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Abstract

Most of the real-life populations are heterogeneous and homogeneity is often just a simplifying assumption for
the relevant statistical analysis. Mixtures of lifetime distributions that correspond to homogeneous subpopulations
were intensively studied in the literature. Various distributional and stochastic properties of finite and continuous
mixtures were discussed. In this paper, following recent publications, we develop further a mixture concept in the
form of the generalized a-mixtures that include all mixture models that are widely explored in the literature. We
study some main stochastic properties of the suggested mixture model, that is, aging and appropriate stochastic
comparisons. Some relevant examples and counterexamples are given to illustrate our findings.

1. Introduction
1.1. Motivation and related literature

It is hard to find homogeneous populations in real life, as most populations of items in practice are non-
homogeneous. Heterogeneous populations in reality consist usually of a finite number of homogeneous
populations. For example, populations of manufactured items in practice often have two aggregated
groups, that is, the “defective” items with shorter lifetimes and “standard” items with longer, normal
lifetimes [11]. Heterogeneity also occurs when components manufactured at different facilities are
mixed, or they are manufactured at the same facility but with changing operational or environmental
characteristics, etc. [14,16]. Ignoring inherent heterogeneity in populations of items can lead to funda-
mental errors in the corresponding reliability analysis. Finite mixture models are usually an effective
tool for modeling heterogeneity. Some applications of finite mixture models can be found, for example,
in Everitt and Hand [15].

Let F(t) denote the survival function (SF) that describes the lifetime of an ordinary (arithmetic)
finite mixture of n homogeneous subpopulations with the SF’s F;(¢),i =1, ..., n. Then,

F(t) =) piFi(e), (1)
i=1

where p; is the mixing proportion such that )}, p; = 1 and p; > 0, fori € {1,2,...,n}.

Many authors have explored various aspects of mixture models. For instance, the tail behavior of
the corresponding failure rates in mixture models has been investigated by Block et al. [10] and Block
and Joe [9]. The preservation of relevant stochastic properties for mixtures has been examined by
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Block et al. [12]. Block et al. [11] also have studied mixtures with increasing linear failure rates. Badia
et al. [5] have provided bounds for the failure rate, the failure rate average, the mean residual life and
their derivatives. The relevant aging properties of the additive and proportional (multiplicative) hazards
mixing models have been investigated by Badia et al. [6]. Aging properties for the multivariate propor-
tional hazards in mixtures as well as relevant stochastic comparisons have been studied by Badia and Lee
[4]. The likelihood ratio ordering in the mixture models using Glaser’s function has been investigated by
Navarro [24]. Stochastic comparisons for general mixtures in the sense of the hazard rate order and the
likelihood ratio order have been studied by Navarro [25]. Navarro and Aguila [26] have obtained the nec-
essary and sufficient conditions to compare two finite mixture models in the sense of the usual stochastic
order and the hazard rate order. Stochastic comparisons for two finite mixture models with different
baseline random variables and different mixing proportions have been studied by Amini and Zhang [2].

Hazra and Finkelstein [19], using the multivariate majorization, have provided a stochastic compari-
son for two finite mixtures when the baseline distribution belongs to some semi-parametric families of
distribution such as proportional hazards, accelerated lifetimes (scale models) and proportional reversed
hazards models. Stochastic comparisons for two finite mixtures using majorization in the sense of the
usual stochastic order, the hazard rate order and the reversed hazard rate order have been discussed by
Nadeb and Torabi [23]. Albabtain et al. [1] have considered a parametric family of weighted distribu-
tions and their mixtures and have provided some stochastic comparisons. For some aging properties and
stochastic comparisons of mixtures, we refer, among others, to Finkelstein and Esaulova [17], Finkelstein
and Esaulova [18], Shaked and Shanthikumar [27] and Misra and Naqvi [22].

Recently, Asadi et al. [3] have proposed a flexible mixture model; the, so-called, @-mixture model
that combines two popular in applications mixture models, that is, the ordinary (arithmetic) mixture
model and the mixture of failure rates model. In accordance with this paper, the finite a-mixture for n
subpopulations with the corresponding SF’s Fi,i=1,2,...,n,is defined as

i piF (1)

, a0,
Fo(t) =4 L=t )

]_[ FP(1), a=0,
i=1

l/a

where p; is the mixing proportion such that p; > 0, fori = 1,...,n and )", p; = 1. Thus Eq. (2),
for @ = 1 reduces to the arithmetic (ordinary) mixture of survival functions, whereas the case @ — 0,
as shown by Asadi et al. [3], defines the mixture of the failure rates (the geometric mixture of the
corresponding SF’s). Asadi et al. [3] have extended the classical result of Barlow and Proschan [7] on
DFR (DFRA) distributions in a-mixtures, stating that the @-mixture of DFR (IFR) distributions are
DFR (IFR) for @ > 0 (o < 0) (see Section 1.2 for definitions of these notions of aging). They, also, have
shown that this closure property holds for DFRA (IFRA) distributions for @ > 0 (e < 0). Shojaee et al.
[28] have considered the a-mixture model and provided a new interpretation for the a-mixture model
via the multiplicative—additive hazard transform.

An obvious shortcoming of the model in Eq. (2) is that the parameter « is the same for all survival
functions, whereas the weights are different. For instance, the impact of the environment on different
components of a multi-component system can be also different. Obviously, Eq. (2) is the specific case of
amore general and practically sound in various applications and settings model with different parameters
(see our discussion and examples in the beginning of the next section). Therefore, in the current study,
motivated by Asadi ef al. [3], we generalize some results of this paper on the finite @-mixture model
(e.g., relevant stochastic comparisons and aging properties) to the case with different parameters. We
also discuss in detail the limiting behavior of resulting distributions, conditional characteristics and
relevant stochastic ordering using majorization technique. The latter is the main focus of the second
part of the paper, where some new approaches are developed and discussed using relevant examples and
counterexamples.
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1.2. Notation

For two random variables X and Y, we denote by f and g, the probability density functions, by F and
G, the cumulative distribution functions, by F and G, the survival functions and by rx and ry, the
hazard (failure) rate functions, respectively. In this study, we will use the following concepts of aging
and definitions of stochastic orders:

* The random variable X (or its distribution F) is said to be an increasing (decreasing) failure rate
(IFR (DFR)) if its failure rate rx (¢) is nondecreasing (nonincreasing) in z.

* The random variable X (or its distribution F) is said to be an increasing (decreasing) failure rate
average (IFRA (DFRA)) if —% log F(¢) is nondecreasing (nonincreasing) in .

* The random variable X is said to be smaller than Y in the usual stochastic order (denoted by X < Y
or F < G)if F(t) < G(t) for all £.

* The random variable X is said to be smaller than Y in the hazard rate order (denoted by X <, Y or
F <u G)if G(t)/F(t) is increasing in ¢, for all 7 or equivalently rx (f) > ry (), for all ¢.

* The random variable X is said to be smaller than Y in the likelihood ratio order (denoted by X <, Y
or F < G)if g(t)/f(¢) is increasing in ¢, for all .

