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Interpolation on algebraic groups

S. Fischler

ABSTRACT

We prove an interpolation lemma with multiplicities on a commutative algebraic group.
This statement is ‘dual’ to zero estimates used in transcendental number theory.
The special case where no multiplicities are involved has been proved by Masser.

1. Introduction

The usual sketch of a proof of transcendance or algebraic independence is to construct an ‘auxiliary
function’ which takes small algebraic values at many given points; these values are then proved to
be zero. The final step is to prove that such a function, vanishing at these points, has to be zero:
such a statement is called a zero estimate.

Another ‘dual’ approach is to construct an ‘auxiliary functional’, i.e. a linear combination of
evaluations of derivations, which takes small algebraic values (and therefore vanishes) on many
functions (see [Wal91] or [Wal00]). In this case, the final step (i.e., proving the auxiliary functional
is zero) is achieved thanks to an interpolation lemma.

In the context of commutative algebraic groups (e.g. G4, G,,, elliptic curves, abelian varieties,
..), such an interpolation lemma has been proved by Masser [Mas82] when no multiplicities are
involved. The present paper provides a proof in the general case.

This interpolation lemma can be used to provide new proofs of many known results in transcen-
dental number theory, for instance [Wal89] Schneider’s theorem on transcendance of elliptic integrals
of the first kind. This may allow one to sharpen some quantitative statements. Other applications of
this interpolation lemma to transcendental number theory may appear (see [Wal82]).

The proof given below follows the same lines as Masser’s. First, the statement is translated
in terms of functionals (§ 1.5). Then a special ‘non-degenerate’ case is studied (§ 4.1), using a
zero estimate. Finally, the general case is deduced (§ 4.2) by induction upon the dimension of the
algebraic group G.

The two main tools used in the proof are dealt with in §§ 2 and 3. The first one is how to handle
operations on functionals (projection on a quotient, translation, derivation); the Baker—Coates—
Anderson trick is used in a crucial way. The second tool is a general study of obstructing subgroups
to interpolation, and to zero estimates, which replaces the use of distribution exponents [Wal79]
which suffices in Masser’s setting.

1.1 Statement of the theorem
In this text, we let N ={0,1,2,... } denote the set of all non-negative integers.

Let G be a connected commutative algebraic group, equipped with a locally closed immer-
sion into PN (corresponding to the choice of a very ample divisor on a compactification of G).
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The base field, in the whole text, is C (though any algebraically closed field of characteristic zero
could be considered, for instance its p-adic analog C,; see also [Mas82, § 1]).

Let us denote by n the dimension of G, and by T'G the tangent space to G at 1. We identify TG
with the space of translation-invariant vector fields on G.

For D > 0, we let R(G)p = H(G,O(D)) be the vector space of global sections of the line
bundle O(D) on the Zariski closure G of G in PV. By abuse of language, we shall call such a global
section homogeneous polynomial of degree D. We let also R(G) = D poR(G)p; this is a graded
algebra, the elements of which are called polynomials with the same abuse.

Let T' be a finitely generated subgroup of G(C), spanned by (v1,...,7) with I > 0. For
S1,...,5 € Ryg we let T'(S1,...,5;) denote the set of all linear combinations nivy; + -+ + ngy,
with integers n; such that [n;| < S; for all j € {1,...,l}. We assume (without loss of generality:
see [MW81, p. 492])

I C{Xo#0}cPV. (1)

Let W be a subspace of TG, of dimension d > 0, and let (0y,...,0y) be a basis of W. For a
family T = (11, ...,T4) of d positive real numbers, we let N% be the set of all o = (01,...,04) € N?
such that o; < T for all j € {1,...,d}.

We denote by Opyy the set of all polynomials in 0y, ..., dy, i.e. the space of differential operators
along W. We denote by Opy ¢ the subspace of Opy;, spanned by the monomials 97 = 97" ... a7 for
s NdT. We say that a polynomial P € R(G)p vanishes up to order T along W at a point v € I if
GU(P/s(éj)(fy) =0 for any o € N‘r}. Of course, this depends on the basis (91, ...,0;), and not only
on W.

The main result of this paper is the following theorem, which is best possible up to the value
of ¢; (see the end of § 1.5).

THEOREM 1.1. There is a positive constant ci, depending on all previous data, with the following
property. Let D, Si,...,S;, T1,...,Ty be positive integers such that, for any non-zero connected
algebraic subgroup H of G, we have

#(H NT(S)) dim(Opyyrry N Opy.r) < ¢ DI,

For all v € T'(S) and o € N%, let a, be a complex number. Then there exists P € R(G),
homogeneous of degree D, such that 9°(P/X{P)(v) = a,, for all v € T'(S) and o € Ndz.

Remarks. If we consider, instead of I'(.S), the set of points n1y; + - - +nyy with 0 < nj; < S;, then
the assumption in Theorem 1.1 has to be made with every translate of any algebraic subgroup H
of G.

If the group G is linear (i.e., isomorphic to G% x G% for some £y, ¢; > 0), Theorem 1.1 can
be deduced from a zero estimate using Fourier—Borel transform (see [Wal91] or [Wal00]). This is
written, using the language of Hopf algebras, in [Fis03, Chapter 8]. The interpolation lemma proved
in this way is even more precise: bi-degrees (Dy, D7) can be considered (with respect to the additive
and multiplicative parts of the group), instead of just D.

Masser’s interpolation lemma is the special case of Theorem 1.1 where no multiplicities are
involved (i.e. Ty = -+ = T; = 1 or dim(W) = 0), and equality S; = --- = S; is assumed.
Therefore, even without multiplicities, Theorem 1.1 is more precise! than Masser’s interpolation
lemma. Theorem 1.1 should be enough for applications to transcendental number theory, but it
would be interesting to refine it anyway and obtain interpolation lemmas in the same setting as
zero estimates (see [Phi86]).

! An intermediate statement, namely Theorem 1.1 under the assumptions 7y = --- =T, and S; = --- = 5}, is proved
in [Fis03, Chapter 7].
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1.2 Cohomological interpretation

In this subsection, we state (following a suggestion of Pascal Autissier) Theorem 1.1 in terms of
vanishing of a cohomology module H!. This is the reason why Bertrand [Ber04] uses the terminology
‘ampleness lemma’ instead of ‘interpolation lemma’.

For positive integers S = (51, ;.,Sl) and T = (T1,...,Ty), let Jsr be the ideal sheaf whose
sections, on any open subset U of GG, are given by
I'U, Js,r) = {P € Oy, P vanishes up to order T along W at each point of I'(S) N U}.
Let Ys 7 be the corresponding closed subscheme of G it consists of all points in I'(S), thickened up
to order T" along W. For any non-negative integer D, let Zgr p = Jg1 ® O(D).

We have a short exact sequence of Og-modules
0— Jsr — Og — ix0yy , — 0,
where i is the inclusion Yg 7 — G. Tensoring by O(D) yields an exact sequence
0—=Zsrp — Og(D) = ksz.0 =0,
and hence a long exact sequence of cohomology
0— HG,Zsr.p) — H(G,05(D)) = H* (G, ks r,p) — H (G, Is1,p) — 0

when D is large enough in terms of G, because in this case H'(G,O0z(D)) = 0 ([Har77, p. 228]).
Therefore « is surjective if and only if H'(G,Zs r.p) = 0 (when D is large enough). This allows us
to translate Theorem 1.1 in the following way

THEOREM 1.2. There is a positive constant co with the following property. Let D, Si,...,5,
Ti,...,Ty be positive integers such that, for any non-zero connected algebraic subgroup H of G,
we have

#(H NT(S)) dim(Opynry NOpy.r) < co DU,
Then HY(G,Zsr.p) = 0.

Remark. If G is an abelian variety then H'(G,Oz(D)) = 0 for any D > 1, and one can take ¢y = c;.

