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ON A CLASSIFICATION OF THE FUNCTION

FIELDS OF ALGEBRAIC TORI

SHIZUO ENDO AND TAKEHIKO MIYATA

Let 77 be a finite group and denote by Mπ the class of all (finitely
generated Z-free) 77-modules. In the previous paper [3] we defined an
equivalence relation in Mπ and constructed the abelian semigroup T(77)
by giving an addition to the set of all equivalence classes in Mπ. The
investigation of the semigroup T(Π) seems interesting and important,
because this gives a classification of the function fields of algebraic tori
defined over a field k which split over a Galois extension of k with group
77.

The purpose of this paper is to obtain information on the structure
of the semigroup Γ(77).

We will recall the definitions given in [2] and [3]. A 77-module is
called a permutation 77-module if it can be expressed as a direct sum of
{ZΠ/Πi} where each 77* is a subgroup of 77. Further a 77-module M is
called a quasi-permutation 77-module if there exists an exact sequence
0—> M -> S —» S' —• 0 where S and S' are permutation 77-modules. The
dual module Έίomz (M,Z) of a 77-module M is denoted by Λf*. The
augmentation ideal of ZΠ is denoted by Iπ and the dual module 1% of Iπ

is called the Chevalley's module of 77 ([1], [2]).
Let k be a field. Let K be a Galois extension of k with group s 77

and let M be a 77-module with a Z-free basis {uuu2, ,wn}. Define the
action on the rational function field K(X19 X2, , Xn) with n variables
XlfX2> - -,Xn over K by putting, for each σe77 and 1 <̂  i<>n, σ{Xd =
\\n

j=1X^ when σ Ut = Σ?=i m *Λ > mtjeZ, and denote by K(M) K(Xl9X2,
• , XΛ) with this action of 77. It is well known ([7]) that there is a
duality between the category of all algebraic tori defined over k which
split over K and the category of all 77-modules. In fact, if T is an
algebraic torus defined over k which splits over K, then the character
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group X(T) of T can be regarded as a ϋ-module, and conversely, if M

is a ZΓ-module, then there is an algebraic torus T defined over k which

splits over K such that X(T) ^ l a s 77-modules. It should be noted that

the function field of an algebraic torus T defined over k which splits

over K can be identified with the invariant subfield K(X(T))Π of K(X(T)).

For /7-modules M and N we define a relation M —— N if, for any

Galois extension K of k with group = 77, there exist variables X19X29 ,

Xs and Y19 Y2, , Yt such that K(M)Π(X19 X2, , Xs) is /b-isomorphic to

to K(N)Π(Y19Y2, •••, Y4). Then this is evidently an equivalence relation

in Mπ. Let T(77) be the set of all equivalence classes in Mπ and denote

by [M] the equivalence class containing M e Mπ. Define an addition in

T(77) by [M] + [N] = [M®N] for M,NeMπ. This makes T(Π) an

abelian semigroup with unit element [01. It is noted that, by the Swan's

theorem ([12] and [3], (1.2)), a 77-module M is a quasi-permutation Π-

module if and only if [M] = [0] (i.e., M -γ- 0). The subgroup of T(Π)

consisting of all invertible elements in T(Π) is denoted by Tg(Π).

As in [3] denote by C(ZΠ) the projective class group of ZΠ and

define Cq(ZΠ) = {[2ί]-[Zi7] e C(ZΠ)\Vί is a quasi-permutation, projective

ideal of ZΠ}. Then Cq(ZΠ) is a subgroup of C(ZΠ) and the factor group

C(ZΠ)/Cq(ZΠ) can be regarded as a subgroup of T'(/7). Let Ωzπ be a,

maximal order in QΠ containing ZΠ and denote by C(ΩZΠ) the projec-

tive class group of Ωzπ. It has been shown in [3] and [4] that, for a

fairly extensive class of finite groups Π, C(ZΠ)/Cq(ZΠ) = C(ΩZΠ). In such

cases, the group C(ΩZΠ) can also be regarded as a subgroup of Tg(Π).

Further denote by G(ZΠ) the Grothendieck group of ZΠ. Let BG{ZΠ)

be the subgroup of G(ZΠ) generated by all the images of permutation

/7-modules in G(ZΠ) and define Sw(Π) = G(ZΠ)/BG(ZΠ). Then there

exist natural homomorphisms θπ: T°(Π) —• Sw(Π) and ωπ: C(ΩZΠ) -> G{ZΠ).

Our main results in this paper are the following:

[ I ] The following statements on a finite group Π are equivalent:

(1) Every Sylow subgroup of Π is cyclic.

(2) T(Π) = Tg(Π), i.e., T(Π) is a group.