1.3. Organization of the paper

The organization of the paper is as follows. Section 2 defines the generalized finite @-mixture model
and discusses its relation to other models reported in the literature. Section 3 studies the aging prop-
erties of the generalized finite a-mixture. Section 4 is devoted to the special cases of additive and
multiplicative models for the baseline distributions in the generalized finite @-mixture. Section 5 pro-
vides some stochastic comparisons in the usual stochastic order and the hazard rate order with different
baseline distributions. Section 6 provides sufficient conditions based on the concept of majorization for
stochastic comparison of two generalized finite @-mixtures. Finally, Section 7 gives some concluding
remarks.

2. The generalized finite -mixture model

The generalized finite ¢-mixture of n subpopulations with SF’s F;,i=1,2,...,n,is defined as

n
Z piFiai (t)
i=1

where p; is the mixing proportion such that p; > 0, for i € {1,2,...,n}, and };_, p; = | and

1/a

F(t’ d’) = s ; € (_OO’ 00)7 (3)

a= Zl'.’zl pi;. Assuming that p = (py,..., p,) is given, it includes the following special cases:
e a;=1,i=1,...,n, give the arithmetic mixture of F;’s.

e a;=-1,i=1,...,n, give the harmonic mixture of F;’s.

e Ifa; =0,i=1,...,n, we arrive at the geometric mixture of F;’s.

s o;=«a,i=1,...,n, give the -mixture of survival function.

2.1. Motivating example

Assume that we have a mixed population with two subpopulations. Let the survival functions of
items in each subpopulations in laboratory conditions be denoted as F;(¢), i = 1,2. Suppose that the
corresponding mixing proportions are p and (1 — p), respectively. Assume that the severe conditions
act on each subpopulation so that the survival functions of ith subpopulation, in accordance with the
proportional hazards model, becomes Fi“" (1), where a; > 0, i = 1,2. Then, the survival function of a
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randomly selected item is
Fy(t,@) = pF{" (1) + (1 = p) F;2(1).

Assume now that an item is shielded from the severe conditions. However, this shielding is “executed”
also by the proportional hazards model that decreases proportionally the failure rate that corresponds to
the foregoing survival function. Thus, as it can be clearly seen, by this operation, we cannot arrive exactly
at the initial mixed survival function (in laboratory conditions). Since the severe conditions parameter of
the first selected item is a; with probability p, and that of the second item is a, with probability (1 - p),
we consider the average value of the parameter in accordance with which the selected item is shielded,
that is, pay + (1 — p)a,. Hence, the survival function of the selected component after these operations is

F(1,a) = (pF" (1) + (1 = p)F5™ (1),

where @ = pa; + (1 — p)as.

2.2. Relation to models in the literature

In what follows, we interpret some of the existent in the literature specific models in terms of the
generalized finite a-mixtures. Note that the subpopulations/populations of items are considered as
sufficiently large. Cha [13] has considered the following two selection policies for designing the m-
component series system:

* The m-component series systems are built only using one type of component. Assume that the
proportion of systems built using the ith component with the SF Fi(t), i=1,...,n,is p;,
i=1,...,n. Asystem is randomly selected from the large mixed set of systems. This model is
defined as “mixing at the system level.” The SF of the selected series system is

Fi(r) = ) piFl"(8) = F™(t,m),
i=1

where F (¢, m), as the mth root of the sum above, according to our definition, is the SF of the
generalized finite a-mixture with @; =m, i =1,...,n. Let F;(t) belong to the proportional hazard
model, F;(¢) = G7'(r) and set mr; = @;,i = 1,...,n. Thus,

where G(t, @) is the SF of the generalized finite @-mixture corresponding to Gii=1,...,n and
F=30L piri.

* The system is “built randomly” using n types of components. If the proportion of the ith component
with the SF F;(¢) is p;,i = 1, ..., n, then the SF of the built series system of m components is:

m

Fa(1) = (Zpiﬁi(t) = F"(1, 1),

i=1

where F (z, 1) is the SF of the generalized finite @-mixture with @; = 1,7 = 1, ..., n. This model can
be called “mixing at the component level.” Let F;(1) belong to the proportional hazard model,
Fi(t) =G (1),i=1,...,n. Thus,

m

Falt) = (Z PG| = (G @),
i=1
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where G_(t, @) is the SF of the generalized finite @-mixture corresponding to G;i=1,...,n and
= pi.

For generalizations of these two models, see Hazra et al. [20].

3. Hazard rate and aging properties of the generalized finite ¢-mixture

The generalized finite @-mixture of SF’s F; fori =1,2,..,n, in accordance with our definition, is

n
> piF)
i=1

1/a

F(t,a) = , @ € (—00,00).

Then, the corresponding PDF is

1

@

anpiﬁi(li(l)

i=1

fa) = [Z aipiﬁmﬁ,."f—‘(r)l
i=1

where p; is the mixing proportion such that }\*, p; = 1 and p; > 0, for i € {1,2,...,n} and
@ = er'l:l pic;.

If (¢, @) and r;(¢) denote, respectively, the hazard rate of the generalized finite a-mixture and the
hazard rate of the ith component, then

o g
_1 Sy aipiri () F (1)
@ YipiF @)

1 n
= Tza'[ri(t)pm(t)’ (4)
@ i=1

where p, (1) = piF{" (1) |31, p; ;7 (1).

As an example, let us consider first, a mixture of two SFs F (¢) and F>(t) with PDFs f;(¢) and f»(t)
and hazard rates () and r,(t), respectively. We are interested in the bounds for the mixture hazard
rate that is defined in this case as

(1-p)F(1)
pEM (1) + (1= p) (1)

I‘(t,d’):l alrl(t) pFll(t)

3| R -

L lair (0pa () + asra () (1 = pa(0))].

Ta
where the time-dependent probabilities are

pF" (1)
pFI (1) + (1= p)Fy (1)

(1-p)F (1)
PE (1) + (1= p) (1)

(1-pa(n) =

pa/(t) =
From this representation, we have [16]:
min {@rl (1), grz(t)} < r(t,@) £ max {aTlrl (1), %”2(1)} .
a a a a
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In particular for @; > 0, if @; < @3 and F; >y, F>, then
a 1%
—ri(1) £ r(1.@) £ =),
a a

and for a; < 0, if @; < @y and F; <y, F», then
16 a
() < r(La) < =i ().
a a

Generalizing the foregoing result, in the following theorem, we show that the lifetimes in the weak-
est (strongest) subpopulation is smaller (greater) than that of the generalized finite a-mixture of n
subpopulations in the sense of the hazard rate order for o; > 0 (a; < 0),i=1,2,...,n.

Theorem 3.1. Let the lifetimes in subpopulations be ordered in the sense of the hazard rate ordering,
that is, F\ <pr F> <pr -+ <pr Fu. Then, for all t,

Fi < F(t @),
for all ordered a; > 0,i = 1,...,n, whereas for all ordered a; < 0,i=1,...,n:

F(t,a) <, Fy.