1.3 Translation in terms of functionals
Let CT" denote the group algebra of I', consisting of formal finite linear combinations (over C) of
elements of I'. Let Sym(W) = @, Sym*W denote the symmetric algebra of W. We let

F =CI' ® Sym(W)

and call functional any element of F that is any finite linear combination of elements of the shape
y@ (@M ..... O®)) with v € T and 9, ..., 0% € W. In case any confusion may arise, we will write
FUW instead of F. In the whole text, F is considered as a vector space, and never as an algebra.

A functional 7 € F can be evaluated on a polynomial P € R(G)p: by linearity, it suffices to
define this evaluation when n =~ ® (9 - .... 9®)) and in this case we let

P(X
n(P) = oW ... 9k) (%) ().
0
This makes sense thanks to (1).

Fix a basis (91, ..., 04) of W. Then a basis of F = F-'W is given by the functionals ev, , = y®0°
for v € I and o € N¢, where 97 = o7t - --- - 97 Accordingly, F is isomorphic to the C-algebra
of the semi-group I' x N%. Moreover, the evaluation of n = Yo Mo eVye €F on P € R(G)p is
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given by
a P
P)= EW: Moo @ (—,_,é)) (7): (2)

We define a filtration on F by letting, for non-negative integers Sti,...,.S5; and 11,...,Ty

fST—Span{eV'yaa/YEP( )UEN } (3)
The way F is defined, and acts on R(G), depends neither on the choice of a basis of W, nor
on the choice of a generating set for I'. However, Fgr does depend on the choice of v1,...,v

and O1,...,0;. For any finite subset ¥ of PV(C), contained in the open set {Xy # 0}, we let
FEW = (SpancX) @ Sym(W), where the linear combinations of elements of ¥ are understood
formally. The space F>W is filtered by the subspaces ]:? ’W, defined for non-negative integers 1" by

ff’w = (SpancX) ® (Span{d’, o € N¢ T}

In what follows, D, Si,...,S; and T1,...,Ty are real numbers (not always integers) with D > 0
and S,T > 1. We let R(G)p be the space of homogeneous polynomials on G, of degree [D]
(the integer part of D), and Fs 1 = Frg,7,..[8,1,[T1],...[T4]» i such a way that (3) is satisfied even
if the components of S and T are not integers (here [z] is the least integer greater than or equal
to z).

The crucial role played by functionals in this setting is explained by the following lemma, which
is used to translate Theorem 1.1 into Theorem 1.7 stated below.

LEMMA 1.3. Let D > 0 and Sy, ...,5;,T1,...,T; > 1 be real numbers. The following are equivalent:
(i) for any complex numbers ay ., indexed by v € I'(S) and o € N%, there is a polynomial
P € R(G)p such that 9°(P/X{)(v) = ay, for all these v,
(ii) there is no non-zero functional n € Fg r such that n(P) =0 for all P € R(G)p

Proof. Consider the linear map from R(G)p to CTE*NE which associates to each polynomial P
the family of values 97 (P/X{)(7). The first statement means the map is surjective; the second one
means the image of this map is contained in no hyperplane. O

Remark. For P € R(G)p and k € N, we have (P) = n(X}P) for all n € F. Accordingly, if n € Fgr
vanishes identically on R(G)p, then for all S’ > S, T" > T and D’ < D we have n € Fg 4+ and
71 vanishes identically on R(G)p

1.4 Some counting lemmas

In what follows, when a group I' is equipped with a system (71, ...,7;) of generators, we denote by
I'; the subgroup of I' generated by ~i,...,7;, for j € {0,...,{} (hence I'y = {0}). The following
lemma will be useful (see [Mas82, Lemma 3]).

LEMMA 1.4. Let T' and T” be subgroups of G(C), equipped with generators (vi,...,v) and
(Y1,---,). Assume there are 0 < ki < --- < k; < I/ such that T'; C F’ for all j € {1,...,1}.

Then there is a constant cs, depending only on ~i,...,7 and on ’yl,...,’yl,, such that for any
S1>--->=5 =1 we have

F(Sl, e ,Sl) - F’(@,S{, e ,CgSl,/),
where S}, = S;j for kj_1 <k < kj and 1 < j <141, with kg =0, kj41 =" and Si41 = 1.

Proof. There are integers ¢y ;, for j € {1,...,1} and k < kj, such that v; = Z]]?:l i Ve
Let M denote the maximum of all absolute values |cj ;|. Let v = Z;Zl sjv; belong to I'(S),
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with |sj| < S;. Then v = ]]z’ 18KV with s = 7. sjcp ; (the sum is over all j such that k; > k).
Hence |s}| < MLS}, thereby proving the lemma. O

LEMMA 1.5. Let T' be a subgroup of G(C), equipped with a family (vyi,...,7v) of generators.
Let H be an algebraic subgroup of GG. Then there are two positive constants c4 and cs, depending
on vi,...,y and on H, such that for all real numbers S1 > --- > S; > 1 we have

FﬁH

C4HS (J i )<#(HﬂF <C5HS (jT:H)’

where I'; is the subgroup of I generated by v1,...,7;.

Proof. Let 1 < ji < --- < j, <1 be the indices j such that rk((I'; N H)/(I'j—; N H)) = 1. Consider
the subgroups I';y N H C --- C I';, N H. As rk(I';, N H) =t for any t € {1,...,r}, it is possible
to find a1,...,a, € I' such that the subgroup generated by o,...,o; is contained in I';, N H, and

of finite index, for any ¢ € {1,...,r}. Lemma 1.4 gives a constant c3, independent of S, such that
I'(S) N H contains A(Sj, /c3,...,S;./c3), where A is the subgroup of I' generated by ai,..., ;.
This concludes the proof of the lower bound, since aq, ..., «, are linearly independent over Z.

To prove the upper bound, we use induction on [; for [ = 0 the statement is obvious. Assume it
is true for I';_1, which is generated by ~1,...,7,_1. Notice that I'(S) is the union, for |n| < Sj, of the
set ny; + I—1(51, ..., 5—1). This proves the result if rk((I'y N H)/(I';—1 N H)) = 1. Let us assume
now that I';_q N H has finite index, say N, in I' N H. Let (1,...,08y € I' 1" H be representatives
of the cosets; write §; = 22:1 Xijv; for any i € {1,...,N}. Let K be the smallest integer k£ > 1
such that /-wl € I'_1, with K = oo if there is no such k. If K is finite, let ay,...,a;_1 be such that
K~y = Zé 1 aj7;; otherwise let a; = =a;—1 = 0. Let ¢ = 1 +max; j |\ j| + max; |a;j|. Then the
upper bound in the lemma follows from the claim

HNr(S Uﬁz (Fi—1(c6S1, -+, c651-1) N H).

To prove the claim, let v = ijl njy; € HNT(S), with |nj| < Sj. There is an index 4 such that
v — B; belongs to I'j_1. If n; = \;; the claim is obvious. Otherwise K is finite, and n; — A\;; = mK

for some integer m. Then v — 3; = Zé_:ll(n] — Xi,j +maj)y; and the claim follows. O

We fix a basis 9 = (01, ..., 0y) of W. We denote by Wy, the subspace of W spanned by 01, ..., 0k
for k € {0,...,d}, with Wy = {0}. In the next lemma, we consider a quotient W = W/(W N TH);
we write 0 for the image in W of a vector § € W.

LEMMA 1.6. For any algebraic subgroup H of G there is a basis § = (d1,...,04) of W such that the
following hold.
(i) For any k € {1,...,d}, we have Span(d,...,0k) = W.
) The vectors 0, for k such that dim((Wy NTH)/(Wx_1 NTH)) = 1, form a basis of W NTH.
(iii) The vectors &y, for k such that dim((Wy NTH)/(Wy_1 NTH)) = 0, form a basis of W.
)

(iv) For any real numbers Ty > --- > Ty > 1 we have Ops 1, /4. 1,74 C OPa,r C ODs ary (d—1)Ts,...,T,
and hence
d- dim(WﬂTH)H < dlm(OpWﬂTH N OpQ,I) < ddim(WnTH)H,
where

d . Wy, NTH
dlm(WkilﬁTH)
n=1J[7. :

k=1

911

https://doi.org/10.1112/5S0010437X05001351 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001351

S. FISCHLER

Proof. We first prove, by induction on dim(W), that there is a basis (01, ...,04) such that the first
three assertions hold. Let (d1,...,d4—1) be such a basis for Wy_1 (with respect to H). f WyNTH =
Wy_1 NTH, we let §; = 04. Otherwise, we choose for d; any element of W; NTH that does not
belong to W, 1 NTH.

