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Decomposition of complete graphs
into stars

Pauline Cain

A star is a connected graph in which every vertex but one has
valency 1 . This paper concerns the question of when complete
graphs can be decomposed into stars’, all of the same order,
vhich have pairwise disjoint edge-sets. It is shown that the
complete graphs on rm and rm + 1 vertices, r > 1 , can be
decomposed into stars with m edges, if and only if »r. is even

or m is odad.

By a graph we shall mean a finite undirected graph without loops or
multiple edges. In the complete- graph Kp there are p vertices and an

edge exists between every pair of vertices. The complete bipartite graph,

Kp,n , has two sets of vertices, Vb and Vh , and two vertices are
adjacent if and only if both endpoints do not belong to Vp or to Vn .
An m-star is a complete-bipartite graph, Kl,m . We shall write

x - yatu ... for a star with centre &« and terminal vertices

Ys 2, t, U,

A decomposition or factorization of a graph into stars is a way of
expressing the graph as the union of edge-disjoint stars. A uniform
decomposition is one in which the stars are the same size. An m-star

decomposition decomposes a graph uniformly into m-stars.

The sum of graphs, G + H , consists of the union of the vertices and

edges in G and H and all possible edges between every pair of vertices
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g and h where g belongs to G and h belongs to H .
Examples of 8 bL-star and of a bL-star decomposition of K8 are given

in Figure 1.
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Figure 1

In [1] Ae, Yamamoto, Yoshlda have shown that KX

s for t greater

3t
than one, is 3-star decomposable.

In this paper we shall show precisely when Knn is m-star
decomposable.

LEMMA 1. 1If Kp i8 m-star decompogable then necessarily the number
of stars, p(p-1)/2m , ig integral.

LEMMA 2. X i8 m-star decomposgable for all m ..

Proof. K2 is 1-star decomposeble. (All graphs are trivially

l-star decompossble. ) Kh is 2-star decomposable as is shown in Figure 2.
Assunme sz is p-star decomposable for all p =m . K2m+2 may be

by Joining by edges, e.. , each pair of vertices

formed from a K2 v KX ig

2m

(v’i’ wj) -, vhere LT for ©Z =1, 2,belongs to the K2 and wj , for

j=1, ..., 2n , belongs to the K,, . (See Figure 3.)
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Figure 3

There are 2m - 1 m~stars in K2m . Since each vertex in K2m has a
valency of 2m - 1 , every vertex [of K2m ] except one is the centre of an
m-star. Label the exception "’2m .
For =1, ..., m , attach to the star with centre wj » the edge

e,. to form an (mtl)-star. Then form an (m+l)-star,

15
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vl-vz, wm+1’ ey w2m—l’ w2m ,» exhausting the remaining edges through vl .

For j =mtl, ..., 2m~1 , add e2,7' to the m-star with centre wj ,
forming an (m+l)-star. The remaining (m+l)-star has v, as its centre
and terminal vertices wl, cees W, w2m . We have a total of 2m + 1
edge-disjoint (m+l)-stars.

So the result follows by induction.

THEOREM 1. 17 kK,  is m-star decomposable then K ovoom for all
positive integral o , is m-star decomposable.

. i + + ...+ .

Proof Kx+2wn is K:x: K2m K2m

Consider Kx + K2m

Let v, Dbe the vertices of Ka: for 4 =1, ..., &£ and wJ. be the
vertices of K2m for g =1, ...,2m . Let eij be an edge between vi
and w. .

J

Both Kx and K2m are m-star decomposable by assumption and Lemma 2
respectively. For < =1, ..., £ , the graph, Ei , containing the edges
eij where J =1, ..., 2m , is decomposable into two m-stars, namely,
vi - wl, seey wm and vi ~ wm+1’ vess w2m . So K:c + K2m is decomposable

K .

for Kx and every om

The result follows by repeated application.

LEMMA 3. «x and X are not m-star decomposable when r is

rm rmtl

odd and m <8 even.

Proof. Lemms 1 implies that m will divide rm(rm-1)/2 eand

(rm+l)rm/2 if Km and Krm+1 are m-star decomposable. This does not

happen in the case in question.

LEMMA 4. Ko ig8 m-star decomposable when m 1ig odd.

Proof. Write m=2n+1 . If K3m is decomposable the number of
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m-stars will be 3(2n+1)(6n+3-1)/2(2n+1) which is an integer, 3(3n+l) .

So, for odd m it is conceivable that K3m may be m-star decomposable.

K is K + K + K ;3 1let us write these K with vertices v_. ,
3m m m m m 2

=1, ev.,m, W, , J=1l, ..., m and T k=1, ..., m

respectively. (See Figure b.)

Figure 4

For 1 =1 =m-1 , form the m-star Vi with centre v, and

terminal vertices wl, ey wi’ vi+l’

for 2 <7 =m , form the m-star Xi with centre z; and

inal v i ceey X Wey oon 5
terminal vertices z) 5 s Ly 10 Wy s wm 5

for 1 =71 =m, form the m-star Wi with centre w, and

cees T3

terminal vertices v -

17 " Vi1 Ve T

for 1 <17 =m, form the m-star Ui with centre v, and

terminal vertices xl, ceey xm .