(3) [/J] e

[II] The following statements on a finite group Π are equivalent:

(1) Π is a cyclic group or a direct product of a cyclic group of order

n and a group with generators p, τ and relations pk = τ2d = / and τ~ιpτ
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= p~ι where d ^ 1, k >̂ 3, and both n and k are odd integers such that

(n, k) = 1.

(2) Iπ is a quasi-per mutation Π-module, i.e., 1% 0.

(3) The order of [7*] in T(Π) is finite.

[III] If Π is a finite p-group, then Tg(Π) = C(ZΠ)/Cq(ZΠ).

[IV] The following statements on a finite group 77 are equivalent:

(1) 77 is (i) a cyclic group, (ii) a dihedral group of order 2pc where

p is an odd prime and c ^ 1, (iii) a direct product of a cyclic group of

order qf and a dihedral group of order 2pc where / , c ;> 1, p and q are

odd primes and p is a primitive qf~\q — l)-th root of unity modulo qf,

or (iv) a generalized quaternion group of order 4pc where p is an odd

prime congruent to 3 modulo 4 and c ^ 1.

(2) T(Π) = C{ZΠ)\C\ZΠ) = C{ΩZΠ).

(3) T(Π) is a finite group.

[V] The following statements on a finite group Π are equivalent:

(1) T(Π) = C(ΩZΠ) and ωπ: C(ΩZΠ) —> G(ZΠ) is a monomorphism.

(2) T(Π) = Tff(Π) and θπ: T(Π) -> Sw(Π) is an isomorphism.

(3) The dual module of a quasi-per mutation Π-module is always a

quasi-per mutation Π-module.

(4) // 0 -> Mf —> M —> M" —> 0 is an exact sequence of Π-modules and

any two of M', M, M" are quasi-per mutation Π-modules, then the third

one is a quasi-permutation Π-module.

[II] is a supplement to [2], (1.9) and [13], Cor. to Th. 7. [Ill], [IV]

and [V] can be regarded as generalizations of the results in [3], § 5.

§ 1. Let 77 be a finite group. Let Mπ be the class of all 77-modules,

let Iπ be the class of all protective (left) ideals of ZΠ and let Sπ be the

class of all permutation 77-modules. Further define:

Hπ = {MeMπ\HKΠ',M) = 0 for every subgroup 7Γ of 77};

Dπ = {MeMπ\M®Mf ^ S for some M'eMπ and SeSπ};

Lπ = {MeMπ\M®S ^ SίφS7 for some %elπ and S,S'eSπ}.

Then it is easily seen that

Sπ ^
^ LΠQDΠ^HΠQMΠ.

In °/
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LEMMA 1.1. For every M e Mπ there exists an exact sequence

0 >N >S >M >0

of Π-modules with N e Hπ and S eSπ.

Proof. We can construct an epimorphism φ: S —> M, S e Sπ such

that, for every subgroup 77' of 77, φ\8>n': Sπ' -• Mπ' is an epimorphism. If

we put N = Kerφ, we have an exact sequence 0 -»ΛΓ —> S -» M -* 0.

From this we get the exact sequence

0 >N
πf > Sπ' ^ > Mπ' > Hι(Π', N) > H\Πf, S) .

Since <p/Sπ' is an epimorphism and H\Πf,S) = 0, it follows that Hι(Π',N)

= 0, and therefore N eHπ.

LEMMA 1.2 ([6]). A Π-module M is contained in Dπ if and only

if any exact sequence Q-+N-+L-+M—> 0 of Π-modules with NeHπ

splits.

Proof. The only if part is obvious and the if part follows directly

from (1.1).

Let M,N e Mπ. Define a relation M === N if, for every Galois ex-

tension K of k with group ^ 77, K(M)Π is fc-isomorphic to K(N)Π. It is

evident that if M ===== N then M N.
(*) (*)

LEMMA 1.3 ([8], [6]). Let 0-^IV->L-»Λf-*0 be an exact sequence

of Π-modules with MeDπ. Then L ====== N φ l ,

Proof. See [8], (1.2.2) or [6], (1.4).

LEMMA 1.4. Let M be a Π-module. Then MeDπ if and only if

M G Dπ, for every Sylow subgroup 77' of 77.

Proof. The only if part is obvious. Suppose that M e Dπ, for every

Sylow subgroup 7Z7 of 77. By (1.1) there exists an exact sequence 0-»

N —> S -» Af -> 0 of 77-modules with N eHπ and S eSπ. According to

(1.2) this sequence is 77/-split for every 77'. Then this is also 77-split,

as is well known, and therefore M ®N ^ S. Thus M e Dπ.

For n >̂ 1 we denote by Φn{X) the n-ϊYi cyclotomic polynomial and

by ζn the primitive n-th root of unity.
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THEOREM 1.5. The following statements on a finite group 77 are

equivalent:

(1) Every Sylow subgroup of 77 is cyclic.

(2) HΠ = DΠ.

(3) T(77) = T°(Π), i.e., T(Π) is a group.