Let us prove the last assertion now. We have 0; = Zzzl i 50k with A;; # O forany i € {1,...,d}.
Let 0 € N4. Then 0° = Hle(Zizl i 50%)7" is a polynomial in d1,...,d4 of partial degrees less

than dT1, (d — 1)T5, ..., T4. The lemma immediately follows. O

1.5 An equivalent statement

Thanks to Lemmas 1.3, 1.5 and 1.6 it is immediately seen that Theorem 1.1 is equivalent to the
following statement.

THEOREM 1.7. Let G, I', W, v1,...,%, 01,...,04, be asin § 1.1. There is a positive constant c¢; with
the following property. Let S1 > --- > S, > 1,11 > --- > T3 > 1 and D > 0 be real numbers, and
n € Fsr be a non-zero functional which vanishes identically on R(G)p. Then there is a non-zero
connected algebraic subgroup H of G such that
I',NnH . Wi.NTH
li[S;k<FJilmH) ﬁ T:1m<wkklm1) > C7Ddim(H)a
j=1 k=1

where I'; is generated by v1,...,7; and Wy = Span(0i, ..., 0k).

To prove that Theorem 1.1 is equivalent to Theorem 1.7, the crucial remark is that H appears
only through dim(H), the ranks of I'; N H and the dimensions of W, N T'H. Therefore we may
choose, in terms of vq,...,v and 01,...,3d4, a finite set £ of subgroups, and assume in Theorem 1.7
that H belongs to &.

Remark. 1t is possible to conjecture that Theorem 1.1 holds with some constant ¢; depending only
on (G, [ and d. On the contrary, Theorem 1.7 does not hold if we ask ¢;7 to depend only on G, [ and
01,...,04; this is immediately seen if G is, say, an abelian variety and I' is the N-torsion part of
G(C), with N large.

Now we can prove that this statement is best possible, up to the value of ¢7. Let £ be as above,
and let H € £ be a non-zero connected algebraic subgroup of G such that
l rk(—rliijH) d dim(iwwkagH) )
H Sj j—1n H Tk k—10 > c%Ddlm(H).
j=1 k=1

Let (61,...,04) be a basis given by Lemma 1.6, and T be the family (T} /d)rexc, where K is the set
of indices such that dim((WxNTH)/(Wr_1NTH)) = 1. Let ® be the linear map which associates to
P € R(G)p the family of values, at all points in I'(S)N H, of all derivatives of P/X¥ along WNTH
up to order T with respect to the basis (0 )keic. Then ® can be factored through R(H)p (which is
a quotient of R(G)p). If the constant ¢/ is large enough (in terms of G, v1,...,v and 0i,...,0,),

Lemma 1.5 allows us to compute dimensions, and show that ® cannot be surjective. This yields
FLENHWNTH

T - ]-“EEV which vanishes identically

(thanks to Lemma 1.3) a non-zero functional ) €

on R(G)p.

2. Operations on functionals

In this section, we define the projection of a functional on a quotient (§ 2.1), and the translation
(together with derivation) of a functional (§ 2.2). The difficult point is that functionals are to be
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evaluated on homogeneous polynomials, not on ‘real’ functions on G; and this evaluation depends
on the choice of the linear form Xj.

Everything is easier in the case when G is a linear commutative algebraic group. In this situ-
ation, let C[G] be the algebra of regular functions on G, and H be an algebraic subgroup of G.
The projection 7 : G — G/H sends T to T =T /(TN H) and W to W = W/(W N TH), and hence
induces a linear map 77 of F = FI'W to F = FU'W. On the other hand, composition by 7 gives
an injective linear map i : C[G/H| — C[G]. Then we have n(i(P)) = nz(n)(P) for all P € C[G/H]
and n € F: the maps i and 7x are adjoint with respect to the bilinear products F x C[G] — C and
F x C[G/H] — C.

When the algebraic group G is no longer assumed to be linear, homogeneous polynomials come
into play and the situation is more complicated. The map ¢pr : R(G/H)p — R(G)s,, pr depends on
the choice of a family p = (po,...,pam) of homogeneous polynomials, of the same degree ¢z, which
represents m on an open subset containing I'. It is immediately seen that ¢pr and 7 are not adjoint
in general: for P € R(G/H)p and n =~ ® 1 € F we have

D/
P(Y) P(p(X)) X5
TEM(P) = o5 om(V) = —5r (V) = () | (o (P)).
vy” Py (X) po(X)
In § 2.1, an adjoint map is constructed for ¢tps. In § 2.2, the same work is done for translations and

derivations.

2.1 Projection of a functional on a quotient

Let H be an algebraic subgroup of GG, not necessarily connected. The quotient G/H has an algebraic
group structure, and hence admits an embedding in a projective space PM. With respect to this
embedding, the projection © : G — G/H is given (on an open subset  that contains I') by

homogeneous polynomials py, ..., pas of the same degree, say 0. This means that for [z : -+ : zy]
in 2, not all polynomials po,...,pa vanish at (zg,...,zn), and the point [po(zg,...,zn) : -+ :
py(xo, ..., xzN)] of G/H is the coset, modulo H, of [zg: - : zn].

Let p(X) = (po(X),...,pm(X)), and let Y = (Yp,...,Yas) be the coordinates on PM. Assume
that 7(T") is contained in the open set {Yy # 0}, i.e. po does not vanish at any point of T.

Let P(Y) be a homogeneous polynomial on G/H. We denote by tP(X) = (P op)(X) =
P(po(X),...,ppm(X)) the homogeneous polynomial on G, of degree d deg(P), induced by P.

Let T be the image of I' in G/H, and W be the image of W in TG /T H. Then W is canonically
isomorphic to W/(W NTH) and to (W +TH)/TH. For i € {1,...,d}, let 9; be the image of 0;
in W. The derivations 0;, for i € {1,...,d}, span W but are not linearly independent in general.

Let F = CT ® Sym(W) be the corresponding space of functionals on GG/H. We have a canonical
projection 7 : F — F.

In the following, given a homogeneous polynomial R € R(G), we shall need to consider
(for n € F) the map P +— n(R - (Pop)) of R(G/H)p to C. This is the reason why the following
definition is useful (see Proposition 2.2).

DEFINITION 2.1. Let R € R(G)pr be a homogeneous polynomial of degree D", and D’ be an
integer. Let Pgr pr be the linear map of F to F defined, for all y € I" and o € N?, by

Prpevoo=mr | > < 50 > av(ifo%)) () 0" (%) (7) V5

v+pu+o=o
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PROPOSITION 2.2. Let P € R(G/H)p be a homogeneous polynomial of degree D', R € R(G)pn
be a homogeneous polynomial of degree D" and n € F. Then, with 1P(X) = P(po(X),...,pm(X))
we have

T](R . LP) = ’PR7D/T](P).
Proof. We may assume 7 = ev, ,. We have

(P(X)  po(0)” <<P<X>> M>

DSy D’§ D’
X e\,

as analytic functions on the open subset of G(C) defined by Xy # 0 and po(X) # 0. Applying 97"
for v < o yields, thanks to the Leibniz rule,

a(%) m= ¥ (7 )aﬂ<%><w5&(%>m

pt+o=o—v

where 7 is the image of v in G/H. Now the result immediately follows from the equation

([ RX)P(X AN\ [ P(X (R(X
WR-P) =0 (%) 0= (7)o (%) @ (). o

v<o

Remark. Taking R = 1 in Proposition 2.2 yields n(¢P) = P, p'n(P); therefore Py pr : F — F and
R(G/H)p — R(G)s, p are adjoint.