Proof. We only give proof for a; > 0,7 = 1,...,n because the proof for a; < 0,i = 1,...,nis
completely similar. Let ; > 0,7 =1, ...,n. We need to show that r(z, &) — ry () < O for all 7. We have

n

r(t,@) —ri(1) = m (Z rf(t)al-p,-F,.“f(t)) —ri(1)
i=1 Fily

_ (X ri(t)a’ipiﬁim (1) - (X @ipi)(Ziey PiFi(li(t)))rl(f)
a(XL, piF (1)

Zn: ri(t)aipiﬁ:i“i(t)) - ((Zn: aipi) (i pil*:l.“"(t))) ri(1).
i=1

i=1 i=1

i=1

sign

From the assumption Fy <, F> <p, -+ <pr F,, we have ri(f) > --- > r,(¢). This implies that
(Z ri(l)aipiFifti(t) - ((Z aipl-) (Z piFi(li 0
i=1 P <
n n
(S (S0
i=1 i=1

)rl(f)

n
< (1) (Z a;piF (1)
=1
Thus,

r(1,@) - ri(0) “E ry (1) a1p1(1 = p)F" (1) + aopa(1 = po) Fy2 (1) + -+ - + ppu(1 = pp) F7 (1)

—aipi ZP/F]%(I) - @p2 ZPjF;-Yj (1) = —anpn ZPjF;-Ij(f)

izl J#2 Jj#n
n n n

=ni® Zaipi(l =P F (1) - Zaipi ZPJ'FJ'QJ(t)
=1 i=1 i
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|

=r1(1) Zap,

Zp,F"’ (1) - Z piF (1)

J#i J#i
=ri(1) Z aipi Z pj(Ff(t) = F} (r)))l
J#i

L i=1

=r1(1) mei(ﬁf" (1) = F (1) (a1 — )
+ szpi(ﬁfz(t) - Fr () (@2 - a) + -
+ PP (B () = Fi (0) (@1 = an)l

<ri(1) Zplpi(Ff" (1) = F{"(1)(a1 - @)
+ Z:: papi(F;2(1) = F* (1) (a2 — i) + -+
+ PP (F (1) = 7 (D) (@1 = an)l

As the hazard rate order implies the usual stochastic order the assumption F| <p, F» <p, -+ <pr Fy
yields Fi(t) < Fy(1) < --- < Fp(1). Thus, F (1) < F;"(¢) fori < j,i,j =1,2,...,n, and then

(F{ (1) = F{7 (1)) < (F{" (1) = F{" (1)) and last 1nequa11ty holds.
Cons1der now the following two cases for a; > 0 separately.

e Leta; > ar >+ > ay. In this case F*(t) < F;/(t) fori < j,i,j=1,2,...,nand then
(F(t) - F (1)) < 0. Since (a; —a;) > 0fori < j,i,j=1,2,...,n, thus

r(t,a) —ri(t) <0.

e Leta; <y < -+ < . In this case F" (t) > F/(t) fori < j,i,j =1,2,...,n and then
(F(t) - F (1)) > 0. Since (a; —a;) < 0fori < j,i,j=1,2,...,n, thus

r(t,a) —ri(t) 0.

Thus, in general, r(¢, @) — r1(z) < 0, which means that Fy <, F(¢,a@) fora; > 0,i=1,...,n. This
completes the proof. O

In the following, we study the closure property of the generalized finite a-mixture. For proving the
main result, we first provide the following definition and lemma.

Definition 3.1. The hazard transform of the generalized finite a-mixture is

1 n
nd(u) = _5 log (Z pie_a/iui) ) a; € (_007 00)9 (5)
i=1
where u is a vector with elements u;, 0 < u; < oo,
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Thus, the hazard function R(z, @) = fou r(u, @) du that corresponds to the lifetime described by the
generalized finite @-mixture is given by

1 n
R(t,@) =na(R(1)) = - log (Z Pie‘l"Ri(t)), 0<t< oo, (6)
p

where R;(t) = /Ou ri(u)du,i = 1,...,nis the hazard function that corresponds to F;(¢) and R(¢) is a
vector.
Now we can prove the following lemma, which is an extension of Lemma A.1 of Asadi ez al. [3].

Lemma 3.1. The hazard transform ns(u) of the generalized finite a-mixture is concave for a; > 0 and
convex for a; < 0. That is, for a; > 0 (a; < 0)

na(Bu+ (1= p)) 2 ()Pna(u) + (1 -L)na(v), @)

where 0 < B < 1and0 < u;,v; <ocofori=1,..,n.

Proof. Using Holder’s inequality, we have (for a; > 0 (a; < 0)):

n n [j n
Zpi e—ﬁﬂiui e—(l—ﬁ)(liw < (Z pi e—tl.'lt.') (Z i e—a;w)
i=1 i=1

(1-B)
i=1
Thus, the lemma follows the definition of 774. ]

In order to prove the corresponding closure theorem, we need also the following lemma from Barlow
and Proschan [7].

Lemma 3.2. If h(u) is a concave (convex) function and is increasing in each argument and if u(t) is
concave (convex), then g, (t) = h(u(t)) is concave (convex).

Theorem 3.2. Let F(t, @) be the generalized finite a-mixture. Then,

(a) If each F;(t) is DFR (IFR), then for a; > 0 (a; < 0), F(t,&) is DFR (IFR).
(b) If each F;(t) is DFRA (IFRA), then for a;; > 0 (a; < 0), F(t, &) is DFRA (IFRA).

Proof. (a) Part (a) follows from Lemmas 3.1 and 3.2.
(b) As F;(t) is DFRA (IFRA), and 7 is increasing, the hazard function R(z, @) of the generalized
finite @-mixture satisfies

na(R(B1)) = ()na(BR(1)), 0<p<1.
Choosing v = 0 in the result of Lemma 3.1, we obtain
na(BR(1)) = (2)Bna(R(1)).

Thus,
R(Bt, @) 2 (2)BR(1, ),

and hence, F (¢, @) is DFRA (IFRA). |

The following example provides some applications of Theorems 3.1 and 3.2.
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Figure 1. (a) The plots of r(t, @) (solid) and the hazard rate of the weakest subpopulation (dash dot)
for a; > 0. (b) The plots of r(t, @) (solid) and the hazard rate of the strongest subpopulation (dash dot)
fora; <O.

Example 3.1. Let Fi(t) = exp(=0.81), t > 0 and F,(t) = exp(-0.4t), t > 0. If we assume that
(p1,p2) = (0.7,0.3) and (ay,az) = (2,5), then clearly, Fy <, F,. Since a; > 0, i = 1,2, then the
conditions of Theorem 3.1 are satisfied. Thus, the a-mixture hazard rate in this case is equal to

r(1.6) = - x 1.12 exp(—1.6t) + 0.6 exp(—21)
2.9 exp(—1.6t) + exp(-21)

As an example of Theorem 3.1, Figure 1(a) depicts the plot of r(t, &) and the hazard rate of the weakest
subpopulation (ry(t) = 0.8). The plots show that, F\ <, F(t,&). On the other hand, one can see that
F\(t) and F,(t) are DFR and, F(t,@) is also DFR for a; > 0, i = 1,2. As an application of Theorem
3.2, set (a1, az) = (=2, -5). Similarly, we can see from Figure 1(b) that, F(t,&) <p, F, for a; < 0,
i =1,2. Also, Fi(t) and F>(t) are IFR and, F(t, &) is also IFR for a; < 0,i =1,2.

