly ag-mixing with

(3.20) ag < ay.
PROOF' Let 6 = (él,n:- .. ,'fj,n): ¢ = (éj+k,m o ,én,n)a I = [(él,n: e ’éj,n) e
B} and J = [({jikns---»Enn) € By), where B; € Z(R’), the Borel g-field,

and B, € B(R"~/=k+1), 1 < j <n, 2+ j < j+k < n. Let us suppress the n
in v;, and define

¢1’j: Rj'H d Rj, [.X(),xl,.. .,x_,'] — [0,,()(?0,)(1),. . .,On(xj_l,xj)],
T‘V,j+l: Rj+1 - Rj+ls [xo’xl’ s ’xj] - [U)(XO, 'U()), v :w(xj’vj)],

and T,. ,_; x4, by replacing, in T, j,|, vby v* and j by n — j — k + 1, where
v = (vg,V1,...,V;) and v* = (V;44_y,...,Us). Then,

(3.21)
|P(INJ) = P(I)P(J)|

= |P[{&(Xo,v0), - - -, @(X, )} € 7 }(B1),
{w(Xj+k—lan+k—1): ey W(Xn,Un)} € ¢1_,r11—j—k+l(B2)]

~ Pl{@(Xo, %), .., (X}, v))} € 67} (B1)]
- PHOX k1, Vjsk=1)s -+ O( Xy Un)} € G711 (B2

< E[IP[(Xo,..., X;) € T, 7 (B), <X,+k toeees Xn)
ET‘n —j— k+2¢ln —j— k+1(B2)]
— P[(Xo,...,X;) € T, 167} (BOIPL(Xj k-1 - » Xn)

eT*n 1 k+2¢1n i —ke1(BU(os -+ -5 V)5 Vjyk—ts o+ -, Un))-

Inequality (3.21) holds because for all k > 2, (vo,...,V;,Vjk—1,.-.,Vp) iS
a sequence of independent r.v.s and independent of (Xj,...,X,). From the
definition of strongly a-mixing sequence of stationary r.v.s, and the station-
arity of {X;}, we see that the r.h.s. of (3.21) can be bounded by ax. Taking
sup over all B; and B, in & (R’/) and & (R"—/—k+1) and then taking max twice
first over all j’s in the set {1 < j < n — k} and next over all k’s in the set
{k: k < n -1}, we get that (3.20) holds.

REMARK. The proof of the Lemma 3.2 goes through even when @ and 8,
are replaced by w, and 8, , for each j and n.
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LEMMA 3.3. Define &, as in Lemma 3.2 and satisfying all the conditions
there.
In addition, let {v;,,0 < j < n} be identically distributed B,
(3.22) with y, € [0,1], y» = 0o(1) and ax satisfying, for any n > 0,
E}.:[ ax(J)" < oo.
Further let 6 and h, be real valued Borel measurable functions

(3.23) with 6 defined on R* and h on R, such that 6,(x,y) < Ch(x)
and 0,(x,y) — 0(x,y) for each x,y €R, 0 < C €R.

Let for some 6 > 0,

(324) Elh(@(Xo)* <o and supE / h((Xo, 2))|P3d Ln(z) < 00,
where w(-) = w(-,0); then

(3.25) n~te?=n"! Variéj,,, - 12

where FI

(3.26) 72 = Var[6(w(Xy), w(X})]

+23 " Cov[b{w(Xo), w(X1)}, 0{@(X;), @(Xj+1)}).

j=1

ProoF. From the definition of Yj,’s and the conditions satisfied by X;’s
and v;,’s, {¥;,0 < j < n} is stationary, and hence we can write

2%, .
(3.27) n~'oy = Var(§i,.) + - > (1 — ) CovIBa (Yo, Yi,0)s 6n(Yims Yier,n)l.
j=1
From (0.1), the definition of Y;,’s and the conditions satisfied by X;’s and

'Uj,n,s,
(3.28) Var(&, ) = (1 - y,,)zEBﬁ{w(Xo),w(Xl)}
+ yn(1 = y,,)E/Bﬁ{w(XO),w(Xl, z)}dL,(z)

+ 7mE / 62{w(Xo, 2), @(X1,v1.0)} dLn(2) = (EEL)2,

which in turn converges to the first term on the r.h.s. of (3.26). The above
convergence follows from y, = o(1), (3.23), (3.24) and the D.C.T. From
(0.1), the definition of Y;,’s and the conditions satisfied by X;’s and v;,’s
for j > 2, we get