Assume that (9;);cr is a basis of W NTH, with I” C {1,...,d}. Then F*»WNTH ig equipped
with a filtration coming from this basis, for any finite set 3 contalned in {Xo # 0}. Now let
I'={1,...,d} \ I"; then § = (9;);er is a basis of W. The functionals &v5,, = 7 ® [;cp 87", for
yeTl and o € N, form a basis of F. The images 31, ..., of y1,...,7 in G/H span T. We obtam
therefore a filtration on F, for which .T"S,T/ is spanned by the functionals &V, for ¥ € I'(S) and

o< Né—v/’

The following proposition will allow us (in § 4) to use induction on the dimension of G.

here T" = (T;);e. Obviously 7 and Pg p send Fg 1 to ?ﬁ,z"

PROPOSITION 2.3. Assume that (0;);er is a basis of WNTH, and I' = {1,...,d}\ I". Let D, D',
D" be integers such that D = gD’ + D". Let S1,...,S,,T1,...,T; > 1, and assume there exists
n € Fsr \ {0} that vanishes identically on R(G)p. Then one of the following holds:

(i) there exists m € Fg (r, \ {0} that vanishes identically on R(G/H)p:; or

EI’

(ii) there exist ¥ € I'(S) and 1y € F, T(S)nm =1 (3),WnTH

(T)oerm \ {0} that vanishes identically on R(G)pr.

Proof. We identify N¢ to N/ x NZ”. It is immediately seen that Tr(eVao) = r(y)e if 0 €
N x {0}!", and 7x(ev, ,) = 0 otherwise.

Now 7 satisfies n(R - +P) = Prpn(P) =0 for all R € R(G)pr and P € R(G/H)pr. If Pr pn
is non-zero for some R, then taking 11 = Pg pn concludes the proof. Therefore we may assume
,PR7D/77 =0 for all R € R(G)DN.

Let us write n = Z o My,0€Va o Let og € N’ be of maximal length such that there exist v €T

and o1 € N with Ay (5.0, # 0. Define
vV po(X)P'
ne XX (75000 (BT e i
ver v,ueNL” 0
Y=v0 mod H
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fr(g)nw— Y(3),WnTH

Then 75 belongs to with 4 = 7(79). Let 01 € NI” be of maximal length such

(T5)iern
that Ay (59,01) 7 0. Then ihe coordinate of 72 on ev, (g 4,) is
po(X)”
XD,(SH (/Y)A’77(0'0,0'1) 7é 07
0

therefore 7y # 0. Moreover, 72(R) is the coordinate of Pr p/n = 0 on €V 4; accordingly it vanishes
for any R € R(G)pr. O

Remark. Another proof of this proposition can be given (see [Fis03, p. 153]), which generalizes
Masser’s arguments (see the end of § 4 in [Mas82], especially (22)).

2.2 Translation and derivation of functionals

Let a and b be integers such that there exists a complete system of addition laws on G of
bi-degree (a,b). This means that the addition on G' (embedded in PV) is represented, on every
element of a suitable open cover, by a family of bi-homogeneous polynomials of bi-degree (a,b).
Let Eop(X,Y),...,En(X,Y) be a family of such bi-homogeneous polynomials, which represents
the addition on an open subset containing I' (see [MWS81, p. 493]); we let X = (Xp,...,Xn),
Y =%,...,Yn) and E = (Ey,..., Exn). Assumption (1) implies that Ey does not vanish at any
point (v,6) €e I' x I.

Let us consider now the algebraic group G x G. We can see W x W as a subspace of TG x T'G ~
T(GxG) and I' x T as a finitely generated subgroup of (G x G)(C). The basis (01, ...,0y) of W gives
2d linearly independent derivations along W x W: we denote by dx ; the ones along W x {0}, and by
Oy ,i the ones along {0} x W, fori € {1,...,d}. Using coordinates (X,Y) = (Xo,..., XN, Yp,...,Yn)
on G x G, Ox; acts only on the variables X. We are now in position to apply the ‘Baker—Coates—
Anderson trick’ in the following way.

Let P € R(G) be a homogeneous polynomial of degree D’; let 7 € N? and § € I'. We consider
P(E(X.Y))

Ty (6), (4)
where 9f = 0¢' | ... 0" ;. The polynomial P(E(X,Y)) is bi-homogeneous of bi-degree (aD’,bD’) and
8£ does not change the degree in X; therefore 5, pP(X) is homogeneous of degree aD’. Applying
ts - pr essentially amounts to a translation by ¢ and a differentiation by 9"; what is important here

is that the degree of ¢5, p/P is controlled precisely in terms of the degree of P, independently of 7
and 6.

Proposition 2.5 below shows that the map ts, p : R(G)pr — R(G)apr is adjoint to the map
Ts+p : F — F defined by the following definition.

b0 P(X) = 05 (

DEFINITION 2.4. Let § € I, 7 € N% and D’ be an integer. We denote by 75+ p the linear map of F
to F defined, for all ¥ € T and o € N%, by

g T o—0 AT —T EO X7Z b
TorDr Vo = <&> <%> % 70y (W) (7,6) eVyts,5+7-

0<o<o

0<7<T
PROPOSITION 2.5. The linear operator 7Ts.p: is injective, and maps f;(ﬁ)’w to ]:;f;(ﬁ)’w;
in particular if 6 € T'(S’) then 7:5,77[)/]:?;[/ C ]:g_’:g, 1.4, Moreover, for any P € R(G)pr we have

n(tsr,oP) = (Ts,r,0m)(P),
where t5 . pP(X) is defined by (4).
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Proof. Let 1 be a non-zero functional. Let ¢ € N? be of maximal length such that there exists v € I’
with Ay ; # 0. The coordinate of 75, pn on ev, 5,47 is

Eo(X,Y)"

(7,0) # 0;

)W - f6+F(§),W is

. . . I'(S
therefore the functional 75, p/n is non-zero. Moreover, the relation 7 . D’}—TL Thr

clear. To prove that n(ts.pP) = s, pn(P) for any P € R(G)p and n € F, we may assume
1 = ev,, and consider the equality

PEX)Y)), ,  PZ)
W(g,g)— Z

of analytic functions of (g,¢’) on the open subset of (G x G)(C) defined by Xy # 0, Yy # 0
and Ey(X,Y) # 0. Applying 0%, ... 0% 05, ... 0{¢, to this equality, and evaluating at the point

)P

== =

(9.9

(9,9") = (7,0), yields the desired result since the derivations 9; commute with translations. O

The special case where I' is torsion-free plays a special role in § 4 because of the following
proposition.

PROPOSITION 2.6. Assume I' is torsion-free. Let n € F be a non-zero functional, and D' be an
integer. Then the functionals 75 pm, for 6 € I" and 7 € N, are linearly independent.

Proof. This means that any non-trivial linear combination of the operators 75, ps (with D’ fixed)
is injective. Let n = Z%U MoeVyg € F\{0} and T = 25; s, 75+ pr, with coefficients fi5; not all
zero. As I' is a torsion-free Z-module of finite type, it is free; accordingly, there is a total ordering on
I' x N? compatible with addition and for which (v, o) is greater than (v, 0) for any (y,0) € T' x N%.
Let (y0,00) be the greatest element, with respect to this ordering, such that Ay 5, # 0, and let
(00, 70) be the greatest such that s, -, 7 0. Then the coordinate of 77 on ev.,1s, 0047, 15

Eo(X,Y)'
)\ T % 75 07
0,00 Hdo,m0 XgD YObD (70, 60) #

and hence 77 # 0. O

3. Distribution of (T'*, W)

Let G, I and W be asin § 1.1. We let d = dim(W), n = dim(G) and r = rk(I"); we assume d+r > 1.
Throughout this section, the letter H always stands for a connected algebraic subgroup of G.