(4) [7*]eT*(77).

Proof. To show (1) => (2) we may assume by (1.4) that 77 is a cyclic

p-group. Let 77 = <V> and \Π\ = pe. By induction on i we will prove

that Htt = ZV Let M e ί f , and put M' = {ueM\Φpi(σ)u = 0} and M" =

M/M'. Then we have an exact sequence 0 —> Mr —> M —> Hi" —> 0 of 77-

modules. For every subgroup 77' of 77 we have H\Π', Mf) = TfW, MO

== 0, because M'77' = 0. Since MeHπ it follows from this that M" e Hπ.

Here M" can be regarded as a 77/<<7^-χ)>-module. Therefore by induction

we have M" e Dπ^-iy c 2)^, hence M" ® N ^ S for some N e Mπ/{σPe-iy

and S e SΠKσ^-iy Thus we get an exact sequence 0->M / ->MφiV—>S

—> 0. On the other hand, Mf can be considered as a ίSIζ^l-module. Since

77 is a cyclic p-group, we can find an exact sequence 0 —> Mf —> T ->

T7 0 Si -^ 0 of 77-modules where Γ, Γr e Sπ and « e / f f . Forming the push-

out of M' ->M®N we get the exact sequence 0 -> M® N -> T0 S ->

1
T

T' 0 2ί -> 0. Since M © N e Hπ, this sequence splits, hence M 0 iV 0 Sί 0 Γ7

= Γ 0 S. Consequently we have M eDπ, which proves that Hπ = 2>/j.

Next suppose that Hπ = Z)^. Let M e Mπ. Then by (1.1) there exists

an exact sequence 0 —> L —> S —> M* —> 0 of 77-modules with L e /ί/z and

SeSπ Dualizing this we get an exact sequence 0->Λf->S—>L*—>0.

By assumption we have Le Dπ and so L* e Dπ. Hence we have, by (1.3),

M © L* - £ p 0, which shows that [M] e TQ(Π). Thus Γ(77) = Tg(Π). This

proves (2) => (3). The implication (3) => (4) is obvious. Finally suppose

that [I%\ e T^(77). Then 1% © N - ^ - 0 for some IV e Mπ. Therefore there

exists an exact sequence 0 —> S' -* S -* 7^ © N* —> 0 with S, S' eSn. From

this we get the exact sequence

0 > H\Π, Iπ) φ H\Π, N*) > #2(77, SO .

However Hι(ΠJπ) ^ Z/\Π\Z. Therefore H\Π,S') contains an element

of order |77|. Then we easily see that every Sylow subgroup of 77 is

cyclic, which completes the proof of (4) => (1).
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We return to the general situation.

LEMMA 1.6. Let M be a Π-module such that [M] e Tg(Π). Then

there exists L e Dπ such that L M.

Proof. There is a 77-module M' such that M®M' 0. By virtue

of (1.1) there exist exact sequences

0 >M >S >N >0

0 • W • S" > N' • 0

of 77-modules where S,S'eSπ and N*,N'*eHπ. Since M ® M'-γ- 0,

we also have an exact sequence 0->Λf®M'-->!Γ—•!"—>0 with Γ, T e Sn.

Forming the pushout of J l ί θ F - ^ S φ S 7 , we get the exact sequence

1
T

0 > T > SΦS'ΘT' > N®N' > 0 .

Because N*, N'* e Hπ, we have N®N'®T^S®S'®T and so JV, N' e Dπ.

From this we get the exact sequence

0 > M > SΘN'®T > SΘS'θf • 0 .

Then from (1.3) it follows that M - ^ - N'. Thus L = N' is as desired.

PROPOSITION 1.7. Let Π be a finite group. Then the group Tg(Π)

is finitely generated.

Proof. By (1.6) each element of T°(Π) has a representative in Dπ.

Then, according to [5], (5.8), T9(Π) is finitely generated.

The authors do not know whether, for any finite group Π, the semi-

group T(Π) is finitely generated or not.

§2. In this section we will study the Chevalley's module 1% more

precisely. The torsion part of an abelian group A will be denoted by

t(A).

LEMMA 2.1. Let Π be a finite group such that (I%Yn) —— 0 for some

n > 0. Then:

(1) (i#/)(7l) 0 for every subgroup Πr of Π;

(2) (Iπ/π>yn) —— 0 for every normal subgroup Tίr of Π.

Proof. Let W be a subgroup of 77 with [77: 777] = m. Then it is
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easily seen that Iπ ^ Iπ, φ ZΠnm~ι) as 77'-modules and therefore we have

/* ^ /*, 0 ZΠnm'ι\ This shows that (7$,)(n) - ^ - 0. Next suppose that

77' is a normal subgroup of 77 with [77: 77'] = m. Then we have I%m,

S ZΠ /Π'f(Σ.π>eπ/π> oW) and ^77/77' <g)M /* s ZΠfΠ'f(m Σ*π>eπ,π> oΠf).

