DIRECT THEOREMS ON METHODS OF SUMMABILITY
G. G. LORENTZ
§ 1. INTRODUCTION

1.1. Aregular Toeplitz method of summability is given by a transformation

(e o)
1.1(1) Om= Zoa,,msn, m=20,1,2,...
ne
of the sequence s, into the sequence o,. According to the definition of regu-
larity, every such method sums a convergent sequence s, to the value lim s,.
The question naturally arises, whether there are more extensive classes of
sequences summable by all regular methods 1.1(1) or at least by all such
methods subject to some simple additional conditions. Questions of this kind
have been treated by the author (Lorentz [2], [5]) and, from another point of
view, by R. P. Agnew [2] [3] ; in this paper we wish to discuss the problem

systematically.
We first define classes of sequences considered in the sequel. The character-
istic function o(n) of a (finite or infinite) sequence n;< #:< ... of positive

integers is defined for all # = 0 as the number of », satisfying the inequality
n,< n. Throughout the paper, Q(n) denotes a non-decreasing positive function
defined for n = 0 and tending to 4« for n — 4 ». For any such function,
the class €;(Q) consists of all real bounded sequences s, for which the set of
indices #;< n:< ... with non-vanishing s, has a characteristic function
w(n) £ Qn). Again, the class €,(Q) is constituted of all real sequences s, such
that the sums S,= so+ ...+ s, have the property S,= 0(Q(n)).

Q(n) is a summability function of the first kind or of the second kind for the
method A, if all sequences of €;(2) or €,(Q), respectively, are 4-summable.
Summability functions of the first kind (for brevity, we shall sometimes simply
call them summability functions) have been introduced by the author (Lorentz
(5]).

In § 2, we state some properties of summability functions, and give neces-
sary and sufficient conditions for a function Q(#) to be a summability
function for a Toeplitz method 4. §3 deals with relations between sum-
mability functions and Tauberian conditions. § 4 introduces simple sufficient
and simple necessary conditions used later. In § 5 we determine summability
functions for several special methods; and Hausdorff methods are treated in § 6.
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§ 2. SumMmaBILITY FUNCTIONS OF THE FIRST AND THE
SeEconp KinDp

2.1. First some remarks on characteristic functions. If the sequences
n,, m, have characteristic functions w(z), o' (n) respectively, then their sum has
a characteristic function < w(#)+4 '(n). Further, n,< n, for all v is equi-
valent to w(n)= w'(n), n =0,1,....

For every sequence 7, with the characteristic function w(z) and every posi-
tive integer k, a decomposition of 7, into a sum of & 4+ 1 subsequences exists
such that one sequence is finite and the others have characteristic functions
< w(n)/k. Indeed, the subsequences 11, ns, - . . , me—rand {n i} (s=1,2, ...,
1=0,1,..., B — 1) provide the required decomposition.

2.2. A summability function of the second kind for a method 4 is also a
summability function of the first kind for 4. If Q(n) is a summability function
and @' (n) £ CQ(n) for all # = 0, C being a constant, then Q'(x) is also a sum-
mability function of the same kind. The proof depends upon the decom-
position of the sequence #, mentioned in 2.1.

If the method A is contained in the method B, A CB, all summability
functions of 4 are also summability functions of B.

For a summability function of the first kind Q(n) we always may assume that

2.2(1) Qn +1) — ) < 1, n = 0.
For if Q' (n) is defined by Q'(x) = Q(0), 0 = x < 1 and, inductively, by
Qx)=min [ — D+ 1, en),n =x<n+1,n=12 ..., then @ has

the property 2.2(1) and is or is not a summability function together with Q.

2.3. We proceed to formulate necessary and sufficient conditions in order
that a given function Q(n) be a summability function for a Toeplitz method
1.1(1).

