THE CLOSEST PACKING OF SPHERICAL CAPS
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by R. A. RANKIN
(Received 1st December, 1954)

1. Let S, denote the ‘ surface ”’ of an n-dimensional unit sphere in Euclidean space of
n dimensions. We may suppose that the sphere is centred at the orlgm of coordinates O,
go that the points P(z,, z,, ..., z,) of S, satisfy

IR+ +2E =1 L (1)
We suppose that n>2.

By a spherical cap C(«) of angular radius oz<7r and centre P on S,, we mean the set of
points @ of 8, for which the angle QOP is less than or equal to . Our object is to obtain an
upper bound for the maximum number N («) of non-overlapping caps C{«) which can be
placed on §,, and to investigate this upper bound for large values of ».

It is clear that N («) is a decreasing function of «, and that N («) is continuous on the left
for all « in the interval 0<<a<<w. We prove the following theorems :

THrorEM 1. We have

(i) N(a)=1 for {n<a<nm;

. 2gin? « :| . 1
N(a)=| s 7+ dsinTl —<La<dn;
{ii) N («) [2 T Jor =+ 4 sin n<a< ™
{iiif) N(e)=n+1 for r<a<{im+13sin-! %

(iv) N (47)=2n.
THEOREM 2. JIf O<a<<im and B=sin~! (/2 sin «), then

w&r(";l) sin g tan B

N{o)< A =N*¥(a), coverriiiiiineininees (2)
r (g)f (sin 8)*—2 (cos & — cos B) d6
0
say. Further, for large n,
{47n® cos 2a}* .
T (o) ~or2r e VOB Sy
N*{(«) (V2SI ol s (3)

provided that sec 2a =0(n).

We note that it follows immediately from Theorem 1 that if » +2 spherical caps can be
placed on §,, then so can 2n. This is a generalisation of the corresponding result for n=3
obtained by Schiitte and van der Waerden (4). As Professor Rogers has since pointed out
to me, this result has already been obtained by Haj6s and Davenport (see (2), p. 188).

Theorem 2 is proved by the Blichfeldt density method. See, for example, (3).

An application to the theory of positive definite quadratic forms is given in § 4.

2. Proof of Theorem 1. We shall say that m points P,, P,, ..., P,, on 8, form an a-pack-
ing, for 0<a<{iw, if the angle subtended by any two at O is not less than 2«. Thus, if P,
has coordinates (x,,, ,,, ..., Z,,) We have

n

%y =k€lx”kx,kgcos 200 (LF V) cvviiiir e (4)

K2 G.M.A.
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If a cap C(«) is centred at each point P, it is clear that no two caps will overlap. The
inequality (4) is equivalent to
rp=28ia=p (K#V), i 5)
say, where r,, is the linear distance between P, and P,.
LemMa 1. If the points Py, Py, ..., P, form an a-packing on S, and if P is any point on
S, then

m 2 m
( pX rf) —4m 272 +2m(m - 1) p?<0,
v=1 v=1
where 7, is the linear distance from P to P,

Proof. We may suppose, without loss of generality, that P is the point (1,0, 0, ..., 0).
Then, by (5}, we have

n
tmim -1)p’< 2 T (mu-za)?
k=1 1gp<vsm

n m m 2
= {m Tt —( 2z,
k=1 v=1 " v=1

k=2 vl "
Since
r2=(1-x, 2 +ad +... +x2 =2(1 -x,),
we deduce that
m m 2 m 2
tm(m -1) p2<m 27‘3—}(273) -2 (Z'a:,k> ,
v=1 v=1 k=2 \v=1
and the lemma follows.
Lemma 2. If in<a<iwm, then
in2
N(a)<|: 2 8in2 & ] .

2sin? o ~1

Proof. Suppose that m non-overlapping caps C(«) can be placed on §,. Then, for
any point P on §,, we have, by Lemma 1,

2
{E’rf—2m} <4m2—2m(m—1)p2=4m2{1 —2(1 —1—'12> sin? a} .

v=1

It follows that
2 (l ——1—> sin? a1
m
. 2 . .
i.e., —sin? a>=2sin?a -1,
m

which proves the result stated.

Lemma 3. If ap=%7 +4sin? % (1<k<n), then
N(o)=k+1.
Proof. Since
2 Sin2 o
Qsingak-l_k_*-l’
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we only have to prove that k +1 caps C(«,) can be placed on §,,. It is convenient to suppose
that S, is the intersection of S, ., with the hyperplane

Ty + Ty +oes + Xy =0,
Choose points P,, P,, ..., P,,, on 8, as follows. For P, we take

A . . A .
xﬂ:_m (3¢V’J<k+l)’ xw=A__ xv7'=0 (.7>k+1):

k+1’°
where A =\/ <k—-’:1) .