Cov[0,(Yo,n, Y1 1), (Yjn,Y;11,,)] = Sum of the terms of the

3.29
(329 type pk(1 = 7=k Covidna(Xo, X1), dus(X;, Xur)],
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where ¢,2(Xy, X1) can be one of the following,
On{w(Xo), w(X1)},
[ ontexo) ohi, 2)} dLa(2),

/Hn{w(Xo,z),w(Xl)}dL,,(z) or
/ 8, {(Xo, 2), (X1, u)} dLn(2)d L(u),

®n3(Xj, Xj4+1) is similarly defined and 0 < k < 4.
From computations similar to those in (3.29), y, = o(1), (3.23), (3.24)
and applying the D.C.T., one can show that for j =1

(3.30) Cov[0n(Yo, Y1), 0n(Y, Yjs1)]
— Cov[f{w(Xo), @(X1)}, 0{w(X;), ©(Xj+1)}].

Similarly, from (3.29), (3.30) holds for j > 2.
From (3.23) and (3.24) we see for each n > 1

(3.31) E|¢n2(Xo, X1)**? < ¢ <00 and
E|¢n3(Xo, X1)**® < ¢ < 00, 0<ci,c ER.

Applying [8, Theorem 17.22] to the sequence {X;} witht =1, 7 = j— 1,
J 22, & = ¢n2(Xo, X1), 1 = ¢n3(Xj, Xj11), and from (3.31), we obtain

(3.32) | Covlgna(Xo, X1), n3(Xj, Xj11)]| € Cax(j — 1)%/3+9),

where 0 < C € R depends only on ¢|, ¢; and 6. Thus from the conditions
satisfied by ax in (3.22), (3.29), (3.32) and the D.C.T. for counting measure,
we see that the second term on the r.h.s. of (3.27) converges to the second
term on the r.h.s. of (3.26). Hence (3.27) and the convergence of (3.28) to
the appropriate limit imply that (3.25) holds.

THEOREM 3.4. Under (3.22)-(3.24) and the assumption 1> > 0,

n~1/2 i{éj,n - E'fj,n} - ./V(O, 72)

J=1

in distribution.

PrOOF. In view of [12, Theorem 2.1] and [13] we shall first show that
(3.33) sup E|S,(a, b)>" = O(b'+1/2+m) as b — oo,
a,n
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a
given by (3.22). Let n = J which is as in (3.24) and ; = 1 + /2. Then

2+6
%Z_Lb_) < E|0,(Yo,n, Yl,n)lz‘HS

where S,(a,b) = Zj:bﬂ &in, 0<a,1<b< n-—a,and the set process ¢ is

E

<c {(1 — (@ + 7aE [ B (Ko, 2} dL,.<z>} .

The above inequality follows from the definition of Y;,’s and the conditions
satisfied by X;’s and v;,’s, (0.1), (3.23) and the Jensen inequality. From
(3.24), (3.33) is satisfied. From Lemma 3.2 and the fact that /(k, u) < 16a(k),
0 < k < 0o, u real, we have I(k,u) = o(k—?%) as k — oo, where § = 21, /1, is
satisfied. From Lemma 3.3 and 2 > 0, 62 — oo as n — oo and lim 62 /n > 0
are satisfied. Since {Y;,0 < j < n} is stationary, &,(j) = sup | Cov(&y », Emn)ls
0 < j < n, can be written as ¢,(j) = sup|Cov{{1,n,{jg—m+1,.1l, 0 < j < m,
where sup is taken over {d,m: |d — m| > j}. From this, (3.10), the same
argument as in (3.31) to (3.32) and (3.24), we get

(3.34) &(j) < 8Cax(j — 1)%/@+9) for j > 2.

From the conditions satisfied by ay in (3.22), (3.24) and (3.34), E}’io é(j) <
oo is satisfied and hence the C.L.T. holds for &.

NoTATION. Next, set u(s) = E cos[se;] and v(s) = E sin[s¢,], s € R. Also,
by the random elements X, and Y, satisfying X, (s) = Y,(s) + 0,(1) we shall
mean suPge o [Xn(8) — Yr(s)| = 0p(1).