TeEorREM 1. Q(n) s a summability function of the first kind for the method
1.1(1), if and only if

2.3(1) lim X | ama,| =0
myo y=1
for every sequence n, with a characteristic function w(n) < Q(n), or if and only if
2.3(2) lim A(m;Q) =0
m-p O
where, for m = 0, 1, ..., A(m; Q) is the least upper bound of 3,21 l Qmn, | for

all sequences n, with w(n) = Q(n).
These conditions being fulfilled, every sequence s,6€;(Q) is A-summable to 0.
For the proof, see Lorentz [5, theorems 9 and 10] .
TurEoREM 2. A function Q(n) is a summability function of the second kind
for a method 1.1(1), if and only if
2.3(3) lim Y Q)| @nn— @m,np1| = 0.
myp0 n=0

If this condition is satisfied, every sequence s,e€4(Q) is A-summable to 0.
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Proof. First suppose that @(z) is a summability function of the second kind.
Let £, be any bounded sequence; put S,=Q#n)é,, n=0,1,...; S_;=0and
Sp= Sn_ Sn—l- Then

Om = ;io AmnSn = Z‘,oa,,m [Q@n)t— Q(n — 1)En_i]

is convergent and has a limit for m - . We choose £3,= {n, £2n41 = O;
om becomes

Om= 209(27‘) (arny oan— Am y 2n+1) §n= Ebmng‘n-

This is a summability method applicable to all bounded sequences {,. Since
bmn = 0form —o,n =0,1,..., by a theorem of I. Schur [1] we have

[e0]
lim > Q(2n) lam, 2n— Qm, 2n+ll =0.
myo =0

0Odd indices 2% + 1 can be treated similarly; we thus obtain 2.3(3).
Conversely, if 2.3(3) holds, and if s, is a sequence such that S,= 0(Q(n)),

we have an,,+1Q(n) = 0 for n =« and every fixed m = 0, 1, ... and there-
fore @m, nt1S,— 0. Letting # become infinite in the finite Abel transformation
we have

[oe] [oo]
0n= 2, GmnSn= 2. (@mn— @m,n41) Sn.
n=0 n=0

2.3(3) and limu@mn= 0 imply ¢,— 0. This completes the proof.

2.4. A method A4 is called strongly regular, if every almost convergent
sequence S, is A-summable; the necessary and sufficient condition is (Lorentz
[51):

[e0]
2.4(1) lim Y |@mn— @m, ny1| = 0.
my»®© n=0
From this, one easily obtains:

THEOREM 3. A regular Toeplitz method A is strongly regular if and only if
A possesses a summability function of the second kind.

The assertion follows at once from the criterion 2.4(1) and the following
lemma:

LEMMA 1. If @mn= 0 and if qm= Y neo@mn—0, a function Q(n) exists such
that Z,2(n)am,— 0.

Proof. For every m =0, 1, 2, ... there is clearly a function @,,(n) of the
required kind for which Z,Qn(%)amn < 29,. Moreover, we can choose a non-
decreasing sequence of positive integers kn— + «, for which knn,— 0. Let

Qn) = rgliln {km—l— Qm(n)} , n=20,1,....

This function is non-decreasing, positive, and it is easy to sec that Q(n) T4 «.
Finally, Z,2(n)8mns < Emim—+ 29m— 0, which proves the lemma.
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The analogue to Theorem 3 for summability functions of the first kind is
this (Lorentz [5]): A Toeplitz method A possesses summability functions of
the first kind, if and only if, for m — «,

2.4(2) _rr;alx | @mn | — 0.

2.5. Another consequence of the lemma is

THEOREM 4. For every summability function of the second kind Q(n) for a
method A there is another such function Qi(n) with Q(n)/Qn) T+ =.
That generally not all summability functions of the second kind are of the

form Q(n)= o(¢(n)) with an appropriate ¢(n) is shown by the example of
Riemann’s method R; in 5.4.
A similar theorem is:

THEOREM 5. For every summability function of the first kind Q(n) for a
method A there is another such function Qi (n) for which Q(n)/Qn) T+ «.