In this section, we consider subgroups I'}, ..., '} of I" such that {0} =T{cI'fC---CcIy =T
and rk(I'y) = ¢ for any ¢t € {0,...,r}. We write I'* for I equipped with such subgroups I'},... ;.
In the same way, W is W equipped with subspaces {0} = Wy C Wy C --- C Wy = W such that
dim(Wy,) = k for any k € {0, ...,d}. The aim of this section is to study the distribution of (I'*, W).
All constructions will remain the same if I'* is replaced by I'"* such that v = r and 'y N T}" is
of finite index in both I'; and I'}*, for any ¢ € {1,...,7}. In § 3.4, we shall associate such a pair
(T, W) to a generating set of I" and a basis of W. All constructions (and especially names) are
more transparent in this context.

3.1 Construction and properties of the surjectivity locus

3.1.1 Definitions. We call an obstruction to interpolation (with respect to the real parameters
S1=2--285 21T >--->T; > 1, D) any non-zero connected algebraic subgroup H of G such
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that

To any connected algebraic subgroup H we associate the subset Ag of R¥" defined by the equation
or(z,y) =0, where

T NH Wy NTH -
k( =L d — dim(H).
Zx” (r* 1ﬂH>+Zyk lm<wk mTH> im(H)

We have Ag = R¥7 and Ay is empty if and only if rk(I'N H) = dim(W NTH) = 0 and H # 0.
In all other cases, Ay is a hyperplane. Given a subgroup H, the set of all points (z,y) € Rd”
such that g (z,y) < 0 is the product of a simplex and some number (depending on H) of copies of
R>. For H = @, this number is zero. Therefore the intersection of all these domains is a polytope
in R%". This intersection is called the surjectivity locus of (I'*, ). This locus is convex (since it
is an intersection of convexes). It is actually a finite intersection, since there are only finitely many
functions ¢p (though there might be infinitely many algebraic subgroups H). Moreover, for any
S1z2--2821,T1>--->2Tg>1and D > 1, let x; = log(S;)/log(D) and yi = log(T})/ log(D)
fort € {1,...,r} and k € {1,...,d}. Then (z,y) belongs to the surjectivity locus of (I'*, W) if and
only if there is no obstruction to interpolation_with respect to (S,T, D).

Let us denote by (Fp)peq1,...,.a) the set of (d+7—1)-dimensional (closed) faces of the surjectivity
locus, omitting those faces which are already faces of RiJ{)T, i.e. given by the vanishing of a coordinate.
For each p € {1,..., M}, let H, be a subgroup of G, of maximal dimension, such that the face F,
spans (in the affine sense) the hyperplane Ap, (actually such an H), can be shown to be unique).
This definition implies Hy, # 0 (since Ay = R+, Moreover, by convexity Hy,..., Hys are pairwise
distinct.

Forp e {1,..., M}, let C, be the cone in R‘gf spanned by the face 7, i.e. the set of all elements
of the shape Az with A € R and z € F,. Since the surjectivity locus is a convex polytope, the
cones Cq,...,Cyr make up a partition of R‘gf (up to zero-measure subsets). Moreover, since
the faces F, are convex, each cone C, is stable under addition.

When S > --- =25, 21, Ty >--- > Ty > 1 and (log(S),log(T)) € Cp, with Hy, = G, (I'’*, W) is
said to be well distributed with respect to (S,T). In fact, when this happens, if there is an obstruction
to interpolation for (S, T, D) then G itself is such an obstruction (see Proposition 3.1 below).

3.1.2 Obstructing nature of the subgroups Hq,...,Hpy;. The reason why Hi,...,Hys and
C1,...,Cpr are useful is the following.

PropoOsSITION 3.1. Let S1 > --- >S5, > 1,11 > >T;>1and D > 0 be real numbers such that
the point (log(S),log(T)) belongs to C,. Let ¢ > 0 and H be a non-zero algebraic subgroup of G
such that

WNTH

rynH d .
{1 CE5) {7 E5)

Then we have

d .
FZ‘_NHP) H T, Wk—l“THP) < odim(Hp)/ dim(H) pdim(Hp)

Taking ¢ = 1 shows that if there is an obstruction to interpolation for S,7', D then H), is such
an obstruction.

917

https://doi.org/10.1112/5S0010437X05001351 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001351

S. FISCHLER

Moreover, this proposition (along with Lemmas 1.5 and 1.6) implies that in the statement of
Theorem 1.1 it is enough to assume #(H NT'(S)) dim(OpyrryNOpy 1) < €1 DImH) when H = H,
(up to a suitable change of the constant ¢q).

Proof of Proposition 3.1. We may assume ¢ = 1 (by replacing D by cl/dim(H)D) and D > 1. Then

B <1og<§> 1og<z>>
log(D)" Tog(D)

belongs to RdJ{)T and @ is positive at that point; accordingly M does not belong to the surjectivity

locus. Now M belongs to Cp,. As the border of the surjectivity locus, in Cp, is the hyperplane Ag,,
we obtain that ¢p, is positive at M, thereby proving the proposition. ]

We shall also need (in the proof of Theorem 1.1) the following proposition.

ProposITION 3.2. Let S1 > - =2 S, > 1,1y > --- > T4 > 1 and D > 0 be real numbers such
that the point (log(S),log(T)) belongs 1;0 Cp. Let H be a connected algebraic subgroup of G which
contains H), and is distinct from H,. Let ¢ be a positive real number. Assume that

(TfNH)/(TfNHp) (WLNTH)/(W,NTHp) )

d
HS <<Ft 1H) /T 1”HP>) HT 1m<<wkﬂ“TH>/<Wk—1”THp> o pdim(H/Hy)

Then we have

! rk(r* AH ) d i W) . . :
HSt t—17p HTk k-1 P > Cdlm(Hp)/dlm(H/Hp)Ddlm(Hp)‘

Proof. We may assume ¢ =1 and D > 1; then

 (10g(8)  log(D)
&.9) = <log<D>’ 10g<p>>

belongs to Cp. The affine function g (tz, ty) — o, (tz, ty) is negative at t = 0, positive at ¢ = 1 and
non-positive at the point ¢t = ¢9 > 0 such that (tox,toy) € F, (since ¢y is non-positive and ¢p,
is zero at this point); therefore ¢y < 1. Consequently, the point (z,y) lies outside the surjectivity
locus: ¢y, (z,y) > 0. This concludes the proof of Proposition 3.2. O

3.2 Construction and properties of the injectivity locus

In this subsection, we assume that if H contains a subgroup of finite index in I' and T'H contains
W then H = G. In fact, if this is not the case, then H is an obstruction to zero estimates for all
parameters S, T, D, and the injectivity locus defined below is empty. Moreover, this assumption is
not restrictive, since if there is such a subgroup H then we may work in H instead of G.

We call an obstruction to zero estimates (with respect to S4 > --- > S, > 1, Th > -+ >
Ty > 1, D) any connected algebraic subgroup H of G, different from G, such that

Iy /(TfNH) Wy /(W NTH)

1:[5; ( /T 1”H)) Hlem(W) < Ddim(G/H)-
t=1

Let £y be the set of all points (z,y) € ngr such that (g — on)(z,y) = 0, with

Iy/(Cy N H) Wi/ Wi N'TH) :
(e —pm)( th rk <F;“ T A >+Zyk dim <Wk—1/(Wk—1 ﬂTH)) —dim(G/H).
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This is the complement in RC;{)T of the product of a simplex and some number of copies of Rxg.
Moreover, for H = 0 this number is zero. We call the intersection of all these domains £ the
injectivity locus. This locus is an infinite convex polytope with finitely many closed (d + r — 1)-
dimensional faces denoted by (.7-“ )1 <q<T (here we omit the faces which are already faces of ]Rdw).

Let $1>2---285.21, Ty >2--->Ty3>1and D > 1 be real numbers; then

<log<§> 1og<z>>

log(D)" log(D)
belongs to the injectivity locus if and only if there is no obstruction to zero estimates with respect
o (S,T,D).