THEOREM 3.5. Let the assumptions of Theorem 3.1 hold. Also let

(a) /lf(x—u)—f(x)ldx<C|u|, ucR, for some0 < C €R,

(b) Var[cos(s¢;)] > 0, Var[sin(s¢;)] > 0,
Var{u(s) sin(se;) — v(s) cos(se;)] > O, sef,

and

(c) SL:pEIZ,,lz*'“ <00, O<Elg** <00, a>0,

hold. Then

(3.35) n2[pa(-) = p + ta()]

converges weakly in C() to a Gaussian process with mean 0 and covariance
(EX3)~'llo()I¢()[172(st)~ " h(t,5), where

2h(t,s) = u(s — H{u(s)u(t) + v(s)v(t)] + u(s + H[v(s)v(t) — u(s)u(t)]
+v(s — O[v(s)u(t) — u(s)v(t)] — v(s + u(s)v(t) + v(s)u(r)]
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and

P -1
n(5) =57 | a9l
(3.36) . [E cos[s(e; + vy — pvo)lEvg sin[s(e; + vy — pvo)]

— Esin[s(e; + vy — pvo)]Evg cos[s(e; + v — pvo)]|-

ProoF. From (3.1), (3.3) and (3.5)-(3.7) we get
(3.37)
A2 (n(s) = 915 o= min(t, e

= —B2 3" Y, {Un(p.s) sinls[Y) — pY;_1]) = Va(p. s) cos(s[¥; — pY;_ (D)} +Tp(1)
j=1

n
=-n"23"Y;, [{E cos[s(g) + vy — pup)]} sins(e; + v; — pv;_1)]
=1

— {E sin[s(e; + vy — pup)]} cos[s(ej + v — ij—l)]}
-n~! Zn; Yoy [{sin[s(ej +v; — puj—1)] — Esin[s(e; + vy — pvo)]}-
=
Vn{Un(p,s) — E cos[(e +v; — pvo)]}]
+n! Z Y [{cos{s(e, +v; — puj_1)] - E cosls(e; + v — pvo)l}

Jj=1

- V/A{Va(p,5) - Esinls(ey +v) — on)l}]
- {n" v } [E sinfs(e; + vy — po)W/A{Un(p, s) — E cos[s(er +v1 — puo)l}
j=1

~ Ecos[s(e; + vy — pro)Wn{Va(p,s) — Esinls(e; +v; — ﬂvo)]}]
+3,(1).

We shall now proceed to prove that the sup norm of the second, third and
fourth terms in (3.37) converge to zero in probability. To achieve this we
shall prove

Vn{Un(p,s) — E cos[s(&1 + v — pvo)l},

(3.38) Vn{V,(p,s) — Esin[s(e; + vy — pvo)]}, s€F,
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converges weakly in C(¥) to a Gaussian process,

(3.391) n~' )" ¥, ({sin[s(e; +v; — pv;_1)] - E sin[s(e; +v; — pvo)]} = Bp(1)

j=1
and
n
(3.39ii) n~! Z Y;_{cos[s(¢;+v;j—pv;_1)]—E cos[s(e +vi—pvo)]} = 0p(1).
j=1

In view of (3.37)-(3.39), to study the weak convergence of n'/2[p,—p+u,)]
it suffices to study the weak convergence of the first term in (3.37) when
centered.

ProOF OF (3.38). Denote
&jn(s) = cos[s(ej + vj — pvj_1)] — E cos[(e; + v — pvy)] forall s € 7.

Since Y; — pY;_| and Y; — pY,_, are independent for all |j — k| > 2 we
see that the set process £ given by &; ,(s) as above, is strongly a-mixing with
a(k) =0, for k > 2. Also, s € %, because y, — 0, and so

(3.40)  n7'al = E&,(s) + 2(n — )n E&y ,(5)E2,n(s) — Varfcos(seo)],

which is positive because of the assumption (b). The remaining conditions
of [12, Theorem 2.1] and [13] are trivially satisfied.
Hence from [2, page 49] the finite dimensional distributions of

(3.41) n= 2N " a(s)
j=1

converge to that of a Gaussian process. Also for any s,f € %
2

(3.42) E|n'23 " &inls) = n7' Y " Ein(0)] = Varlgy a(s) — &ia(0)]

Jj=1 J=1

N ("_;_1) CovI&1,n(5) = (1), E2n(5) — En(D].

From the Cauchy-Schwartz inequality and the Lipschitz property of the cosine
function the r.h.s. of (3.42) is dominated by C|t — s|2, where 0 < C € R.

(3.43) Thus from [2, Theorem 12.3], the process n='/23°7_, &jn(s) is
tight, and its weak convergence to a Gaussian limit in C(.%)-
space follows from [2, Theorem 8.1].