Proof. Using the notation of Theorem 1 we have A (m; Q) — 0. Moreover,
by the theorem referred to above,

dm= Max | @ma| — 0.
n

We choose a non-decreasing sequence of positive integers k1 -+ « such that
EnA(m; Q) =0, Enpd,— 0.

Then

2.5(1) A(m; knl) — 0.

For, according to 2.1, every sequence of integers n, with the characteristic

function £ k(%) is a sum of a finite sequence consisting of k,, elements and
of k,, infinite sequences whose characteristic functions are < Q(n). Therefore

> | amn,| £ knbnt knd(m; Q)

v

and 2.5(1) follows from the definition of 4 (m; kn).
We may choose integers N,, T+ « such that
em= 2 la,,ml — 0.

n>Nm

Now let
Q1("1) =km9(n)v Nm§n<Nm+1,n=1,2,...,

then @;(n)/Q(n) ]+ = and
A(m: Ql) =< emt sup Z lamn”

n,} n,< N,

where {n,} stands for all sequences whose characteristic functions are
< Qi(n). Since Qu(n) < kn2(n) for v £ Ny,

A(m; Q) £ ent Alm; k).
This completes the proof.
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§3. RELATIONS BETWEEN SUMMABILITY FUNCTIONS AND TAUBERIAN
CONDITIONS

3.1. A condition on a sequence s, is called a Tauberian condition for a
method A, if every sequence s,, which is A-summable and satisfies this con-
dition, is convergent. We now show, that the knowledge of summability
functions of a method enables one to draw some conclusions about its Tauberian
conditions.

THEOREM 6. If Q(n) is a summability function (of the first kind) for a regular
Toeplitz method A, then

3.1(1) Un= Sp— Sp—1= 0(Q(n)7)

s not a Tauberian condition for this method.

This theorem gives a precise limit from below for Tauberian conditions of
the form u,= 0(¢(n)) for all summability methods treated in §§ 5-6, except
for the rather pathological method 5.3(3).

For the proof of Theorem 6 we need Lemma 2, interesting in itself. The
following remarks are intended to elucidate its meaning. Both the conditions

3.1(2) tn= 0", on= Sp/n = (so+. ..+ sa)/n = o(n*™")

constitute for every 0 < a £ 1 a Tauberian condition for the method C;
(Ananda Rau [1], Karamata [1], Boas, Jr. [1]). We show that the conditions
3.1(2) may not be relaxed: for every function Q(n) for which ZQ(n)'= + «
there is a divergent series Zu, such that u,= O(Q(n)™), on= 0(Q(n)/n). Even
more is true:

LEMMA 2. For every function Q(n) for which ZQ(n)'= + « a bounded
divergent sequence s, exists such that un= Spn— Sp—1= O(Q(n)™Y) and that the
characteristic function of the indices n which have the property s, 0 does not
exceed Q(n).

Proof. We define two sequences of positive integers m;< #,:< ...
< m,< n,< ...such that Q(m;)"'< 1/9, that the characteristic function of
the sum of the intervals m, < n < n,,v = 1,2,...1s = Q(n) and that further-
more
3.1(3) > Qn)tz= 1/3, v=12,....

m,Snsmn,

IA

v

We proceed by induction. Let my, #4,..., m,—1, n,—1 be already defined.
Then m, is chosen such that

T = mt 1) S 2m)/2 S 2002, nzm,

Since Q(m,) = 4, the integer N = m, -+ 1 has the property that the character-
istic function of the interval m,< n < N does not exceed Q(n)/2 for n = m,.
If all integers N = m, + 1 have this property, #, is chosen arbitrarily to satisfy
3.1(3). On the other hand, if N, is the first integer > m, + 1 lacking the
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above property, we put n,= No— 1. Then No— m,+ 1 = Q(N,)/2. Hence
1
2 Qn)7'z (No— m,+ QN ™ = -
my S ns No 2

In this case 3.1(3) also holds.—The sum of the intervals m,<n<n,,v=1,2,...
thus defined has a characteristic function £ Q(n).