For each ¢ € {1,..., M}, let I;T be the (unique) subgroup with minimal dimension such that
the affine span of the face .7-" has equation (pg — P, )(z,y) = 0. By convexity, all subgroups
Hl, .. H 77 are pairwise distinct (and distinct from G) For each ¢, let C be the cone in Rg{)r
Spanned by .7-" The set of cones {Cl, ey M} is a partition of Rd” (up to zero-measure subsets).

The following proposition means that if there is an obstructlon to zero estimates for S, T, D
then some ﬁq is such an obstruction. Accordingly we may, in the statement of a zero estimate,
assume that the obstructing subgroup is H, (up to a change in the constant that appears in this
zero estimate). This is what we shall do in § 3.5, in the case where H, = 0.

PropoOsSITION 3.3. Let S1 > --- > 5, > 21,1 > >T;>1and D > 0 be real numbers such that
the point (log(S),log(T)) belongs to C Let ¢ > 0 and H be an algebraic subgroup of G, distinct
from G, such that

¥ /(DENH) Wy, /(W NTH) )

r d ;
rk(Ff,l/(F;*,lﬂH)) dlm(Wk_l/(Wk_lﬂTH)
IIs: 117
t=1

k=1

< epdim(G/H)

Then we have

Ii/(PfnHq) Wy, /(Wy,NTHq)

— /0 l1a) ) d = ~ ~
ﬁsz (F;_l/(F;‘_lﬁHq)) H dlm(Wk—l/(Wk—lﬁTHq)) < Aim(G/Hq)/ dim(G/H) pydim(G/Hg)

Proof. We may assume ¢ =1 and D > 1. Then the point

<1og<§> 1og@>
log(D)" log(D)

belongs to C~q but not to the injectivity locus. Therefore g —@p is negative at this point: this proves
q
Proposition 3.3. ]

3.3 Connection between injectivity and surjectivity locuses
We have defined two decompositions of Rg{)r into cones: one coming from interpolation (§ 3.1), and
one from zero estimates (§ 3.2). There is a connection between these decompositions, concerning
the well-distributed case. To prove it, we need the following lemma.

LEMMA 3.4. Let A be a half-line from the origin in Rd” Let H be a connected algebraic subgroup
of G, distinct from G, such that Ay is a hyperplane Let Py, P and Pg g be the points where
A meets Ay, Ag and the hyperplane of equation (pg — vu)(z,y) = 0 (respectively). Then Pg lies
between Py and Pgp. Moreover, P coincides with Py if and only if P coincides with Pa/m-

Proof. Let (u,v) € Rdﬂ" be a non-zero vector in A. We parametrize A by letting z = tu
and y = tv for t € ]R>0 We have ¢g(z,y) = at — dim(G) and py(z,y) = apt — dim(H)
with @ > ay > 0. The points Py, Pg and Pg/g correspond to parameters dim(H)/ay, dim(G)/a
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and dim(G/H)/(a — ap) (respectively). The lemma is deduced immediately from the following
standard fact: if a/,a”,V/,b" are positive real numbers then (' + b”)/(a’ + o) is between b /a’
and v”/a”. O

PROPOSITION 3.5. There is an integer pg € {1,..., M} such that Hy, = G if and only if there is
an integer qo € {1,. M} such that Hg, = 0. When po and qo exist, they are unique and we have
Cpo = Cyo-

Proof. Let A be a half-line from the origin in ngr, and pg be such that H,,, = G. Then A belongs to
the interior of C,, if and only if for any H such that Ay is a hyperplane the point Py is not between
O and Pg (where the notation is explained in Lemma 3.4). This is equivalent to the point Pg g
being between O and Pg. Now this means there is gg such that H, =0, and A belongs to the
interior of C~q0. The converse can be proved in the same way. At last, pg and gg are obviously unique,

since Hy, ..., Hys (respectively I;TI, cey H—) are pairwise distinct. ]

)
3.4 Interpretation of both locuses
Let us choose a generating set v = (v1,...,7) of I and a basis 9 = (01, ...,94) of W. Then we
can define Wy, = Span(0y, ... ,8;). Moreover let 1 < j3 < --- < jr < [ be the indices j such that
tk(I';/T'j—1) = 1, where I'; is the subgroup generated by v1,...,7;. Then r = rk(I'), and we let
I'y =T, for any t € {1,...,7}. This is how we associate (I'*, W) to a generating set v = (y1,...,%)
of I and a basis 9 = (01,...,04) of W. In § 4, we shall use this remark several times: to study
[(Sy,...,5) with S; > --- > S, we shall apply the results in this section to I'* with parameters
iz 2 5

Theorem 1.7 and the remarks following it give two constants ¢ and ¢, depending only on G, v
and 0, with the following property. Let S1 > --- > S5 > 1, Ty > --->Ty > 1and D > 1 be real

numbers. If
log(S)  log(Z)
<10g(D) ’ 10g(D)>
belongs to the surjectivity locus then the evaluation map ®.p sending any P € R(G).p to the family
of values 07 (P/X§P)(v) (for v € T'(S) and o € N4.) is surjective. Moreover, if ®.p is surjective then

<1og<§> 1og<z>>
log(D)’ log(D)

belongs to the surjectivity locus.
In the same way, Philippon’s zero estimate [Phi96] yields two constants ¢ and ¢ such that

(=2 = 8)

belongs to the injectivity locus if (respectively only if) ®, (respectively ®.p) is injective.

3.5 A zero estimate for well-distributed (I'*, W)
In this subsection, we write a zero estimate under the assumption that (I'*,)V) is well distributed
with respect to the parameters we consider. Here (I'*, W) is associated to I', W, vy, ..., v, O1,...,04
as explained in § 3.4.

Let us recall from § 2.2 that the addition of GG is given, on any sufficiently small open subset
of G, by a family of bi-homogeneous polynomials of bi-degree (a,b). Moreover we denote by deg(G)
the degree in PV of the Zariski closure of G.

THEOREM 3.6. Let G, T', W, v1,...,7, O1,...,04 beasin§ 1.1. Let D >0, S1 > --- > S > 1 and
Ty > --- > Ty > 1 be real numbers such that (log(S),log(L)) belongs to the cone qu, with qu =0.
920
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Let P € R(G)p be a non-zero homogeneous polynomial of degree D] which vanishes up to order
T along W at any point of I'(S). Then we have

l
Tl . Td H S;k(rj/rj—l) < Cngim(G),
j=1

with cg = (n®*" deg(G)a")".

Proof. Philippon’s refined zero estimate (see [Phi96, Theorem 1]) gives H such that

! rk( Fj;grjmm )) d dim( wk%wkaH) ))
I ', _{NH Wi Wy _1NTH .
HSj j—1/(Tj—1 T k—1/ Wk < nd+rdeg(G)anDdlm(G/H),
j=1 k=1
since the vectors «;, for j such that

/0 NH) Y\
“‘(rj_i/wj»_l nH>> -

have linearly independent images in (I' + H)/H. Then Proposition 3.3 (applied to I'*, as explained
in § 3.4) allows us to conclude the proof. O

4. Proof of the interpolation lemma

In this section, we prove Theorem 1.7 (which is equivalent to Theorem 1.1) using the tools introduced
in §§ 2 and 3. We follow Masser’s proof [Mas82]: a special ‘non-degenerate’ case is studied first (§ 4.1),
and then the general case is derived from it (§ 4.2).

Let G, I, W, ~1,...,v, 01,...,04 beasin § 1.1. All constants that appear in this section depend
on these data. To prove Theorem 1.7, we may assume there is no connected algebraic subgroup H
of G, different from G, which contains a subgroup of finite index in I' and such that T'H contains W.

We consider the pair (I'*, W) associated to G, I', W, v1,...,v, O1,...,0q as explained in § 3.4.