Therefore Zn\n'®Zttl%\t(Zΐl\nf ®zπl%) ^l%ιw. Since (/*)<»>__<),

there exists an exact sequence 0 -> (7£)(n) -* S -> S' -* 0 with S, S' e ιSπ.

Tensoring this with ZΠjΠ' over ZΠ, we get the exact sequence

r® 7*Vn) J U Z/7/i77 (x) S > Z77/777 (x) S7 > 0 .
zπ / zπ zπ

Then Im φ ^ (Zil/ϋ 7 ® Z f f iytiZΠ/Π' ®zπ I%)Yn) ^ (7J/ir,)(ll). This shows

that (7*/;7,)
(re) -jjp 0.

LEMMA 2.2. Lei Π be a finite group whose Sylow subgroups are

cyclic. Let 0—> N —> L—> M —>0 6e αtt exact sequence of Π-modules and

suppose that Jϊ°(/7/,N) = 0 for every subgroup Πf of Π. Then L——

M@N.

Proof. We can construct an exact sequence 0—> N —> F —>V —»0 of

IT-modules where F is ZΠ-ίree. Since every Sylow subgroup of Π is

cyclic, we have VeHπ and therefore (1.5) shows that VeDπ. Forming

the pushout of N -> L, we get the exact sequence

I
F

0 >L >F®M >V >0 .

By (1.3) we have F=NΘV and F®M = L® V. Thus L MΘN.
(O (O (O

Let 77 be a finite group whose Sylow subgroups are cyclic. Then

77 is expressible as a semidirect product of a cyclic normal subgroup

<<;> of order I and a cyclic subgroup <τ> of order m such that (£9m) = 1

and for every prime g |m a g-Sylow subgroup of 77 is not contained in

the centralizer C(σ) of σ. Let I — .0(77) and m = m(77) and define

THEOREM 2.3. The following statements on a finite group 77 are

equivalent:

(1) Π is a cyclic group or a direct product of a cyclic group of order

n and a group with generators p, τ and relations pk — τ2ά — I and τ~ιpτ — p~ι
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where d ^ 1, k >̂ 3 and both n and k are odd integers such that (n, k)

= 1.

(2) Iπ is a quasί-permutation Π-module, i.e., Iπ 0.

(3) The order of [7*] in T(Π) is finite.

Proof. By (1.5) we may assume that 77 is a finite group whose Sylow

subgroups are cyclic. It should be remarked that the statement (1) is

equivalent to the following one:

(10 i(Π) = 1 or 2.

The implication (2) =^ (3) is evident. Hence we only need to prove (3)

=> (1) and (1) => (2).

First suppose that i(Π) = m(Π) = 2,4 or q and £{Π) = pc, c ;> 1

where p and # are distinct odd primes. Let A = ZΠ/(Φpc(σ)) ^ Z<τ>KpJ

Then Λ is isomorphic to the trivial crossed product of Z[ζpc] and <V> and

so it is a hereditary order in QΠ/(Φpc(σ)). Further let R = 2[ζpc] and Sβ =

(ζpc — 1). Then ψ is a prime ideal of β and both R and $ can be regarded

as Λ-modules. According to a result in [9] we have J ^ i ? θ $ θ φψ^-1

as ^-modules. It is easily seen that all of Λ,Λ*,R and i?* are quasi-

permutation /7-modules. Therefore, when i(Π) = 2, we have ^ — — 0

and φ* —-— 0. However, when i(Π) = 4 or g, we have $* ( i ) —y— 0 for

any j > 0. In fact, if ?β*(j) —— 0, then there is an exact sequence 0 —>

S'-» S-> φJ)-» 0 with S'fSeKSπ. Tensoring this with A over ZΠ and

eliminating the torsion parts, we get

Λ(u) 0 Λ c> Θ ^2(«) 0 jβw ^ ^(u') 0 Ri*) 0 ^(»') w h e n ί ( i 7) = 4

and

^(u) 0 RM 0 φ(i) ^ Λlu>) 0 Jζ(,0

where u,v,w,u',v'9w' are non negative integers. This contradicts the

Rosen's result ([9]). Now the 77-module Φpc(σ)Iπ has a free basis

{Φpc(σ)(σa - l),Φpc(σ)(σaτβ - l),Φpc(σ)(τβ - l)}o<.<p.

and
and

ΦPc(σ)Iπ =

we have an exact

0 >,

as 77-modules.
sequence

Therefore A ®.