3.1. Conditional characteristics

It is useful for further analysis in this section (see also the examples in the next section and Section 6,
where we discuss stochastic comparisons using majorization technique) to rewrite some relationships
(e.g., for the hazard rate functions) in a slightly different way. Then, the relevant conditional charac-
teristics will emerge naturally. For this, first consider a non-negative discrete random variable A with
probability mass 7(4;) = p; at 1 = A;, i = 1,2,...,n. Also, let F(¢|4;) = F;(1), f(t| ) = fi(t)
and r(t|4;) = r; (1), i = 1,2,...,n. Thus, the hazard rate that corresponds to the generalized finite
a-mixture can be given as follows:

n -
= @i piFi l(t)
r(t, @) = Z glri(t)m

i=1 j=1Pit;

_ Z %r(ll/li) () F% (1] 4;)

?:HT(/H)F“’(IMJ')

= > Ll el ), ®)
i=1 @
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where
() Fo (1] 4;)
T w(A)F(t]A))

ma(di|1) = C))

is the conditional probability mass at 4 = A;, i = 1,2,...,nand @ = X!, a;7w(4;) is the weighted
average of a;,i = 1,2, ..., n, with weights 7(4;).
Denote by Ez (A | t) the conditional expectation of A, that is,

Ea(Alt) = ) dima(d;|1) (10)
i=1
and by ¢ 5 (¢) the derivative of Ez(A | t) with respect to ¢, that is,
0 S
a(t) = —Ea(Alt) = ) Ai—ma(Ai|1),
ba(t) = 5 E(Al1) 21 o ma (i [1)

where

d [ (A)ai f (2 | A)Fo (| A)][ X2, m(A,)F (1] 4;)]
_ﬂ'&(/li | t) = n Qi
ot (X5 w () F(t] 2;)]?
.\ (X 7 f (| ) Fo ([ A [a(A) F¥ (1] 4)]
(X w(a)Fo(t]))]?
[ () F (e | A LEoy ayr (t1ANTANF (E1AN] aur (] ) m(A) F (1] A2)
(2, n(A)F(1]2)]? S () F (e A;)
=na(Ai | )ar(t, &) — a;r(t| A)ma(A; | 1).

Thus,

dat) =a|r(t,)Eq(AlL) - Z %lir(fui)ﬂfz(/li |1)
=1

=a[Ea(r(t|A) |DEa(Al1) — Ea(Ar' (1| A) [D)]
=—aCovs((Ar (1| N) 1),

where r* (1| A;) = (a;/a)r(t| A;) fori = 1,2,...,n. Now, we can formulate the following results:

e Ifr(z|A)isincreasingindand o) <ap < - < au(@; 2y > -+ > ay) fora; >0 (a; <0),
i=1,2,...,n,then Covg((A,r*(t|A))|t) > 0, which, in turn, implies that for a; > 0 (¢; < 0),
i=1,2,...,n,¢5(t) < 0(>0). This means that E5(A | ) is decreasing (increasing) in 7.

o If r(¢| Q) isdecreasingindanda; > ar > --- 2@, (@ <@y < --- < ) fora; >0 (a; £0),
i=1,2,...,n,then Covg ((A,r* (| A))|t) < 0, which, in turn, implies that for @; > 0 (a; < 0),
i=12,...,n,¢5() > 0(< 0). This means that E5(A | ) is increasing (decreasing) in ¢.

4. Special cases: additive and multiplicative models

It is well-known that the additive hazard model has the following form:

rtl ) =r()+4;, i=1,2,...,n,
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where r(t) is the baseline hazard rate. In this case, the hazard rate that corresponds to the generalized
finite @-mixture, r(¢, @), from Eq. (8) can be given as follows:

r(0@) = ) 2 () + A1)

i=1

c a; - a;
=r(0) ), = ra(liln + ) = Ama(i |0
i=1 i=1

*

_ r(t)% +EL (A1), an

where 17 = 2 4;,i=1,2,...,nand @ = 3| a;ms(4; | 1) is the weighted average of a;,i = 1,2,...,n,
with weights 75 (4; | £).
For the multiplicative hazard model, we have

r(e| ) =4r(0), i=1,2,...,n.

Hence, the hazard rate that corresponds to the generalized finite @-mixture, r (¢, @), is

n

r(n@) = Y Zarna(d]1)

i=1

=r(t)Ez(A" | 1). (12)
Thus,

P @) = (OEa(A 1)+ r(0) S Eg(A 1), (13)

From Eq. (13), the generalized finite a-mixture will be IFR (DFR) for @; > 0 (a; < 0),i =1,2,...,n,
if and only if for all 7 € (0, c0)

SEa(A"|1)

r (1)
= Ea(A 1)

r(n)
The following theorem describes the limiting behavior of hazard rates for the multiplicative model

in the generalized a-mixture model for two components. The result is given for positive values of a;,
i = 1,2. The case of negative values can be described in a similar manner.

(<) -

Theorem 4.1. Let r1(t) = 417 (1), ra(t) = Ar(t) where 1 £ A, and r(t) — o0 ast —> oo in the
multiplicative model for the generalized finite a-mixture of two SFs with a; > 0. If @) < cay, where
c=A/A1 = 1and & = p1ay + pray, then

(a)
r(t, @) = %rl(t)(l +o(1)) ast —s . (14)

(b)
”(’a&)—%r1(l)—>0 ast — oo (15)

if and only if
t
r(t) exp {—(alez - a/l/ll)/ r(u) du} -0 ast— co. (16)
0
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Proof. From the assumptions of the theorem, we have r,(¢) = cr(t), where ¢ = A,/4; > 1. This
implies that, (1) = F{(¢) and fo(¢) = cf1(t)F{~"(¢). Thus, the ratio of the two densities and the two
survival functions as t — oo, is respectively,

fily F=@
ALy ¢

Fi (1)
Fa(1)

Too ifc>land=1 ifc=1

=F ()T ifc>land =1 ifc=1.

‘We have

r(ta 1 y FO () [arpr + caapa FE™ ™ ()] x Fi (1)

r( a Fo@)[p1+ p2F{ ™" ()]

[a1p 1 F{" (1) + canpa | F{ ™" (1)
[p1F" % (1) + po] F{ ™" (1)

pa(cay — ay)
Xlap + Sy .
DP1F] (1) + p2

Ri| —

Q| —

When ¢t — oo, F(t) — 0, and thus we get Eq. (14). To prove (b), note that

1 _ —
F @)~ D) = & xry (P (222 - a) (17)
a a p1+paF ()
As
_ t
ri()F; " (1) = 417 (1) exp {—(az/lz - avll)/ r(u) du; ,
0
from Eq. (16), we get
r(DF ™" () — 0 ast— oo,
Hence, from Eq. (17), we obtain the result in Eq. (15). This completes the proof. O

Remark 4.1. In Theorem 4.1, since 11 < Ay, we have Fy >y, F», and from the results of Section 3,
before Theorem 3.1, we have (a/a@)ri(t) < r(t,a&). The results of Theorem 4.1 show the asymptotic
behavior of r(t, &) in the multiplicative model. In particular, ifo; = @ > 0 (a; = a < 0), i = 1,2, the
hazard rate of the generalized finite a-mixture in the multiplicative model tends to the hazard rate of the
strongest (weakest) subpopulation as t — oo,

5. Stochastic comparisons for different baseline distributions

Our main emphasis in the rest of the paper will be on stochastic comparisons obtained by using
majorization technique. However, as a prelude to that, in this section, we discuss meaningful stochastic
comparisons for two generalized finite @-mixtures in the more conventional for existing literature way.