We now choose integers [,, » = 1,2, ... for which m,< [, < n, and
1 1
> o)tz -, > om)'z -, v=12,...
mEnsl, 9 L<nzm 9
Then for m,=n <n,, v=1,2,... real u, exist such that lunl < o(n),
U= 0form,=n £1,,u,£0forl,<n £ n,and
1 1
Un= —, Up= — .
mysnsi, 9 ly<nZny 9

Let u,= 0 for all remaining n. It is easily seen that the sequence s,= > gu,
has all the required properties.

Proof of Theorem 6. For a summability function Q(n) of a regular Toeplitz
method we have ZQ(n)™'= 4 o. For otherwise #Q(n)™*— 0, and so
n = 0(Q(n)) would be a summability function. Thus all bounded sequences
are A-summable to 0, which contradicts the theorem of I. Schur referred to
in 2.3. Thus by Lemma 2, we obtain the assertion of Theorem 6 with the
condition u#,= O(Q(n)™!) instead of 3.1(1). The general statement now fol-
lows from Theorem 5.

§ 4. SummMmaBIiLITY FuNcTIONS OF THE ForMm Q(n) = o(n)

4.1. Before treating special methods we insert a few simple sufficient and
simple necessary conditions for summability functions. In many cases they
are all contained in the formula Q(z) = o(n).

THEOREM 7. Suppose that there is a monotone majorant (amn) of the matrix
(amn) having the properties: amn = 0, amn 1S non-increasing for every fixed
m=0,1,..., a4m0=0, | @mn| £ amn and finally

[ee]
4.1(1) > amn = M, m=20,1,...
n=0
with a constant M. Then all functions Qn) = o(n) are summability functions
for the method 1.1(1).
Proof. It will be sufficient to prove
4.1(2) lim 3> amn,= 0
mP»po© p=1

for every sequence 7, with a characteristic function w(z) = o(n). Let p be an
arbitrary positive integer; we may assume (by omitting, if necessary, a finite
number of n,), that w(z) < n/p holds for all z = 0,1,... . Since n,=pw(n,)
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= pp, it is possible, by induction in &, to determine integers n,F, v =1,2, ...,
kE=1,2,..., p, all of which are different, such that n,*< n,. Then

v

k
PZ Omyn é zamyn éM-
“=1 I “

usSv
Hence Z,amn,< M/p. Since p was arbitrary, our result is established.

Summability functions other than those of the form o(#) may occur in
abnormal cases only, as is shown by the following theorem:

THEOREM 8. If a Toeplitz method A possesses a summability function
Q(n)#= o(n), then A is a gap method, that is to every e > 0 and every C > O there
s a corresponding n’ as large as we please such that
4.1(3) > lamn| < ¢ m=0,1,....

W E=nsCn/

Proof. Suppose thatl—ix—n-Q(n) /n>2c>0. Lete > 0and C > 0be chosen
arbitrarily; we may assume that C/c is an integer. According to 2.3(2), an m,
exists such that

4.1(4) A(m; Q) < ec/C, m = mo.

For an #n, sufficiently large we have

4.1(5) Y am] <6 m < mo.
n=mnp

Let an integer #’ be chosen for which #n' = n,, cn’= 1 and Q(»n')/#n’ = 2¢. Each
of the closed intervals

[, n'+ en'], '+ cn',n'+ 2en'], ..., [n’+ (g - 1) cn',n'+ C;z’:l

contains no more than
en'4+ 1 £ 20’ < Q(n')

integers; characteristic functions of each interval are therefore < Q(n) for

n=0,1.... By4l1l®4),
C
T |am| S =A4A0m; Q) < m = mo
nEnsCn Cc

The same inequality for m < m, follows from 4.1(5).