>A®IB—>
ZΠ

zπ In is

0 .

torsion-free

It is easily seen that H%Π\ A) = 0 for every subgroup Πf of 77. Since
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A is hereditary, we have H\Πf, (Λ ®zπ Iπ)*) = 0 for every subgroup W

of 77. Then, according to (2.2), we have /J — / ^ Θ U ^ J /

Tensoring the exact sequence 0 -»Iπ —> ZΠ —> 2 —> 0 with Λ over ZZΓ, we

get the exact sequence

0 >Λ®IB >Λ > R/ψ > 0 .
ZΠ

Forming further the pullback of A->R/ψ9 we see that (A ®zπ Iπ) 0 R

ΐ
R

^ A 0 φ. Since Λ* - ^ - 0 and 72* -^— 0, (Λ <g)M 7 )̂* - ^ - φ*. Thus we
have

(a).« /ί,<.*-*>θ$β

(3) =Φ (1): Suppose that i(Π) > 2. To show that Π does not satisfy

(3) we may suppose by (2.1) that i(Π) = m(Π) = 4 or g and (̂77) = 2>

where p and g are distinct odd primes. In this case the group Πj(σ)>

is cyclic and so Iπ/<σ> ~ Iπ/<9> —— 0. By virtue of (a) we have Iπ —— φ*.

However ψ^ -+- 0 for any j > 0. Therefore the order of [7*1 in T(Π)

is not finite. This completes the proof of (3) => (1).

(1) => (2): Suppose that ί(Π) = 1 or 2. If i(Π) = 1, then /*, ̂  7̂

—— 0. Hence we suppose that i(Π) = 2. Let σ/ be the generator of a

cyclic group of order n and let μ = σ'pτ2. Then <//> is the normal sub-

group of Π of order b = nfc2ώ~1. Let p be a prime divisor of k. Let

k = pck', (p,fcθ = l, and let bf = b/pc = nkf2d~\ Further let F(X) =

Πr, δ ' ίW*) and G(X)=F(X)/ΦP.(X), and let Γ = ZΠ/(F(μ)), Γo =

ZΠ/(G(μ)) and A = ZΠ/(Φpc(μ)). Since any of F(1),G(1) and Φpβ(l) is

not 0, we see that ί(Γ ®z^ J J = ί(Γ0 Θ̂ /z 7J - t(Γ1 ®zπ Iπ) = 0. Hence,

tensoring the exact sequence 0-^ Γ1—>Γ-»Γ0-*0 with 7̂  over 277, we

get the exact sequence

o — > r ι 0 i π —> r (x) iπ —>rQ®iπ —> o.
ZΠ ZΠ ZΠ

Because G(l) = ± 1, we can show that Γo ®zπ Z = 0. Therefore, tensor-

ing the exact sequence 0 -* Iπ -> Z77 -* Z —> 0 with Γo over 277, we see

that Γo ®zπ Iπ s Γo. Let #(X) = Zδ - 1/G(X) and Γ = ZΠ/(H(μ)). Then

there is an exact sequence 0 —> Γ7 -> ZΠ —> ΓQ —> 0. Forming the pullback

of Γ (g)z/7 7̂  —> Γo, we get the exact sequence

ΐ
ZΠ
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o—>r—>(r1®iπ)®zπ(r1®iπ)
\ zπ /

The group Π/(μpc} is dihedral and of order 2pc and there is a natural

epimorphism ZΠ/(μpC} -* TV It is seen that Γλ ®zπ Iπ ^ Γx (S)Zπ/<μp
c> hκμ^y

Therefore, as shown in the proof of (a), (Γ1 ®zπ Iπ)* 0. On the other

hand, there exists the following commutative diagram with exact rows

and columns:

0 0 0

K

o — • zπι<jt'»y •

z

i

In -

1
zπ —

\
z —

I

I
-> r —

1
-> Z/pZ —

1

-> o

- • 0

0 0 0

Then K = IΠ/{μ^y Thus we have the exact sequence

0 > W / P > >IΠ >Γ(g)Iπ > 0 (c) .
zπ

Now it is easily shown that d°(Π', Γ) — 0 for every subgroup W of 77.

From the exact sequence 0-+Γ(g)Iπ-+Γ-^Z/pZ-^0 we get the exact

sequence

H'KΠ', Γ) - ^ > E-\W, Z/pZ) > HQ(π', Γ <g) Iπ) > 0 .
\ zπ /

By a direct computation we can show that φ is an epimorphism. Hence,

for every subgroup 77' of Π,H\Πf,Γ®zπIπ) - 0, and so H%Π',(Γ ®ZΠIΠY)

= 0. From (2.2) and (b) it follows that (Γ ®zπ Iπ)* - ^ - 0, because Γ7*

-jjp 0 and (Λ ®zπ Iπ)* -^— 0. Furthermore, applying (2.2) to (c), we

have lπ —— I*/<μb,P>. Accordingly we can show by induction on k that

I* -^- Iπ/<μmy Since 77/<μδ/A;> is cyclic, this concludes that Iπ -^— 0.