Theorem 5.1. Let F),(t, @) and G, (t, &) be two n-component generalized finite a-mixture models with
common mixing probabilities (p1, . .., pn). Assume that for a; > 0 (a; <0), F; <5, G; fori=1,...,n.
Then,

Fp(t7 C_l) SS[ Gp(t’ d’)
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Proof. Let @; > 0 (a; < 0). From F; <, G; fori = 1,...,n, we have Fi(t) < Gi(t) for any t,
i=1,...,n Since @; > 0 (e; <0), F"(t) < (2)G"(t) fori = 1,...,n. Thus,

Consequently from ;7" | p;a; > 0 (X, pia; < 0)

IZn: PiFiai
i=1

This means for a; > 0 (a; < 0)

/35 piai
<

/35 piai

n
Zpiéfli
i=1

Fp(t,@) < Gp(t,@).

]

Theorem 5.2. Let F\,(t, &) and G, (t, &) be two n-component generalized finite a-mixture models with
common mixed proportions (p1, ..., pn). Suppose that for a; > 0 (a; < 0)

(i) (a1/@)rp, (1) < -+ < (an/@)rF, (1) or (a1 /@)rG, (1) < -+ < (an/@)rg, (1);
(ii) F;(t)/G;(¢) is increasing (decreasing) ini € {1,2,...,n};
(iii) F; <pr Giforalli € {1,2,...,n};
(iv) ay = - > ay.

Then,
Fp(t,@) <pr Gp(t,@).

Proof. Leta; > 0.From Eq. (4), the expressions for the failure rate functions that correspond to F, (¢, &)
and G, (¢, @) can be written as
n

re(t.@) = ) S (0pa (1)

i=1

and

ro(t,@) =Y 2re, (0 (1)

prll
respectively, where g, (1) = p;G" (/%52 ij_;lj (t)fori=1,...,n. Toprove F,(t,&) <p Gp(t,@)
for @; > 0, we need to show that y/(¢) = rp(t, &) — rg(t, @) is non-negative for all 7 > 0. Note that,

i=1

W)= ) 2R (Opa (1) = Y 26, (g4 (1)
i=1

n

Z Zl: %rci (Z)pm (t) - Z %rci(t)qm (t) = f(l),

i=1

where the inequality follows from condition (iii). Thus, it suffices to show that £(7) is non-negative for all
t > 0. Consider two non-negative discrete random variables W and V on a sample space {1, ..., n} with
probability mass functions g, (¢) and p,,(¢),i =1, ..., n, respectively. Thus, £(#) can be written as

§() = E[¢(V)] - E[¢(W)] (18)

https://doi.org/10.1017/50269964821000243 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964821000243

1068 0. Shojaee et al.

where ¢ (i) = (a;/@)rg,(-),i = 1,. .., n.Toprove that Eq. (18) is non-negative, it is sufficient to show that
¢ (i) isincreasing ini and W <, V.Based on condition (i), we have (@) /@)rg, (t) < --- < (a,/@)rg, (1)
for all # > 0. Thus, ¢ (i) is increasing in i. On the other hand, one can see that

Pa; (1) o (M)ai

qa; (1) G.() e{l,...,n}

The condition (iii), that is, F; <, G; implies F;(¢) < G;(t),i € {1,2,...,n}. Thus, 0 < F;(1)/G;(t) <
1 for all i € {1,2,...,n}. Hence, conditions (ii) and (iv) imply that p,,(f)/qe,(t) is increasing in

i € {1,...,n}, which means that W <;, V, which in turn implies W <;, V. Thus, £(¢) is non-negative
and for a; > 0, Fj,(t,@) <pr Gp(t,@). If, we assume (a1 /@)rp,(t) < --- < @, /arg, (1), the proof is
similar. The case @; < 0 can be also established in the same way. O

6. Stochastic comparisons using majorization concept

In this section, we provide the main comparison results of the paper with detailed analysis, examples
and counterexamples. Specifically, we compare two generalized finite @-mixture in the sense of the
usual stochastic order and in the sense of the hazard rate order when the vector of parameters of the first
mixture majorizes the second one (see the relevant conditional characteristics discussed in Sections 3
and 4). However, first, we must recall some definitions and supplementary results to be used in what
follows.

Definition 6.1 ([21. p. 8)] Consider two vectors x = (x1,...,x,) and y = (y1,...,yn). Let x1) <
co L Xy and y1) £ - -+ < y(u) be increasing arrangements of their components, respectively.

(i) Iij-Zl xX(j) < 2;:1 ypfori=1,...,n-1, and 2521 X(j) = 2;:1 Y(j), then x is said to majorize
y and denoted by x g y.

(ii) 1f2§-:1 x) £ 25:1 vy fori=1,...,n, then x is said to weakly supermajorize y, and denoted by
x gy.

(iii) Ifzyzix(j) > Z;?:i vy fori=1,...,n, then we say that x weakly submajorize y, denoted by
X=w)y.

From the foregoing definition, clearly, the majorization order implies both weak submajorization and
supermajorization orders. Order-preserving functions have been widely used in the literature to obtain
some inequalities that arise from majorization. A Schur-convex function is a function that preserves the
ordering of majorization [21].

Definition 6.2 ([21. p. 80)] A real-valued function ¢ defined on a set A C R" is said to be Schur-convex
(Schur-concave) on A if x > y implies ¢(x) > (Z)p(y) forany x,y € A.

Some conditions for the characterization of Schur-convex (Schur-concave) functions are provided in
the next lemma.

Lemma 6.1 ([21. p. 84)] Let I C R be an open interval and let ¢ : I — R be a real-valued, continuously
differentiable function. Then, ¢ is Schur-convex (Schur-concave) on I" if and only if

(i) ¢ is symmetric on I"", and
(ii) foralli # jandallx € I",
¢ 9¢
(xi —x;) 6_x,-(x) - gj(x) > 0(<0),

where the partial derivative of ¢ with respect to its ith argument denoted by d¢/0x;.
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The next lemma provides some conditions under which the weak supermajorization and the weak
submajorization orders are preserved.

Lemma 6.2 ([21. p. 87)] Consider the real-valued function ¢, defined on a set A C R". Then,

(i) x>,y implies ¢(x) = ¢(y) if and only if ¢ is increasing and Schur-convex on A;
(ii) x »Zv y implies ¢(x) > ¢(y) if and only if ¢ is decreasing and Schur-convex on A.

We will also need the following notation

Uy ={(x,y) x5,y 20 (x; —x;)(yi—y;) <0, i, j=1,...,n}.

6.1. Usual stochastic order

Theorem 6.1. Let

. 1/a,
Fw,p.a(t,@,) = Zpiﬁ(li(f | /11')]
=

and
[ n 1/a,
Fu,p (1) = | Y piF(tly) |
Li=1
be two n-component generalized finite a-mixtures with common mixing proportions pi,...,p, and
parameters Ay, . .., Apandy,. .., Yy, respectively, where &, = 3.\, p;a;. Suppose thatfor (p,A) € U,

and (p,y) € Uy:
(i) F(t|A) is decreasing and convex in A > 0 for all t > 0;
(i) @y < -+, < ap;
(iii) A = y;
(iv) aijp; 2 ajpjforalli <j,i,j=12,...,n
Then, for a; > 1,

FW"(P”I)(I’ ap) = FWn(IM’) (1, @p).