4.1 A non-degenerate case

In this subsection, we assume that (I'*, W) is well distributed with respect to the parameters we
consider (as defined in § 3.1.1), and 1, ..., are linearly independent over Z.

PROPOSITION 4.1. Assume ~1,...,7 are linearly independent. Let D > 0, Sy > --- > S > 1
and Ty > --- > T; > 1 be real numbers such that the point (log(S),log(T)) belongs to Cp,, with
H,, = G. Let n € Fs,1 be a non-zero functional vanishing identically on R(G)p. Then

Sy STy Ty > coDI™E)

for some constant cg.

Remark. It is possible to prove (see [Fis03, Chapter 7]) that an admissible value for cy is
a~"(cg(n + 1)134242(d 4- 1)12)=4=! where cg is the constant in Theorem 3.6.

Proof of Proposition 4.1. We may assume d + [ > 1. Choose a point (log(aq),...,log(a;),log(51),
..., log(Bg)) in Cp, N ngl such that the least component of (a1,...,q, 01, .., B4), denoted by p,
satisfies o = cgn!29t23! where ¢g is the constant in Theorem 3.6.

Let f(S,T) denote the number of elements in I'(S) x N%, that is the dimension of Fg r.
Let k = f(anS1, ..., S, BiTh, ..., BaTy) — f((an — 1)S1, ..., (g = 1)Sy, (B1 — DT, ..., (Ba — 1)T}).
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We have f(S,T) = (2[S1] —1)---(2[S;] = 1)[T1] - [T4] and hence

l d l d
k< [[@a;+1)S Hﬁk+1Tk—H2a]—3 Hﬁk—l
j=1 k=1 Jj=1 k=1

> S s
JC{1,....d+1}
<28 o ey By BaSh e STy - Ty, )

where (a, 3)7 is the product of those coordinates of («, 3) whose indices belong to J.

Let Dy = [(n!k)'/"]. If D < aDg then D™ < a™n!k and Proposition 4.1 follows. Assume D > aDj.
Then the functional € Fg 7, which vanishes identically on R(G)p, vanishes identically also on
R(G)ap, (see the remark after Lemma 1.3). Let us write 1 = (1,...,1), aS = (a1 51,...,S])
and so on. For § € I'((« — 1)8) and 7 € N‘(iﬂ 1y let us consider 757 pyn (with the notation
of § 2.2). We define in this way f((ow —1)S, (8 — 1)T") functionals, which belong to F,g gr, are
linearly independent (by Proposition 2.6), and vanish identically on R(G)p, (by Proposition 2.5).
Consequently, the map ¥ : F,5 37 — (R(G)p,)* which associates, to any functional, the linear
form on R(G)p, defined by (2) has a kernel of dimension at least f((aw—1)S, (8 — 1)T). Hence

H(W) < J(8,6) ~ f((a ~ )5, (5 - )T = k< LI (Do

n! n

> < dim(R(G)p,)",

where the last inequality follows from the proof of [Mas82, Lemma 2]. Therefore ¥ is not surjective:
the image of ¥ is contained in a hyperplane, which is the orthogonal subspace to a non-zero poly-
nomial P € R(G)p,. This polynomial vanishes up to order ST" along W at each point of I'(a.S).
Now the point (log(S),log(Z)) belongs to Cp, = Cy, (thanks to Proposition 3.5), and translation by
(log(),log(B)) sends qu to itself. Therefore Theorem 3.6 gives

1B BgSe- STy - Ty < egDy
L egnl2H 130 ey ooy By - BySy - STy - T

This contradicts the definition of g, thereby proving Proposition 4.1. [l

4.2 Proof in the general case

In this subsection, we prove Theorem 1.7; the proof goes by steps. In the first two steps, we assume
that (I'*, W) is well distributed with respect to the parameters we consider (and the subgroup H in
the conclusion of Theorem 1.7 can then be chosen to be G). We deduce each step from the previous
one (Step 0 is Proposition 4.1); of course, the value of ¢; changes at each step.

STEP 1. Theorem 1.7 holds if T' is torsion-free and the point (log(S),log(ZT’)) belongs to Cp,, with
H,, =G.

Proof of Step 1. Let 1 < ji < --- < j, < [ be the indices j such that rk(I';/Tj_;) = 1. As T’
is torsion-free, there are hnearly independent vectors 71, ...,7,. such that, for each ¢t € {1,... 7},
I'j,.,—1 is contained, and of finite index, in the group generated by 7i,...,7; (with j,11 =1+ 1).
Let I' be the subgroup generated by ~i,...,7,. Then I'; C ng for any j € {1,...,1}, where t; is
the integer t € {0,...,r} such that j; < j < jip1 — 1, with jo = 1. Lemma 1.4 gives a constant cs
(independent of S) such that I'(S) C I'(e3S") with S" = (S;,,...,S;,) (since tj, = k for any k €

I’ W W
{1,...,r}). Therefore n belongs to F, & . C falsjl, LSy BT BTy WHETE (log(av), ..., log(ar),
log(B1),-..,log(fBq)) is a point in Cpo whose least coordinate is greater than or equal to log(cs).
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Proposition 4.1 concludes the proof (since the cone Cp, obtained from (I'*, W) is the same as the
one obtained from (I'*, W), and the sum of two points in Cp, belongs to Cp,). O

Now we show that the assumption about torsion is not necessary.

STEP 2. Theorem 1.7 holds if the point (log(S),log(T)) belongs to the cone Cp,, with H,, = G.

We use the following lemma, which is a ‘trivial’ form of an interpolation lemma.

LEMMA 4.2. Let ¥ be a finite subset of PV(C), contained in {Xo # 0}. Let T3, ..., Ty and D be
non-negative integers, and n € ]::‘E W' be a non-zero functional which vanishes identically on R(G)p
Then #% > D ifd =0, and (T} + - -+ + Ty)#X > D otherwise.

Remark. When there is no multiplicity, this is Lemma 6 of [Mas82]. This special case is enough
for proving Step 2, but multiplicities are needed in the proof of Step 3 (for the case n = 1 in the

induction).
Proof of Lemma 4.2. Let ,6 € ¥ be distinct, with 0 = [dg : --- : 0n]. Let L, s be a linear form
in Xo,..., Xy which vanishes at § and not at v (such a L,s may be chosen among the forms

0;X; — 0;X;, for 4,5 € {0,...,N}). If W = {0}, the polynomials HdeZ\{w} L, s, for v € ¥, are
sufficient to prove Lemma 4.2.
Assume d = dim(W) is positive. Let v € ¥ and ¢ € {1,...,d}. Since the matrix

[0;(Xk/Xo0) (V)1 <k<ni<i<d

has rank d, there is a linear form M, ; in Xo,..., Xy such that 0;(M,;/Xo)(y) = 6&;; for all
Jj€{1,...,d}, where ¢§; ; is Kronecker’s § symbol. By adding to M, ; a suitable multiple of Xy, we
may assume that M, ; vanishes at v (thanks to assumption (1)).

For v € ¥ and 0 € NT, we consider P, , = IT UlM”1 - dHJEE\{w} L‘ ‘ Then P, is a
homogeneous polynomial of degree |T'| #3, Vanlshes up to order T along W at any point of 3\ {~}

and satisfies 97 (P. %U/X(‘)T‘#E)( ) # 0 and 07(P. W,/X(‘)ﬂ#z)( ) = 0 for any 6 € N? such that
o # o and || < |o|. This concludes the proof of Lemma 4.2 (see Lemma 1.3). O

Proof of Step 2. Let H denote the torsion part of I' (i.e. the set of all elements of I" which are torsion
in (). This is a zero-dimensional algebraic subgroup of G, of finite order. We use the notation of
§ 2.1. We may assume that D is a multiple of 20y and D > 2(#H), and apply Proposition 2.3
with D' = D/(26y) and D” = D/2. In the second case, Lemma 4.2 gives #H > D/2, and hence
a contradiction. Let us assume now that 7, € Fgp vanishes identically on R(G/H)p /26> With
m # 0. The surjectivity locus and the cones associated to (F W), where I = I'/H, are the same as
the ones associated to (I'*, W). Moreover, the point (log(S),log(T)) belongs to the cone Cp,: Step 2
can be deduced from Step 1. ]

STEP 3. Theorem 1.7 holds without any additional assumption.