It is easily verified that the angle P,OP, is 2« for all x#v. Hence a cap C(«,) can be
centred at each of the % +1 points without overlapping.

Since N (a) and 2 sin® «/(2 sin? « — 1) are decreasing functions of «, for >}, part (ii) of
Theorem 1 follows immediately from Lemmas 2 and 3. Since (i) is trivial, it remains to
prove (iii) and (iv).

We observe first that

N (37)=2n,
since we may take 2n non-overlapping caps C(}n) centred at the points ( +1,0,0, ..., 0),
0, #1,0,...,0), ..., (0,0, ..., 0, £1). Note that 2n>=n +2.

We prove (iii) by induction. It is true for n=2; we assume its truth for packings on
8,1, and deduce the corresponding result for §,,.

Suppose that, for some « satisfying {7 <a<{«,, there exists an a-packing of » +2 points
Py, Py, ..., P, ., 0on S, where S, is given by (1). We prove that « =}=. For suppose not,
go that }n<a<a,,

Without loss of generality we may suppose that P, , is the point (0, 0, ...,0, —1). Then,
by (2),

n

= D r, %<8 2a<<O0  (L#V). coiiiiviii (7)

Hence D By — 0y e €08 200 (LK AFL) e (8)

None of the points Py, Py, ..., P, can be (0,0,...,0,1); for if P,,,=(0,0,...,0,1)
we should have, by (7),
Bun =0, 0415008 22 <0 (<),

which contradicts (8). Hence 0<z,,<1 for p<n +1.
Write

A=J@d +ady e a2l ) =J(1-22,) (p<n+]), 9
so that

0<A, < /(1 - cos? 2a).
Now consider the 7 +1 points

P,= (’f\"l,’f\"z, ’%_—10> ................................. (10)

where u<<n +1 ; they lie on an S,_,;, namely

Z4xE+. +opo1 =L (11)
We have, for u#v, by (7), (8) and (9),

cos 2o

1 "
’ , T < =
«,,=cos P.OP, ,\My(a,,, nFon) Sy /\v (co8 2a - cos® 2a) Sy - =7,
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say. Now -1<y<0, since a<<4n, and hence, for some s satisfying

we have
o, Ky =cos 2.

Hence we can place n+1 non-overlapping caps C(¢) on S,_,, and therefore, by the
induction hypothesis, }<C}w, which contradicts (12). Accordingly we must have « =}#, and
this proves (iii).

Part (iv) will follow by (6) if we show that there does not exist a }=-packing of 2n +1
points on 8,. This is true for n =2 and, as before, we assume its truth for §,_;. Suppose
therefore that such a }w-packing exists on §,. Take P,,.; to be (0,0, ...,0, -1). Then,
as before, we have

Tun= =y an120  (p<2n).
At most one of the points Py, P,, ..., P,, can be (0,0, ..., 0, 1), so that we can assume that
| 2, | <1 for u<<2n —1. Define 2n -1 new points P, as in (10) for u<<2n -1, where A, is
given by (9) and A,>0. These 2n — 1 points lie on the §,_; (11), and we have

r r r 1
%}, = 008 PLOP, = oo (0, = Bun,n) <O,
ulty

for 1<p<v<2n-1. Thus Py, Py, ..., Pj,_, form a }=-packing on §,_, and this contradicts
our induction hypothesis. It follows that part (iv) of the theorem is true for all n>>2.

It may be noted that the above method of proof also shows that, in every }=-packing of
2n points on §,,, the coordinates may be chosen so that the 2n points take the form

(£1,0,...,0), ..., (0,0, ..., 0, +1).
3. Proof of Theorem 2. We first prove the
Lemma 4. If 0<B<dm and if tan B=0(/n) for large n, then

Se:;ﬁ (SlIl B)n+l'

fﬂ (sin 6)"—2 (cos @ — cos B) df~
0

Proof. We have, putting ¢ =(n —1) log (sin 8/sin 6),

P in gyn-2 gg - S0 A" r e tdt .
cosﬁfo (sin )2 df=="71— | v tant B (T —e o -

Now, by applying Taylor’s theorem to
fle)=Q+z)F-1+4e,
we easily see that 0<f(x)<3a? for all x>0, and accordingly we have, for some 9, satisfying
09,1,
B - (sin )" = _ —at/(n-1)) 4 3 a —2t/(n-1))2
cos B | (sin §)" 2d0=—n—f— e~t{l -} tan? B(1 —e~2t/(-1)) 1+ 39, tant (1 —e~2/(n-1))2} gy
0 - 0
_ (sin g)n-1 ] tan? 8 3d tan® 8 }
T on-1 T+l T (m+)(n+3))’
where 0<{9<{1. From this the lemma follows easily.