Proof. Without loss of generality, suppose that p; > p, > - -+ > p,. From assumption (p, 2) € U, and
(p,y) e_(LI,,, we have 0 < 4 < /lz_S -+ < Adp,and 0 < y; < yp £ -+ < v,. Note that, by considering
$(A) = Fw, o) (1, @p) =[S, piF o (1] 2:)]" %, we have

_ " 1/Gp—1
(9¢(/l) a; (9F(t | /l,) =1 =
- — . |- 7 i . . i . <
B = (T )t | S pFa| <o

as from condition (i), F(z | A;) is decreasing in A;. In addition, from Lemma 6.1 and for any pair (i, j),
1<i<j<n,

9p(A) 0¢(D) _  a; (3F(t|/li)

a, A

n 1/a@,-1
=p; (F (] A
yoial Yy s le (] )]

n 1/ap-1
> piF (tui)l :
i=1

) Forl(e] )

OF(t|1;)

_p.—L FOY(t1A;
pj@p ( a/lj ) (l ])
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This implies that

36() _ 3p(A)

0/11- (9).]
. D 6Fv /li _ iDi (9Ft /l mQ—
sign [a_p ( (t] ))F e - P (M) Fo l(tuj)} <0,
a, \ o a \ 04

as from condition (iv), a;p; > a;p; and from condition (i), F(t]4;) is decreasing and convex, thus
—(0F (t|4:))/04; = —(8F(t]14;))/84; > 0 and from condition (i), F*~'(t| ;) > Fu~'(t]|A;).
Thus,

> 0.

(i - ) (‘”—“) - ‘”—(”)

o1, 04,

Consequently, FWn(p’/[)(t, @p) is decreasing and Schur-convex for @; > 1. Now, condition (iii),

a > ¥, together with condition of Lemma 6.2 imply ¢(1) > ¢(y). This means Fyw, 1) (1, @) >
Fw, p.y) (t,@p) completing the proof of the theorem. o

Remark 6.1. Theorem 6.1 extends the result of Theorem 3.2 in Nadeb and Torabi [23] that compares
two finite ordinary mixtures with respect to parameter A.

To illustrate Theorem 6.1, we present a numerical example.

Example 6.1. Let F(t|1) = e, for t € [0,+). Clearly, F(t|Q) is decreasing and convex in
A. Set (pl,pz,p3) = (055,035,01), (/1],/12,/13) = (04, 0.7, 08), (’)/],’}/2,’}/3) = (05,08, 09) and
(a1, az,a3) = (2.5,3,4). As we see, A > v, (p,A) € Us and (p,y) € Us and (a1p1, 22, @3p3) =
(1.375,1.05,0.4). Thus, all conditions of Theorem 6.1 are satisfied.

However, if conditions (p, d) € U,, and (p,y) € U, in Theorem 6.1 are removed, the result may be
not true any more. The following counterexample illustrates this.

Counterexample 6.1. In Example 6.1, set (1,42,43) = (18,5,1) and (y1,y2,73) = (17,5,2).
Thus, (p,A) ¢ (Llé and (p,y) ¢ Us. Figure 2 plots Fy,p.2)(t,@p), Fw,py) (L, @p) and g(t) =
Fw,p.0)(t,@p) — Fw,(py)(t,@p), which indicates that the usual stochastic ordering does not hold
between Fw,p 1) (t, @p) and Fw,p ) (t, @p).

Theorem 6.2. Let Fy, 1) (1, @,) and Fy, ) (t, @,) be two n-component generalized finite a-mixtures
with common mixing proportions py, ..., p, and parameters Ai,...,A, and yi,...,yn, respectively,
where &, = Y,i_| pia;. Suppose that for (p, ) € U, and (p,y) € Uy:

(i) F(t|A) is increasing and concave in A > 0 for all t > 0;
(i) @) <+, < ap;
(iii) 1 > 7.
Then, for a; <0 (0 < a; < 1 such that a;p; > ajp;foralli < j,i,j=1,2,...,n):

Fy,p.0) (1, @p) < Fw,py) (1, @p).

The proof of this theorem is similar (with relevant alterations) to that of the previous one and,
therefore, is omitted. To illustrate the result, the following numerical example is provided.
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Figure 2. (a) The plots of FW;(p,/l)(t,C_L’p) (solid) and F%(p,y)(t,c'y,,) (dash dot). (b) g\(t) =
Fw,(p.0) (1, @p) = Fw,(py) (1, @p).

Example 6.2. Let F(t|1) = (1/(A+12))4, for t € [0,+00), which is the survival function of the
Compound Rayleigh distribution. Clearly, F(t|A) is increasing and concave in A for 0 < a < 1.
For a; < 0(0 < a; < 1), set a =0.9, (p1,p2,p3) = (0.6,0.3,0.1), (1,1,,23) = (10,12, 14),
(v1,72,v3) = (11,12,15) and (ay, a2, a3) = (—4,-3,-2.5) ((a1, @z, a3) = (0.4,0.5,0.6)). As we see,
A3 v, (p,A) € Us and (p,y) € U; and for 0 < a; < 1, (a1p1, a2p2, azp3) = (0.24,0.15,0.006).
Thus, all conditions of Theorem 6.2 are satisfied.

In the following counterexample, we show that conditions (p, 1) € U, and (p,y) € U, in Theorem
6.9 can not be dropped.

Counterexample 6.2. In Example 6.2, set (11, A2, A3) = (20, 10.5, 10) and (y1, 2, y3) = (19.5, 11, 10).
Thus, (p,A) € Us and (p,y) € Us. Figure 3 plots g»(t) = Fw,(p.y) (t, @) — Fwyp,a) (t, c_'zp)for a; <0
and 0 < a; < 1, which indicates that the usual stochastic ordering does not hold between Fyy,p a)(t, @p)
and FW}(PJ’) (z, C_L'p).

Corollary 6.1. Let F(t| 1) belongs to the proportional hazard family, F (t| 1) = FA(t), for all t, where
F (1) is the baseline survival function. Then, for a; > 1,i=1,2,...,n such thata; < a» < --- < ay,

and a;p; > ajp;foralli < j,i,j=1,2,...,n 4 ﬁ v, (p, ) € U, and (p,y) € U, we have
Fw,p.0) (1, @p) = Fw,(py) (1, @p).

Corollary 6.2. Let F (] A) belong to the accelerated lifetime (scale model) family, F(t | 1) = F(At), for
all t, where F(t) is the baseline survival function. Also, let f(t) denoting the baseline density function,
is decreasing in t. Then, fora; > 1,i=1,2,... ,nsuchthat oy < a» < --- < @, and a;p; 2 a;p; for

alli<j,i,j=1,2,...,n 4 > 7, (p,A) € U, and (p,y) € Uy, we have
Fw, o) (1,@p) 2 Fw, (poy) (1, @p).

Corollary 6.3. Let F(t|A) belong to the proportional reversed hazard family, F(t|1) = 1 — FA(¢),
for all t, where F(t) is the baseline distribution function. Then, for @; < 0 (0 < «@; < 1 such that
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Ii'igure 3. (a) g(t) = FW3(p,y)(l,C_lfp) - FW,%(PJ)(I’&P) for a; < 0. (b) gz(t) = F%(p,y)(t,d,p) _
Fw, .0 (t,a@p,) for0 < a; < 1.

a;p; 2 ajpjforalli < j,i,j=12,...,n),i=12,...,nsuchthatay < ap < ---
(p,A) €U, and (p,y) € U, we have

IA

ap, A 2y,

Fyw, ) (1,@p) < Fw,(py) (1, @p).