The following remarks are useful for the determination of summability
functions of the second kind. Let ¢, signify the Cesdro mean ,=(so+. ..+
sn)/(n 4+ 1) of a sequence s,. From the definition 1.1 it follows that all func-
tions Q(n) = o(¢(n)) are summability functions of the second kind of a method
A if and only if o,— s = 0(¢(n)rn™1) implies the 4-summability of the sequence
sn to 0. Thus, the assertion, that all functions Q(z) = o(n) have this property
for A4 is equivalent to 4 D C1. Suppose, for instance, that a¢m,= 0 for all m, n
and that for every fixed m the an, are first increasing up to their maximal
value for # = no= n¢(m) and then decreasing to 0. Then 4 DO C; holds if
and only if
4.1(6) Nolmng = M
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is true with an M independent of m. For 4.1(6) is clearly equivalent to
4.1(7) > nlamn_ Am,y n+1l =M
n=0

which is necessary and sufficient for the inclusion 4 D C; for any regular
Toeplitz method 4 (Orlicz [1] ).

§ 5. SoME SPECIAL METHODS

5.1. The methods of Cesiro and Abel. All summability functions of the
method C, are clearly given by the formula Q(z) = o(n). The same is true for
C.(a > 0) and the Abel method 4, since all these methods are equivalent for
bounded sequences. All functions Q(n) = o(n) are also summability functions
of the second kind for the methods C,(a = 1) and A4, since these methods
contain C;. There are no other functions, for 4 is not a gap method as is

seen from
2n—1

Q=7 X =1 — 1) > el— 2

r=n
forr=1—nln—>w,
Finally, by a simple computation it may be deduced from Theorem 2 that
all summability functions of the second kind for C,(0 <a< 1) are furnished
by the formula Q(n) = o(n%).

5.2. The methods of Euler and Borel. The Euler method E¢(0 < ¢ < 1)
is defined by the transformation

5.2(1) [ _Zopy(t)suv

Pv(t)= Pvn(t) = (:l) tv(l - t)n—y! 0=v =n, pnp, n(t) = 0,
and the Borel method by

[oe] n

5.2(2) o)== T % S, x— to.

For these methods a function Q(zn) is a summability function of the first or
of the second kind if and only if Q(n) = o(\/;z). Since E;C B, it will be suffi-
cient to prove: (i) Every function Q(n) = o(\/;) is a summability function of
the second kind for E;(0 < ¢ < 1); (i) If Q(n)= o(\/ﬁ), Q(n) is not a summa-
bility function for B.

To prove (i) observe that the sum 2.3(3) takes for the transformation 5.2(1)
the form

Aln; Q)

yéoﬂ(v) | 2,(8) = porri®)| < Q(n) Véo £.)— pona(®) |
S 20(m) max p,() = 2Cn= Q(n) — 0,

if Q(n) = o(\/;). As a matter of fact the “Newtonian probability” p,.(¢) for
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fixed #, ¢ and » varying in the interval 0 £ v < #n increases first and then
decreases; and the maximal value of p,(t) does not exceed Cn~?, where C
depends on ¢ only. 3

(ii) Let Q(n) = o(\/;), then a & > 0 exists for which Q(r) = 5V holds for
an infinity of #n. For these #» and the Borel transformation 5.2(2)

Aln; Q) = e > w/Tw + 1) = CieZn’y~ ¢+ Ve

n<v<n+éVn

v —n\ ,_
C > V_*<1— )e ",
n<v<n+éVn v

v —n

Il

(Cy, Cy, ... are constants). Since » log (1 — ) = — (—mn+ C, for

S
I\
<
|
§
IIA
2]
N

An; Q) = Cs 2 >G> 0.

n<v=n+évn

Hence, by 2.3(2), Q(n) is not a summability function for the method B.