The weak convergence of the second process in (3.38) to a Gaussian limit in
C(%)-space follows similarly.
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PrOOF OF (3.39). The Lh.s. of (3.391) without the sup can be dominated
by

n~'> " X;_({sin[s(e; + v; — pv;_,)] — sin[se;]}

Jj=1
n
n-! E Xj_l‘.
Jj=1

That the first term in (3.44) goes to zero in probability follows from the as-
sumption (c¢) and y, = o(1). From the Lipschitz property of the sine function,
the Cauchy-Schwartz inequality, the Stationary Ergodic Theorem, assumption
(c) and y, = o(1), the sup norm of the second term in (3.44) converges to
zero in probability. That the sup norm of the third term in (3.44) converges
to zero a.s. follows from [7, Lemma 3.1]. The last term in (3.44) converges
a.s. to 0 by the Stationary Ergodic Theorem. The proof of (3.39ii) is similar.

It remains to study the weak convergence of the first term in (3.37) when
centered. To that effect let

(3.44)  2n7') v+
j=1

n
n-! Z Xj_1sin[sg;]
Jj=1

+ +

Cin(8) =Y,y [{E cos[s(e; + v1 — pvo)l} sin[s(e; + v — pvj_1)]

— {E sin[s(g; + v — pvo)]} cos[s(&; + v; — pv;_1)]

- sgm,,(t,s)

EY, Un(s)-

1=p(s)
We shall first prove the finite dimensional distributions convergence of
n=12 370 &jn("), using Theorem 3.4. Put
0r(x,y) = x[{E cos[s(&; + vi — pvo)]} sin[s(y — px)]
— {Esin[s(e, + vi — pvo)]} cos[s(y — px)]],
and

0(x,y) = x{u(s) sinfs(y — px)] — v(s) cos[s(y — px)I},  x,y €R,

and take & = x, X}, Y;,v; as in the model assumptions with w(x,y) = x +y,
x,y € R, in Theorem 3.4. Since X; = 3.7, pke j—k 4.S., using assumptions
(a) and (c) and [10, Theorem 2.1] with § = 2, A(k) = p*, gives {X;} to be
strongly a-mixing with

(3.45) a(k) < C,|p|*/3, for k > 2, for some C, > 0.

By assumption (b) and (c), 12 = EXZ Var[u(s) sin(s&g) — v (s) cos(sép)] > O for
each s € &, Thus all the conditions of Theorem 3.4 are satisfied. Hence the
C.L.T. holds for & as defined above, for each s € .. Now using the argument
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as in (3.41) we get the required finite dimensional distributions convergence.
Since for all i and j with |i — j| > 2, ¢, v; and v;_, are independent of
{(vg, Vi), k =i —1,i}, we have

(3.46) Cov[&in(2),&jn(s)]=0 foralls,te.”.

Using (3.46), the same argument as in equations (3.42) and (3.43), we get
n=12 330 &a(-) converges weakly in C()-space to a Gaussian process with
mean 0 and covariance EX2h(t,s). Thus from (3.3)-(3.5), (3.8), [2, Theorem
4.1] and (3.37), we get (3.395).

REMARK. From (3.8), the assumption /ny, = O(1) and simple compu-
tations using (0.1), we can see that \/nu, in Theorem 3.5 can be replaced
by

(3.47) wa(s) = —n'/2s7" ¢, (5) 2EXG]!
- | E cos[s{g; + v1 — pvo)]Evg sin[s(e; + v1 — pvo)

— Esin[s(e; + vy — pvg)]1Evg cos[s(g; + vy — pvo)]].

Note that v,(s) represents the asymptotic bias of n!/2(p,(s) — p). Consider
the following assumptions:

(a) vVnyn = o(1);

(b) vVny, = O(1) and Z,, — 0 in probability;

(¢) Vny, — y and Z, — Z in probability.
Using (0.1) and the continuity of the sine and cosine functions, one concludes
that under (a) or (b), supscs |Vn(s)] — O and hence /nu, in Theorem 3.5
can be replaced by 0. Using the Lipschitz property of the sine and the cosine
functions, the condition (c) implies that sup,c & |V, (s) — u(s)| — O, where

u(s) = = 16u @OHEXG {7 [ zsintster - p21aL(z) )
: [u(s) +2yE / coss(er + 271 (1 — p)z)] cos[s2~"(1 + p)z]dL(z)J
- {1 [ zcostster - poriaLia)}
. [v(s) + 2yE/ sin[s(e; + 271(1 — p)z)] cos[s27}(1 + p)z]dL(z)H .

Consequently /nu,(s) in Theorem 3.5 can be replaced by u(s).
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__REMARK. If f is a double exponential or .#°(0, 6%) density, Z, is such that
lim, E|Z,|* < oo and y, = o(1), then simple calculations show that all the
conditions of Theorem 3.5 are satisfied.
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