From Theorems 6.1 and 6.2, we can obtain a lower or upper bound for the generalized finite @-mixture
as discussed in the following remark.

Remark 6.2. Set (y1,...,vn) = (4,...,2), where A = (1/n) Y/, A;. It is easy to see that A > y. Then,
Jor (p,A) € Uy,:

(i) If F(t| Q) is decreasing and convex in A > 0 for all t and for a; > 1,i = 1,2, ..., n such that
o Lap < Lapandaip; 2 ajpjforalli < j,i,j=1,2,...,n, we have the following lower
bound for the generalized finite a-mixture:

Fyw, p.ay (t@p) > F/% (1] ).

(ii) If F(t| Q) is increasing and concave in A > 0 for all t and for a; <0 (0 < a; < 1 such that
aipi 2 ajp;foralli <j,i,j=1,2,...,n),i=1,2,...,nsuchthatay < as < --- < ap, we have
the following upper bound for the generalized finite a-mixture:

Fyw,p.0 (1, @) < For (1] ).
The next numerical examples illustrate Remark 6.2 for two cases @; > 1 and @; < 0.

Example 6.3. (i) Consider Example 6.1. Let F(t| ) = e™", for t € [0, +00). Clearly, F(t|2) is
decreasing and convex in A. Set (p1, p2, p3) = (0.55,0.35,0.1), (1;, 42, 13) = (0.4,0.7,0.8),
(y1,72,73) = (1, 4,4) = (0.63,0.63,0.63) and (a1, @z, a3) = (2.5,3,4). As we see, A > 7,

(p,A) € Us and (p, A) € Uz and (a1p1, @22, as3p3) = (1.375,1.05,0.4). Thus, all conditions of
Remark 6.2(i) are satisfied.
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(ii) Consider Example 6.2. Let F(t|A) = (1/(A + %)%, fort € [0, +c0), which is the survival function
of the Compound Rayleigh distribution. Clearly, F(t| ) is increasing and concave in A for
O<a<l Fora; <0,seta=0.9, (p1,p2,p3) =(0.6,0.3,0.1), (11,12,123) = (10, 12, 14),

(v1,72,v3) = (4,4, /i)_ =(12,12,12) and (a1, as, a3) = (=4, =3,-2.5). As we see, A g v,
(p,A) € Us and (p, A) € Us. Thus, all conditions of Remark 6.2(ii) are satisfied.

6.2. Hazard rate order

In this subsection, we consider the 2-component generalized finite a-mixture and provide some
comparisons in the sense of the hazard rate order.

Theorem 6.3. Let

1/ap,

2
D piF ()

i=1

Fw,ip.0) (t, @) =

and
1/a,

2
Py, (t,@p) = ZPiFm(f [ vi)

i=1

be two 2-component generalized finite a-mixtures with common mixing proportions pi, p, and param-
eters Ay, Ay and 1,7y, respectively, where @, = Z%zl pia;. Suppose that for (p,d) € U, and

(p,y) € Uy:

(i) r(t|A) is increasing (decreasing) and concave (convex) in A > 0 for all t;
(ii) F(t|A) is decreasing (increasing) in A > 0 for all t;
(iii) a) < ay;
(iv) A =y.

Then, for a; > 0 such that a\p, > azp; (a; <0):

rW2(P,/l) (t,d’p) S (Z)rWZ(p,y)(t, C_yp)a

where ry,p.a) (1, @,) and rw, p ) (, @,) are the hazard rate functions that correspond to Fy, 1) (1, @)
and Fw,(p 4 (t, @p), respectively.

Proof. Without loss of generality, suppose that p; > p,. From assumption (p, 1) € U, and (p,y) €
U,, we have 0 < 1] < A; and 0 < y; < y,. The hazard rate function of FWz(p,A)(t, @p) is

s (1) = _i o Piza'ir(tl_ﬁi)ﬁm (1)
ap | 2ic PiF (| )
_ 1L [prar (e A)F@ (1| 1) + paaar (1| ) F® (2] A2)
S| pIEO (1| 1) + paF (1| A2)
_ 1 |%ip.A)
S @, [Bp )
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Thus,

Y (1:p,A M (t;p.4 .
Irwp (@) 1 | ZEER (1 p, A) - ZEEEAY (15 p, 1)

o4 ap Yi(t;p, )
sien 1 or(t|A _ ﬁﬁl‘ A _
i Lo (974D pon ) ) 0 P gt ) 4y )| w2 2 )
, o, a1,
OF (1| A7) -
—(plal%F”“l(tlﬂl))‘l‘l(t;p,ﬁ)]
1
ap [or(t]Ay) - OF(t|A)) -
_ e [MF%ul)%o;p,mm&m e | )R ) 0 p. )
ap l?ﬂ.l (911
OF(IA)
- FY" (| )Y (t; p, A
o, (APt p, D)
_ 21 O fon (4 2wy 1 . )
a/,, | 3/11

+%F"l"(r 00) (@ (t] ) (8 p, ) — ¥4 (t;p,m]

_ra [or(t] )
ap | o
AF (1| )
o,

Fo (l | ﬂ])lpz(l;p,/l)

FOl (e | 0) (paF (1 | o) (nr (| ) = aor (e Azm] :

Now, we have

Orwyp.1) (1, @) Orwyp.y (1, @p)
oA 0y

£ ip [(mm%ﬂ'f‘)ﬂ“ (t) 1) —pzaz%ﬁ'jﬂﬁf“(ruz)) %(r;pm]
+ _ip [P1011M((;—/1|1/11)F“‘_1(f [ A1) (p2F (1] ) (arr(t| A1) — aar (1] 42)))
—Pzwz(ﬁg—ﬁl;ﬁﬁm_l(l ) (i F (] ) (0ar (¢ o) — ar (7 m»]
- Liass-c)
a@p
where,
A= A ) - pzaz%ﬁ'jﬁﬁ‘%uz)) (1 p. ).
B=py ‘”Eg—ﬁ'f‘)ﬁm-lu ) (paF (¢ | 42) (enr (1] ) = aor (1] 1))
and )
€ = pay L Pt ) (P 040 11 42) = a1 41))

From condition (ii), F(t|4;) > (<)F(t|A2). Since, from condition (iii), @y < a3, F¥(t|1;) >
F(t| ;). From condition (i), (dr(¢|11))/84; = (<)(dr(t]|12))/dA; > (<)0. Consequently, A > 0
follows from condition a;p; > a;p,. Also, we claim that B > 0, because from condition (i), r(f | 4;) <
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Figure 4. (a) rw,(p.2)(t,@p) (solid) and rw,p)(t,@p) (dash dot). (b) g3(t) = rw,py(t,@p) —
VWg(p,/l)(ta d’p)-

(=)r(t|A2), and condition (iii), a@; < ap, (ar(t|A1) — ar(t]|A2)) < 0. On the other hand, from
condition (ii), dF(¢|;)/04; < (>)0. Consequently, B > 0. Similarly, C < 0 and hence -C > 0.
Therefore,

6rwz(p,,1)(t, (I_p) 3 8rwz(p,)) (¢, a7p)

A1—-A
(A1 = 22) an, o

< (2)0.