5.3. Some other methods. For the Lambert method L

0w = Py o T aws, s,
5.3(1)

2y —x—--—x)

A4+ A 4+ o)

(both forms are equivalent, see for instance Lorentz [3, theorem 10]) and for
the method

n 1 n —
w0 o £ (2)2 wm et £ (12 D) (1252
v=0\V/ N v=1 n n n

(Rey-Pastor [1], S. Bernstein [1], Amerio [1]) all summability functions of the
first and of the second kind and only these are furnished by Q(z) = o(n). The
positive part follows from 4.1(6) with n,= 0 for L and with nog\/; for the
method 5.3(2); and the negative part is a consequence of Theorem 8. We
leave details to the reader.

The method
5.3(3) Om = Som

has no summability functions at all; but Tauberian theorems exist for this
method. Thus, #,= o(n™1) is a Tauberian condition (0 may not be re-
placed by 0).

a,(x) =
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5.4. The Riemann methods R,. R;, k = 2, 3, ... isrelated to the trans-

formation
© (sin nx \*
o(x) = X ( >un
n=0 nx

@ ((sin nx\* _sin (n + 1)x>k} R
n§0{< nx ) ( (m+ x Sw x =04

Both forms are equivalent for bounded s,. We take the second as the de-
finition.

The derivative of the function ¢(u) = (sin «/u)* has the property lqs' (u)l <
C(u 4+ 1)7*, C depending only on k. Hence for x > 0

5.4(1)

I

= l o' (xu) lx < Cx(eu + 1)7F < Cues™ for u gsl, s=1,2,....

X

d
!@ ()
We put a,(x) = (sin nx/nx)*— (sin (n + 1)x/(n + 1)x)* and

n<(s+1)7r‘

ao(x) = Cix, an(x) = Cixs™* for il =
x x

The functions a,(x) constitute a monotone majorant for a,(x) in the sense of
Theorem 7. In particular,

§an(x)§—i—2x<1+ gs"‘)=M<+w.

n=20 s=1

By Theorem 7 (or rather by its continuous analogue), all functions Q(z) = o(n)
are summability functions for the methods Ry, &k = 2,3,.... There are no
others by Theorem 8, since

> or l an(x) l

™
~-Sn<=—
x x

converges for x — 0 4+ to the positive number max [¢(u)|, TS u = 27
Summability functions of the second kind are also given by Q(n) = o(n), if

kE=3,4,.... Asto R, they are defined by
5.4(2) > n)n i< + .
n=1
For consider
Alx; @) = Zoﬂ(n) | an(®) = Gnsa(x)]
n=

5.4(3)

I

¥ () | o0n) = 200ms + 2)+ 6(nw + 20)]
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The derivative ¢ («) exists for # = 0 and has the properties | ¢’/ (u)l < CauF,
|¢"(u)| < Ci. Therefore (0 < 6 < 1)

|A2¢(nx)[ = x2 I¢”(nx + 20x)| = Cux?, 0= nx

|A2¢(nx)| < Cs(nx)=bx?, nx
Thus, 5.4(3) becomes

Ax; @) = X + X

vV 1A

nx<1 nx=1
< Cx? Y Qn)+ Cax™* Z Q(n)n”‘.
nx< ﬂx—
Since Q(n) = o(n) also holds in case of 5.4(2), the first term on the right is
= Cx?0(Zp<z—1n) = Cix?o(x72) = o(1), while the second term = Csp>*

0(Z o1 F) = Cyx>Fo(x*2) = o(1) for £ = 3 and = Cso(l) for & = 2, if
5.4(2) is fulfilled. It remains to show that, if ZQ(#n)n 2= + », Q(n) is not
a summability function of the second kind for R..