Thus the proof of (1) => (2) is completed.
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§ 3. We first give

PROPOSITION 3.1. The following statements on a finite group Π are

equivalent:

(1) DΠ = L Π .

(2) T°(Π) = C(ZΠ)/C*(ZΠ).

Proof, This is an immediate consequence of (1.6).

THEOREM 3.2. Let Πbea finite p-group. Then T°(Π) = C(ZΠ)/Cq(ZΠ).

Proof. By (3.1) it suffices to show that Dπ = Lπ. If M e Dπ, there

are WeDπ and SeSπ such that I Θ M ^ S . Since Π is a p-group,

for every subgroup W of Π,ZVΠIΠ' is an indecomposable Zp/7-module.

It is well known that the Krull-Schmidt theorem holds for finitely gener-

ated ^77-modules. Hence there exists T eSπ such that Tp ^ Mp as ZPΠ-

modules. This implies that T and M have the same genus. Then there

is St e Iπ such that M 0 ZΠ ̂  T © 21. This proves that M e Lπ.

We did not succeed in determining all finite groups Π such that

T9(Π) = C(ZΠ)/Cq(ZΠ). It is shown that a finite nilpotent group Π is

a p-group if and only if, for any M e Mπ such that M ® S' = S for some

S', S e iStf, there is T e Sπ whose genus is the same as that of M. Hence

our method used in the proof of (3.2) can not be applied to nilpotent

groups.

However we can determine all finite groups Π such that T(Π) —

C(ZΠ)/C«(ZΠ).

THEOREM 3.3. The following statements on a finite group Π are

equivalent:

(1) Π is (i) a cyclic group, (ii) a dihedral group of order 2p° where

p is an odd prime and c ^ 1, (iii) a direct product of a cyclic group of

order qf and a dihedral group of order 2pc where / , c Ξ> 1, p and q are

odd primes and p is a primitive qf~1(q — l)-th root of unity modulo qf,

or (iv) a generalized quaternion group of order 4pc where c ^ 1 and p is

an odd prime congruent to 3 modulo 4.

(2) T(Π) = C(ZΠ)/σ(ZΠ) = C(ΩZΠ).

(3) T(Π) is a finite group.

Proof. It can easily be seen that the statement (1) is equivalent to

the following one:
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(10 Π is (iθ a cyclic group or (iiO a direct product of a cyclic group

of order n and a group with generators p, τ and relations ppe = τ2d = /

and τ~ιpτ — p'1 where c, d ^ 1, p is an odd prime which is a prime in

Z[ζn2*\ cmd (2p,ri) = 1.

The implication (2) => (3) is obvious. Hence it suffices to prove (10

Φ (2) and (3) => (Γ).

(10 Φ (2): It follows directly from [4], (3.6) that C(ZΠ)/Cq(ZΠ) =

C(ΩZΠ). Therefore, by (1.5) and (3.1), it suffices to show that Dπ = Lπ.

In case (iθ £ = £{Π) = |/7| and m = m(/7) = 1, while, in case (iiO, £ =

(̂77) = wpc, m = m{IΪ) = 2d and i(Z7) = 2. Let σ be an element of Π of order

£. In case (iθ we define μ — σ and b — £. On the other hand, in case (iiO,

we define μ = σr2 and 6 = £2d~1. Then <//> is the normal subgroup of

Π of order b. Now, by induction on 6, we will prove that Dπ = Lπ.

For every &'|&, let ?Fδ,(Z) = Z δ - 1 / Z δ ' - 1. Then we can construct

the following exact sequences:

0 > ZΠ/(Wω(μ)) > ZΠ/(χw(μ)) > ZΠ/(μb> - 1) > 0 ,

0 > ZΠ/(Ψa\μ)) > ZΠ/(χ«\μ)) • ZΠ/(μb> - 1) > 0 ,

0 > ZΠIQFmiμ)) > ZΠ/tyι\μ)) > ZΠI(μ>* - 1) > 0 ,

0 • ZΠ/(Wa-ι)(μ)) > ZΠ/iχU-'Kμ)) > ZΠ/(μb"-* - 1) > 0 ,

0 > ZΠI(W™(μ)) > ZΠ/(χ«-ι)(μ)) > ZΠ/(μb^ - 1) > 0 ,

where, for 1 ^ i ^ 2t - 1, 6t||& and, for 1 ^ / ^ t - 1, Ψ^{X)\Ψbij_x{X),

ψ"\x)\Ψi>jLX), χ(J)(X) - r » ( x χ x » " - l) = r^+ i )(X)(z^« - υ , χ

(0)(Z) =

Xb - 1 and ?Γ(ί)(Z) = Φδ(Z). Let i l ί e D ^ Then, for any V\b, M/(μb' -

1)M e Z W v For any Ψ(X) \Xh - 1 we define Mψ = M/Ψ(μ)M/t(M/W(μ)M).