mw

Suppose now that there are N non-overlapping caps C(«) on §,, where a< g

replace each cap by a concentric cap C(8) where
B=sin"1 (/2 sin «).
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Further, we attach a density

o(r) = :;sz% 2 cosg

to points @ on C(B) at a distance r =2 sin 6 from the centre of C(B). Here R =2 sin {8 and is
the linear radius of C'(B). The content of a unit sphere in n-dimensions is

(R2-1r%) = cos § —cos B)

win

n
r (§ + 1>
and the total ** mass ” of C'(B) is
8
M=f (n-1)J,_, (sin 6)"~20(2 sin 46) df
0

J =

cos B

=2{n-1) =

J “J sin §)n—2 (cos @ —cos B) dB. .....ccceuunenn. (13)

Let P be any point of S,. Then either P belongs to no cap C(B), in which case the density
at P is zero, or else P belongs to m>1 such caps centred at Py, P,, ..., P, say. In the latter
case, the total density at P is, in the notation of Lemm& 1,

m cos
op=Zal(r,) 5 { R2 )_77'2}
ve1 “sin B

Thus
¥ r2=4m sin® 4B — op sin B tan B=4sin? 38 {m —{ (1 +sec B) op},
and so, by Ler:I;a 1,
016 sin? §8{m — 1 (1 +sec B) op}? - 16m sin? 1B {m — 1 (1 +sec B) op} +4m(m — 1) sin® 8.

This reduces to
4m (1 - op)=od tan? B,

from which it follows that op<C1.
We deduce that N M is less than the total surface area of S, afd so, by (13),
N<7-7'-J—'~‘ _ n;],,smﬁtanﬁ .
2m—-1)J | (sin 6)*=2 (cos 8 —cos B) df
0

M
This proves the first part of Theorem 2, and the second part follows from Lemma 4.
The * density ” of an «-packing is

N f “(n=1)J,_, (sin )2 d8
0
nd ,

f * (sin )2 d@
[

= = paa(a),

B
f (sin 8)—20(2 sin 16) d
0
say. For small « and fixed n we have
n+1
Pn-1 (“)'\’2&("_,_1) )

the right-hand side being a well-known upper bound for the density of packing of (n -1)-
dimensional spheres in (n — 1)-dimensional Euclidean space (3).
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4. By taking a=%w in § 3 we can get an upper bound for the number N, of unit hyper-
spheres which can touch a given hypersphere externally without overlapping. We have

Y (E)
N, = N@En) < T - = NZ (14)
2./2r (-2—> f (sin 8)"—2 (cos 6 — cos {n) db
0
say, and
NXe o J(mmB2073) i (15)
for large n.
Consider now a positive definite quadratic form f(w,, u,, ..., %,) in » real variables, and
let m be its minimum value for integral u,, u,, ..., %,, not all zero. Let m be attained by p
such points (u,, %y, ..., %,). Then it is known (1) that
P2 — 20 (16)
We can obtain a better upper bound for u for large n. For, by a linear transformation
of the variables w,, w,, ..., %, f(%,, Us, ..., u,) becomes z}+a3+... +22 and the points at
which m is attained become points on the sphere
2} +af+ ... +a2=m,
no two of which are at a distance apart of less than ,/m. Thus
pEN SNX~J(@mm2r3) L, (17)
This is an improvement on (16) for n>>4. In fact [N¥]1=60, 107, 184, 309 for n=5, 6, 7, 8,
respectively.
It follows from (15) that
lim NY"< /2.
n—rw

This result has already been obtained by C. A. Rogers in an unpublished manuscript (see (2),
p. 188). I observed this after the results of the present paper had been obtained, and I am
grateful to Professor Rogers for showing me his method of proof which applies to spherical
caps of general radius ew<<}n. His proof differs from the argument given in § 3 in that the
spherical caps of variable density are placed on a smaller concentric sphere of radius cos 8
and Lemma 1 is used in Blichfeldt’s weaker form

grﬁ; tm (m - 1) p%

v=]
From this an inequality equivalent to (2) is obtained and an upper bound slightly greater
than (3) is then deduced.
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