For small x > 0, we wish to estimate lA%(nx)l = x2[¢”(u)|, u = nx + 20x,

0 < 6 <1 from below for

n— —Z—r' < 7/10x. Since ¢''(u) = 2u~2 cos 2u +
Ow™?),if u—ow, lqs”(u)] = u 2 holds for lu — sﬂ =< w/8 and all sufficiently

large integers s. Thus |A2¢(nx)[ = n2 for ln — S—Il =< w/10x. Since
x

> Qm)|Anx)| 2 > Qn)n2

ST ks
- = — S—-
!” [” % | = T0x

Cs > Q(n)n 2=y,

(s— 1= x sT
T TiaE"ET T

and since the series Zv, is divergent, A(x; @) = o= o2(n) | A2 (nx) | =+ =,
which proves our result.

v

wx

§ 6. HAUSDORFF METHODS

6.1. A Hausdorff method Hj is defined by the transformation
n 1 n
6.1(1) Tn = 2 Qn,S, = J > bun(x)s,dg(x);
v=0 0 »=0
g(x) is a function of bounded variation in [0, 1] and p,.(x) = p,(x) is the

‘“Newtonian probability”’ (n>x”(1 — x)®".  Without loss of generality we
14

may assume, that g(x) is normalized, that is, it has the properties g(0) =0 and
gx)=[gle+)+ glx —)]/2for 0 <x < 1.

H, is regular if and only if g(x) is continuous at x = 0 and if g(1)= 1. H,
is strongly regular if, and only if, H, possesses summability functions of the
first kind or, if and only if, g(x) is continuous at x = 1 (Lorentz [5]). In this
section we determine the summability functions for a method H, in terms of
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the generating function g(x). The following theorem vyields summability
functions for every method H, with a discontinuous g(x).

THEOREM 9. (i) A regular Hausdorff method can not be a gap method.
(1) If H, is strongly regular, all functions Q(n) = o(\/n) are summability func-
tions for H,. (iil) If g(x) has a jump at a point 0 < xo< 1, then all summa-
bility functions of H, are of the form Q(n) = 0('\/;1,).

To prove (i), suppose that g(x) is continuous at x = 0;let 0 <a <b <1
be two points of continuity of g(x). We choose a ¢, 0 < ¢ < 1, arbitrarily.
If H,is a gap method, then, for every ¢ > 0,

laﬂyi<€y n=201,...
N=v=ZbN/ag
is true for some N as large as we please. To every sufficiently large N there
corresponds an integer # = n(N) such that ng < N/a < n. Then a<v/n<b
implies N < » < bN/aq. Hence

A

Ian,,l <e
b

[l 2 pueie
eSS

n

e =

B
A

The sum under the integral converges to 1, if ¢ < x < b and to 0 outside of
this interval. Letting #» become infinite, we obtain

e

Since ¢ was arbitrary, g(a) = g(b). Therefore, the normalized function g(x)
is =0in0=x <1 Asg(l)=1,6.1(1) becomes ¢,= s,, which contradicts
the assumption that H, is a gap method.

(ii) Suppose that H, is strongly regular, that Q(n) = o(\/;) and that v, is a
sequence with a characteristic function w(z) £ Q(n). We put

6.1(2) falx) = 2 kan(x)°

"kén

=< e

Then fn(x) — 0 uniformly in § £ x £ 1 — §é for any fixed § > 0. For in this
interval the estimate p,.(x) £ Cn* holds with a constant C depending only
on 8. Therefore 0 < fo(x)< Cn*w(n)= 0(1). We are now in a position to
prove that 2.3(1) holds, that is that Q(n) is a summability function. If
V(x) = varg(t) in0 £ ¢ < x,

b |G| < J:fn(x)dV(x) - J Z L J:-& N r

vpE=n 1-5

The second integral converges to zero as # —>«, and the remaining two are
arbitrarily small with 8§, since 0 < f,< 1 and V(x) is continuous at x = 0 and
x = 1.

https://doi.org/10.4153/CJM-1949-028-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1949-028-6