Tensoring the above exact sequences with M over ZΠ, we get the exact

sequences:

0 > Mψω > M > Mj(μ^ - ΐ)M > 0 ,

0 > MΨv > Mzv > Mj{μb* -1)M • 0 ,

0 • MΨv • M χ ( 1 ) • M/(μb* - 1)M > 0 ,

0 ,
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0 > MΦb > Mχu-v > M/(μb*<-* -1)M > 0 .

Since M/(μbi — 1)M e Dπ/<μH>y applying (1.3) repeatedly, we get

M Θ © (M/(/£»•> - 1)M) = = MΦb Θ φ (M/(μb*^ - 1)M) .
y-i ω y-i

By induction on b we have M/(μbi — 1 ) I G I W I > £ /,# for each 1 <̂  ΐ ^

2£ — 1. Accordingly we only need to show that MΦb 21 for some

%elπ. In case (i') ZΠ/(Φb(μ)) s Z[ζb], and therefore there exist %elπ

and & ̂  0 such that MΦb ® ZΠ ^ Z[ζb]
(k) Θ 21. Hence J7Φδ - ^ j - 2t. In case

(iiO we put A = ZΠ/(Φb(μ)). Then Λ -^— 0. If cZ = 1, Λ is isomorphic

to the trivial crossed product of Z[ζb] and <V>. Let J? = Z[ζb] and 5β =

(ζpe — 1). Then both R and ^ can regarded as Λ-modules. By assumption

ψ is the unique prime ideal of R ramified over Z[ζn] c Z[ζb]
<τ>. There-

fore A ~ R 0 3̂ as yf-modules and any ambiguous ideal of R has the

same genus as that of R or ψ. Hence there exist Sί e Iπ and u, v ^ 0

such that MΦb ® ZΠ ^ Riu) Θ ^ ( υ ) Θ 21. Since i2 - ^ - 0 and φ - ^ - 0, this

implies that MΦb - ^ - 2ί. If d ^ 2, ^/(ζ p c - ΐ)A s Z/pZ[X\/(0nUx)) and

so ^/(ζpc — l)yί is a field because p is a prime in Z[ζn2d]. Therefore A

is a maximal order in QA and QA is a division ring. Then we have

MΦb ®ZΠ^ A{u) Θ 2ί for some 2T e /„ and w ^ 0 and so M^ -^- 2T. Thus

the proof of (10 => (2) is completed.

(3) => (10: Assume that 77 does not satisfy the condition (10. We

will prove that Γ(77) is not a finite group. If 77 has a noncyclic Sylow

subgroup, this follows from (1.5). Hence we may assume that every

Sylow subgroup of 77 is cyclic. If i(77) > 2, it follows from (2.3) that

Γ(77) is not finite. Therefore we may further assume that i(Π) ^ 2. If

T(77) is a finite group, then, for any normal subgroup 77/ of Π, T(Π/Π')

is a finite group. Hence we only need to show that T(Π) is not finite,

in each of the following cases:

(a) 77 is a group with generators σ, τ and relations σPlP2 = τ2 = / and

τ~ιστ = σ~ι where p1 and p2 are distinct odd primes.

(b) 77 is a group with generators σ, τ and relations σnp = τ2d = 7,

d ;> 1, r~!(7nr = (T~n and σpτ = rσp where p is an odd prime which is not

a prime in Z[ζn2d] and (2p,w) = 1.

We define μ = σ and b = p ^ in case (a) and μ = σr2 and 5 = ^p2d~1

in case (b). Let A = ZΠ/(Φb(μ)). If 77 has the type (a) or the type (b),

d = 1, then A is isomorphic to the trivial crossed product of Z[ζb] and <r>.
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Further let R == Z[ζb]. Then A -^— 0 and R -^— 0. There is an ambigu-

ous ideal Q of R such that A = R®£x. Then we also have Q —^— 0.

If Γ e 5^, ΛΓ ^ R(u) Θ Ω(ί;) for some u, v ^ 0. In each case we can find

an ambiguous ideal © of R whose genus is different from those of R

and £}. Now we can see that (©*)(J) 0 for every j > 0. In fact,

if ( © * ) ( i ) - ^ - 0 , there is an exact sequence 0 -> S' -> S -> © ( ' } -> 0 of

77-modules with S', S e Sπ. Tensoring this with A over ZΠ and eliminating

the torsion parts, we get &j) Θ AS' = AS and so &j) Θ R(u) φ Q ( υ ) ^ R(u/)

0 O(t>/) for some u, v, u', vf >̂ 0, which is a contradiction. Thus T(Π) is

not a finite group. Finally suppose that Π has the type (b) and d ;> 2.

Since p is not a prime in Z[ζn2d], A is a non-maximal hereditary order in

QA. There is an ideal O of A whose genus is different from that of A

such that QO ^ QA. It is easily seen that, if Πr is a proper subgroup of

Π, then Λ ZU\Ur = 0. Hence we can show that (G*) (^ - v - 0 for every />0,

and so T(Π) is not a finite group. This completes the proof of (3)^>(10.