We have formed Lm - 2 m-stars and we require a further %(m+l)

stars to be formed. We proceed as follows: for 1 <% <m , the star Yi

ces ¥, T

is centred at wi and has terminal vertices 1

Yie1? - X
requires a further 7 - 1 edges to become an m-star.

i i - . Y
Yl has centre wl and terminal vertices w2’ N wm, xl So 1
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is an Mm-star already.
In order to form a further ¥(m-1) .m-stars Yk where

k=2, ..., ¥(m+1) , ve may use the following procedure to modify the

Vi’ Xi and Vi
(1) For 2= k= %(m+1) :
to Yk add vk H
to Vk delete wk and add wm-k+2 H
to ”m—k+2 delete vk and add x,
Ye. will now have m terminal vertices, namely,
w3, cees Wy Tys Uy e

(2) (i) If k is less than %(rrr'-s-j) , Wwrite 6 =m-k +5 - g
and do the following for 3 =< J < %¥(m+1) and J = k =< %¥(m+1)

to Yk add Vg 3

to Ve add w

M- +3 and delete wk H

to W

M- +3 delete ve and add ®»

m-k+2 °

(ii) If k 1is greater than or equal to ¥(m+5-j) , write
j=m+5-2k and 6 =m-k +5~ 7. Do the following for
0= 1=k-j:

to Yk add ze_z H

to XG-Z add xm—Z and delete wk H
to xm—l add wm—j +3-1 and delete xe_z H
to Wm—j +3-1 delete Im-l and add wm—k+2 .

Using this procedure Yi gains one edge from (1) and (i-2) edges
from (2), thus forming an m-star Yi for 1 =2, ..., ¥(ml) . V., X,
and Wi are still m-stars since an edge is always added when one is

subtracted.

The following sitwations need to be considered to ensure that the
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procedure does not break down for large m .

In (1) the procedure may break down if m-k+2 < k , but this implies
that m+2 < 2k . Since 2 < k =< %¥(m+l) , we have m+2 < m+l , which is
false.

In (2) (i) the procedure may break down if m-k+5-j < k » that is
k = %(m+5-7) , but this situation is corrected in (2) (ii). Moreover, we
are in trouble if m-j+3 < mk+5-j (where J < k < %¥(m+1) and
3= g = %(m*1) ) but this implies 3 < 5-k < 5-j = 5-3 = 2 . Further
trouble arises when m - J + 3 =m -k + 2 , but this implies
k=g-1=k-1.

Problems could occur in (2) (ii), if any of the following situations
arise:

(a) 8-1<1;

dv) 6-1>m-1 ;

(¢) 6-1>k

() m=g+3-1 =2 m-1 ;

(e) m-g+32m ; or

(f) m=-k+2=m-G+3-1.

None of these ever occur.

It is obvious that _Km is not m-star decomposable, not having enough
vertices. So the following theorem completely characterizes m-star
decomposability of Km .

THEOREM 2. If r =2 then .Km can be decomposed into m-stars if
and only if r 1ie even or m is odd.

Proof. The result follows from Lemmas 2, 3, and 4 and Theorem 1.

We can use these results to determine when Krrrrfl is m-star
decomposable.

LEMMA 5. TIf K. ie m-star decomposable then K, .. s m-star

decomposab le.
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Proof. Krm+1 contains Krm and a vertex, say v , with all possible

edges between v and an . These new edges form »r edge-disjoint

m-stars. Since Krm is m-star decomposable, Krm+1 is m-star
decomposable.
COROLLARY. Ko i8 not m-star decomposable. When r > 1 , -~
i8 m-star decomposable if and only if r <is even or m is odd:
Finally we shall decompose K21 into T-stars, as an example.
Vi vy - wy, V2, V3, Py, Vs, Vg, V7 Wy wy - vy, v, V3, V7, Ts, Tgs T7
Vz Vy = Wy, Wy, V3, Vy, Vg, Vg, VU7 Ws Wg = V), Vy, V3, X1y V75 Tgs L7
V3 vz = W), Wy, Wgs Vys Vs, Vg, U7 Wg wg - V1, v, Ty, Vy, Vs, V7, Ws
Vy vy - w1, W2, W3, Ws, Uss Vg, V7 W7 w7 - vy, 71, V3, Uy, Wss W5, U7
Vs vg = wy, Wy, W3, Wy, Wg, Vg, V7 Uy vy - 21, 3, T3, Ty, X5, Tgs L7
Vg vg - W1, Wz, W7, Wy, Ws, Wg, V7 Up vy = X1, &p, L35 Tys L5 Tgs X7
Xy xp = Xy, Wy, W3, Wy, W5, Wg, W7 Uz v3 - X1, o, X35 Tys X5, Lgs X7
X3 x3 - Xy, Tp, W3, Wy, Ws, Wg, Wy Uy vy = Xy, o, X35 Xys L5s Lgs L7
Xy xy - Xy, X2, T3, Ty, W5, Wg, W7 Us vg - X1, Lo, X35 Ty, L5, Tgs L7
Xs x5 - X1, X3, T3, Ly, Wg, Wg, W7 Ug Vg = X1s X, T3y Ty T55 Tgs L7
Xe xg — X1 T, T35 Ty, Ty, W, Wy U7 v7 — 21, X2, X3, Xy» T5s Lgs L7
X7 x7 - Xy}, XTp, T3, Wgs X5, Lg, W7 Y1 w) - wy, w3, Wy, W, Wgs Wy, X
Wi wy - V7, Ta, T35 Ty, T, Tgs L7 Yo wp - w3, Wy, W5, Wes W75 L1y V2
Wy Wy = V1y V7, &35 Ty, X5, Ty 7 Y3 W3 — Wy, Wg,y, Wgs W7, L1, V3, Vg
W3 w3 = vy, V3, V7, Ty, L5, Lg, L7 Yy wy - Ws, Wgy Wy X1 Vys Vs, Ty
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