ON METHODS OF SUMMABILITY 317

It remains to prove (iii). Let a be the jump of g(x) at x = x,, and suppose
Qn)n—* #>0. We can choose a 8§ > 0 such that for an infinity of #
6.1(3) Qxon/2)n~t = 6.
We wish to show that A(n; Q) > 0 (compare 2.3(2)). If n is an integer
satisfying 6.1(3), let »; be the finite sequence consisting of all » with the pro-
perty lv/n - xol < §/2n'. We need the following result concerning the
probability p,.: an absolute constant C; and a Ca= Ci(xo, §) > 0 exist such

that
Z Pm(x) é Cln—2,
6.1(4 Iv/n—xlgn_i
14  Pl®) Z G
lv/n— x0|<6/2n
We have

A (n; Q)

i

£ | [} e

v

1
‘a‘l ;é; pvkn(xO) - JO Zk: kaﬂ(x)dv(x)’
where V(x) is the variation of the function g*(x), resulting from g(x) by omis-
sion of the jump a. The latter integral is smaller than
var g¥(x) + var g¥(x) - Cin2— 0, n— o,
0x=1

ims] o
”

Thus by 6.1(3) and the second part of 6.1(4), 4(n; @) #> 0, and the proof of
the theorem is complete.

6.2. We now treat methods H, for which the generating function g(x) is
absolutely continuous.

THEOREM 10. If g(x) is absolutely continuous, then the summability functions
for the method H, are furnished by the formula Q(n) = o(n).

Proof. That there are no summability functions which do not satisfy
Q(n) = o(n) is implied by Theorems 8 and 9(i). Suppose now that »; is any
sequence of integers with a characteristic function w(n) = o(n). If f.(x) is
again defined by 6.1(2),

1 1 1
Lfn(x)dx = % L P (x)dx = 1

Therefore, for every ¢ > 0 and every integer # sufficiently large, the interval
[0. 1] may be represented as the sum e,+ e, of two disjoint measurable sets
€n, €, for which me, < € and f.(x) < € if xee,. Hence

Sl £ 2 [ pa@ £ = [ 1] g0 o

k

1
L +L, éL |g'|dx+eJ‘0|g’ldx.

Since both the last terms are arbitrarily small with ¢, the proof is complete.

w(n) — 0.

I
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By combining a gap theorem of Agnew [1] with a result of the author
(Lorentz [4, theorem 1]), one may deduce that

6.2(1) Un= 0 (i)

is a Tauberian condition for any Hausdorff method. Theorems 6 and 10 show
now that u, = 0(¢(n)) is not a Tauberian condition for any Hausdorff method
with an absolutely continuous g(x) if ¢(#) | 0 and n¢(n) — + .

As to the summability functions of the second kind, we are able to show
that all functions Q(n) = o(\/n) are summability functions of the second kind
for the method Hj if g(x)e Lip 1. We do not know whether this result can
be improved.

Suppose Q(n) = o(\/;); we shall show that

A(ni 9= T 90)

1
0

| 0. = poast)} dz | 0.
Since g’(x) is bounded, it will be sufficient to prove

6.2(2) ‘An)

i

Q(’ﬂ) J.: yéol Pv(x) - Pv-}-l(x)l dx

I

1
29(n)J. max p,(x)dx — 0.

0 0=v=n
For a fixed x, the above maximum is attained for a » = »¢(x) such that
lvo/n - xl < n7l. We use the estimate (Lorentz [1])

6.2(3) pulx) < [x(L—x)n]"H, if |v/n—x| < x/10, |v/n—x| < (1—x)/10.
Hence,
Pun(®) = [x(1 — )]}, 10/n £ x £ (n — 10)/n.

_ (n—10)/n 10/n 1
Aln) = 2Q(n) {J.m/n + Jo + J.(n._m)/n}

< 20 { J.l _________—_dx + 2
= 20(m) 0 Vi (1l — x)n n
which proves 6.2(2).

Therefore

|-
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