Consequently, according to Lemma 6.1, rw,(p,4)(f, @) is Schur-concave (Schur-convex). Using

condition (iv), 4 g 7, we have ry, p.a) (£, @p) < (2)rw,py) (t, @p).
This completes the proof. O

Remark 6.3. Theorem 6.3 is proved for n = 2. We have not yet been able to prove whether the result
holds for n > 2 or not leaving it as an open problem for now (see also Section 4 of Hazra and Finkelstein
[19] and Nadeb and Torabi [23], where the authors make the similar statement for ordinary mixtures
whenn > 2).

Theorem 6.3 is illustrated by the following numerical example:

Example 6.4. Let F(t|1) = e Y, for t € [0,+00). Clearly, F(t|A) is decreasing and r(t|1) =
A is increasing and concave in A. For a; > 0, set (p1,p2) = (0.55,0.45), (11,4;) = (0.4,0.7),

(v1,72) = (0.5,0.6) and (a1,az) = (2.5,3). As we see, A g v, (p,A) € Uy and (p,y) € U, and
(a1p1, azpr) = (1.375,1.35). Thus, all conditions of Theorem 6.3 are satisfied.

In the following counterexample, we show that conditions (p, 4) € U and (p,y) € U, in Theorem
6.3 can not be dropped.

Counterexample 6.3. In Example 6.4, set (11,42) = (0.8,0.5) and (yy,7v2) = (0.7,0.6). As we

see, A = v, but (p,A) ¢ U, and (p,y) ¢ U,. Figure 4 plots rw,p a)(t,@p), Twyp,y) (¢, @p) and
83(t) = rwy(p.y) (8, @p) — rwyp,) (8, @p) for a; > 0, which indicates that the hazard rate ordering does
not hold between Fy, p 1) (t, @) and Fw, (p 5) (1, @,).
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-0.05+

-0.10

-0.154

(a) (b)
Ii‘igure 5. (a) Fwyp.)(1,@p) (solid) and Fw,q.,)(t,&,) (dash dot). (b) ga(t)
Fw,(q.) (1, d’q)-

Fyw,p.a) (1, @p) —

The result of the next corollary extends the result of Theorem 4.2 in Nadeb and Torabi [23], which
compares two finite ordinary mixtures with respect to parameter A in the generalized finite a-mixture.
Its proof directly follows from Theorem 6.3 and, therefore, is omitted.

Corollary 6.4. Let F(t|A) belong to the proportional hazards family, F(t| 1) = FA(t), for all t, where

F (1) is the baseline survival function. Then, for0 < ay < a; suchthatap; > azp,, A > v, (p, ) e,
and (p,y) € U,, we have

rwy(p, ) (1. @p) < Twy(py) (1, @p).

Remark 6.4. The results in this paper are obtained under the assumption that a; # 0. It should be
pointed out that the case a; = 0 can be considered as a special case of ordinary finite a-mixtures (see
the model in Eq. (2)). For this special case, we refer to Asadi et al. [3] for Theorems 3.1 and 3.2 and
Lemma 3.2; for results given in Sections 3, 4, 5, etc., we refer to Shojaee et al. [28] and for results given
in Section 6, we refer to Barmalzan et al. [8].

6.3. More counterexamples

The following counterexamples can help in better understanding the limitations/assumptions of the
considered in this section stochastic orderings. We first show that the result of Theorem 6.1 (Theorem

6.2) cannot be extended to the case p ; q.

Counterexample 6.4. Let F(t|1) = e, for t € [0,+0c0). Clearly, F(t|A) is decreasing and con-
vex in A. Set (pi1,p2,p3) = (0.875,0.0625,0.0625), (11,42,43) = (0.4,0.7,0.8), (g1,92,93) =

m

(0.35,0.35,0.3), (v1,72,73) = (0.4,0.7,0.8) and (a;,az,a3) = (2.5,8,10). As we see, p > q,

A g 7, (p,A) € Us and (q,y) € Us. The plots in Figure 5 depict Fy,p.2)(t, @), Fwyqy) (1, &,) and
g4(t) = Fw,p.0) (1, @p) — Fw,(q.9) (1, @,), which indicate that the usual stochastic ordering does not
hold between Fy,p 1) (t, @,) and Fy, (g, (1, &g).
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Figure 6. (a) g6(1) = fw,(p.0) (1, @p) | fws(p.y) (1, @p). (b) 85(1) = Fywy(p.a) (1, @p) = Fwy(py) (2, Bp).

In the following counterexample, we show that the usual stochastic ordering does not hold between

— — — m
FW,,(p,/l)(t7 0_11,) and FWn(p,y)(t’ﬁp) when a > .

Counterexample 6.5. Let F (1| 1) = e, fort € [0, +0). Clearly, F(t| 1) is decreasing. For a; > 1, set
(p1> P2, p3) = (1/3,1/3,1/3), (A1, 42, 43) = (0.4,0.7,0.8), (y1, 72, 73) = (0.4,0.7,0.8), (@1, a2, a3) =
(2.5,3.5,4) and (B1,B2,83) = (2.8,3.4,3.8). As we see, A > y, (p,d) € U; and (p,y) € U3 and

a I; B. Figure 6(b) plots g5(t) = Fw,p.2)(t,@p) = Fw,p.y) (1, Bp) for e, Bi > 1, which indicates that
the usual stochastic ordering does not hold between Fy,p 1)(1,&p) and Fy,p ) (1, Bp).

Finally, we demonstrate that the result of Theorem 6.3 cannot be extended to the likelihood ratio
ordering

Counterexample 6.6. Let F(t| 1) = e™¥, fort € [0, +00). Clearly, F(t | A) is decreasing and r(t | ) =
A is increasing and concave in A. For a; > 0, set (p1,p2) = (0.55,0.45), (11,4;) = (0.4,0.7),

(v1,72) = (0.5,0.6) and (a1,a;) = (2.5,3). As we see, A > v, (p,A) € Uy and (p,y) € U, and
(a1p1,aapy) = (1.375,1.35). Thus, all conditions of Theorem 6.3 are satisfied. Figure 6(a) plots
g6(t) = (fwop.2) (1, @p)) [ (fwaip.y) (1, @p)) for a; > 1, which indicates that the likelihood ratio ordering
does not hold between Fy, .2 (1, &p) and Fw,p.5) (1, @,).

7. Conclusions

We have introduced the generalized finite @-mixture of survival functions, which is a new flexible
family of distributions that includes many mixture models as special cases and can be used to model,
for example, heterogeneity in populations. We have studied the hazard rate properties of the generalized
finite @-mixture family. Specifically, it was proved under some assumptions that the weakest (strongest)
subpopulation is smaller (greater) than the generalized finite a-mixture in the sense of the hazard rate
order. Moreover, an extension of the closure property of the @-mixtures of DFR (IFR) distributions of
Asadi et al. [3] was provided, that is, when all components are DFR (IFR), then the generalized finite
a-mixture is also DFR (IFR) under the specified assumptions. We also have shown that this closure
property holds for DFRA (IFRA) distributions.
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Some aging properties of the generalized finite a-mixtures were investigated. In particular, for two
important baseline hazard models, additive and multiplicative hazards, the hazard rate of the generalized
finite @-mixture is expressed in terms of the corresponding conditional moments of mixing distributions.

We have employed the concept of majorization for obtaining sufficient conditions for stochastic
comparison of two generalized finite a-mixture models in the sense of the usual stochastic order and the
hazard rate order. The detailed analyses with numerous examples and counterexamples help understand
the assumptions and limitations in our modeling.
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