To prove Step 3 we shall use the following lemma.

LEMMA 4.3. Let (v1,...,7) be a set of generators of ', and A be a subgroup of I'. Then there is a
set of generators (d1,...,d;) of A and a constant cjo such that for any S; > --- > S; > 1 we have

F(ﬁ) NAC A(Closl, - ,Cl()Sl)

and 'y N A = Aj for any j € {1,...,l} (here Aj and A(c19S) are understood with respect to
(01,---,07)).
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Proof of Lemma 4.3. By induction on [, we may assume that d1,...,9;_1 are generators of A;_; =
ANT;_q such that T4 (S ) NA C Aj_1(e118’) for any S = (51,...,5]_;). Let M be a non-zero
integer, with minimal absolute value, such that (M~ + I';_1) N A # ) (if there is no such M, we
let 9; = 0 and the proof is over). We choose for ¢; any element of (M~ + I';_1) N A, and write
0 = Z§'=1 a;v; with g = M. Then A; C ANTy. Now let v € ANTy; write v = Zl 15
Then n; is a multiple of M, and

nya; 1
=32 (m = 57w g
j=1
belongs to A;. Moreover, if [n;| < S; for any j € {1,...,1} then we obtain v € A(ci9S). O

Proof of Step 3. We proceed by induction on the dimension n of G. If n = 1, Step 3 follows from
Lemma 4.2. Assume Theorem 1.7 holds for any connected algebraic group G of dimension at most
n — 1, and consider the subgroups H, defined in § 3. For each p € {1,..., M}, we fix a projective
embedding of G'/H),, and homogeneous polynomials of degree dz, which represent the projection
of G to G/H,, like in § 2.1. Let p € {1,..., M} be such that the point (log(S),log(T)) belongs to
the cone Cp. If H, = G we are in the special case dealt with in Step 2. Accordingly we may assume
that dim(H)) is between 1 and n — 1 (and that D is a multiple of 2p,). After changing the basis
(O1,...,0q) thanks to Lemma 1.6 if necessary, we may apply Proposition 2.3 with D' = D/(26g,)
and D" = D/2.

In the first case, by induction we apply Theorem 1.7 to G/H,, I = T'/(I' N Hp) and W =
W/(W NTH,); we obtain in this way a connected algebraic subgroup H'/H, of G/H,, where H' is
a connected algebraic subgroup of G’ which contains Hy, is distinct from H),, and satisfies

(T;nH )/(r NHp) (W,NTH')/(W,NTHp)

dim
((F AHN) /T, {nH ) ((W _\NTH) OV, _{NTH )) .
| |S j—1 j—1 p) I |T k—1 k—1 P >Cl2Dd1m(Hl/Hp)

Proposition 3.2 completes the proof of Theorem 1.7 in this case.
I(S)N(atHy),WNTH,

In the second case, there is @ € I'(S) and a non-zero functional ' € F,,, which
vanishes identically on R(G)p o, with T” = (T))rex where K is the set of indices k such that
TH.
dim W NTH, =
W1 NTH,

Proposition 2.5 and Lemma 4.3 give a non-zero functional 7_,  p 2.7 € .7-'2AC Wsmf,,Hp which vanishes

identically on R(G)p 2, (Where A =T'N Hy). Applying Theorem 1.7 to Hy, A and W NTH, gives
a non-zero connected algebraic subgroup H' of H), such that

wWnTH'

! AjnH' .
H Srk(Aij/) H T:Im(wkaH/) > 013Ddim(H’).
This concludes the proof of Theorem 1.7 in this case. ]

ACKNOWLEDGEMENTS

The question of generalizing Masser’s result was put to me by Michel Waldschmidt; this text has ben-
efited from useful discussions with many people, including him, Pascal Autissier, Daniel Bertrand,
Jacky Cresson, Patrice Philippon and especially Damien Roy.

924

https://doi.org/10.1112/5S0010437X05001351 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X05001351

INTERPOLATION ON ALGEBRAIC GROUPS

REFERENCES

Ber04 D. Bertrand, Le théoréme de Siegel-Shidlovsky revisité, Preprint (2004), available at
http://www.institut.math.jussieu.fr/~preprints/index-2004.html.

Fis03  S. Fischler, Contributions a l’étude diophantienne des polylogarithmes et des groupes algébriques,
PhD thesis, Université Paris VI (2003), available at http://theses-EN-ligne.in2p3.1r.

Har77 R. Hartshorne, Algebraic geometry, Graduate Texts in Mathematics, vol. 52 (Springer, Berlin, 1977).

Mas82 D. Masser, Interpolation on group wvarieties, in Approximations diophantiennes et nombres tran-
scendants, Luminy, 1982, eds D. Bertrand and M. Waldschmidt, Progress in Mathematics, vol. 31
(Birkhéuser, Basel, 1983), 151-171.

MWS81 D. Masser and G. Wiistholz, Zero estimates on group varieties I, Invent. Math. 64 (1981), 489-516.

Phi86  P. Philippon, Lemmes de zéros dans les groupes algébriques commutatifs, Bull. Soc. Math. France
114 (1986), 355-383; errata and addenda, Bull. Soc. Math. France 115 (1987), 397-398.

Phi96  P. Philippon, Nouveaux lemmes de zéros dans les groupes algébriques commutatifs, Rocky Mountain
J. Math. 26 (1996), 1069-1088.

Wal79 M. Waldschmidt, Nombres transcendants et groupes algébriques, Astérisque, vol. 6970 (Soc. Math.
France, Paris, 1979).

Wal82 M. Waldschmidt, Dépendance de logarithmes dans les groupes algébriques, in Approzimations dio-
phantiennes et nombres transcendants, Luminy, 1982, eds D. Bertrand and M. Waldschmidt, Progress
in Mathematics, vol. 31 (Birkhduser, Basel, 1983), 289-328.

Wal89 M. Waldschmidt, La transformation de Fourier—Borel: une dualité en transcendance, Lecture given
in Delphes, September 1989, available at http://www.math.jussieu.fr/~miw.

Wal91 M. Waldschmidt, Fonctions auziliaires et fonctionnelles analytiques I, 11, J. Anal. Math. 56 (1991),
231-254, 255-279.

Wal00 M. Waldschmidt, Diophantine approzimation on linear algebraic groups: transcendence properties of

the exponential function in several variables, Grundlehren Math. Wiss., vol. 326 (Springer, Berlin,
2000).

S. Fischler stephane.fischler@math.u-psud.fr

Département de Mathématiques et Applications, Ecole Normale Supérieure, 45 rue d’Ulm, 75230
Paris cedex 05, France

Current address: Département de Mathématiques, Université Paris-Sud, Batiment 425, F-91405
Orsay cedex, France

925

https://doi.org/10.1112/5S0010437X05001351 Published online by Cambridge University Press


mailto:stephane.fischler@math.u-psud.fr
https://doi.org/10.1112/S0010437X05001351

	1 Introduction
	1.1 Statement of the theorem
	1.2 Cohomological interpretation
	1.3 Translation in terms of functionals
	1.4 Some counting lemmas
	1.5 An equivalent statement

	2 Operations on functionals
	2.1 Projection of a functional on a quotient
	2.2 Translation and derivation of functionals

	3 Distribution of $(\Gamma*, \mathcal{W})$
	3.1 Construction and properties of the surjectivity locus
	3.2 Construction and properties of the injectivity locus
	3.3 Connection between injectivity and surjectivity locuses
	3.4 Interpretation of both locuses
	3.5 A zero estimate for well-distributed $(\Gamma*, \mathcal{W})$

	4 Proof of the interpolation lemma
	4.1 A non-degenerate case
	4.2 Proof in the general case

	References