§4. Let Γ be a ring with unit element. We denote by G(Γ) the

Grothendieck group of the category of finitely generated jΓ-modules. Let

Π be a finite group. Then there is a natural epimorphism vπ: G(ZΠ)

—> G(Q77). There is also a natural homomorphism ωπ: C(ΩZΠ) —> G(ZΠ).

It was shown in [11] that the sequence C(ΩZΠ) - ^ > G(ZZZ) -^-> G(QΠ)

—> 0 is exact.

Let K be an algebraic number field and let R be the ring of all

algebraic integers in K. Let I7 be a central simple K-algebra. We denote

the completion of K at a valuation v of K by £„. It is said that an

archimedian valuation v of K is ramified in Σ if i ^ ®κ Σ is isomorphic

to a full matrix algebra over the quaternion field. Denote by Iκ the

group of all fractional ideals in K and define Pr

Σ = {aR e Iκ \ via) > 0 at

every archimedian valuation v ramified in Σ). Let Ω be a maximal R-

order in Σ. It was proved in [10] that C(Ω) ^ IK/P'Σ.

Suppose that Π is a finite group whose Sylow subgroups are cyclic.

Let Σ be a simple component of QΠ. Let KΣ be the center of Σ and

let RΣ be the ring of all algebraic integers in KΣ. Define ΠΣ = Ker (77

—> 21) and let ΠΣ = <(Ti:)> be the maximal normal cyclic subgroup of Π/ΠΣ.

Further put aΣ = |/7*| |i7*| and 6^ = \ΠΣ\. We have ^ ^ QΠ/ΠΣ/(ΦbΣ(σΣ))

and so J can be expressed as a crossed product of Q(ζbΣ) and Π/ΠΣ/(σΣ}.

LEMMA 4.1. Let Π be a finite group whose Sylow subgroups are
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cyclic.

(1) //, for each simple component Σ of QΠ, every prime divisor of

aΣ in RΣ is contained in PΣ, then ωπ: C(ΩZΠ) -> G(ZΠ) is a monomorphism.

(2) // ωπ: C(ΩZΠ) -* G(ZΠ) is a monomorphism, then, for each simple

component Σ of ΩΠ, every prime divisor of bΣ in RΣ is contained in P'Σ.

Proof. (1) It suffices to prove that, for any exact sequence 0 —> W

-> M -> M" -* 0 of 77-modules, ΩZΠM 0 Ωzπ ^ ΩzπM
f 0 ΩZΠM" © Ωzπ. Let

Σ be any simple component of QΠ, and let A and Ω be the images of

ZΠ and Ωzπ under the projection QΠ -* Σ, respectively. Now we will

show that ΩM ®Ω^ ΩM' 0 ΩM" 0 β. Taking the cohomology as ΠΣ-

modules, we have the exact sequence:

0 > M/π* > Mπ* - U M"π* - ^ > ΉL\ΠΣ, M') .

This yields the exact sequences.

0 > M'ΠΣ > Mπ* > L > 0
(*)

0 > L > M"ΠΣ >X > 0

where L = I m / , X = Img and |ZΓ,|X = 0. Let 0-» 2V;-> 2V-> Y-> 0

be an exact sequence where N',N are /7/ZΓ^-modules and a%Y = 0 for

some s > 0. Then as

ΣΩN c ΩN'. Since C(Ω) ^ IkjP'Σ and every prime

divisor of aΣ in K is contained in P^, we have ΩN®Ω ^ ΩN'ξBΩ. Let

y* - Σ,e^^ ί For any i7-module N ΨΣN c iV̂ 7^ and 1/Z îV77^ c ΨΣN,

and so βiV77^ 0 f l ^ ΩΨΣN © β. As is easily seen, ΩWΣN ^ βN. Thus

ΩNφΩ ^ ΩNΠΣ 0 fl. Applying these to (*), we get ΩM ®Ω^ ΩM'11* 0 Ω,

ΩMφΩ^ ΩMΠ*0Ω and ΩM"©fl ^ βilί"77* © β ^ βL©Ω. Hence we only

need to prove that ΩMΠ*@Ω^ ΩMfΠ*®ΩL®Ω. Therefore it suffices to

prove, under the assumption that ΠΣ = {/}, that ΩM®Ω^ ΩM'®ΩM"@Ω.

To simplify our notation we write σ = σΣ, b = bΣ, K = KΣ and R — RΣ.

If Π is cyclic, then Λ = Ω. On the other hand, if Π is not cyclic, then Λ

is a crossed product of Z[ζb] and Πjζσy and therefore, for every prime

ideal p of β which does not contain b, Ap = Ωp. Since \Π\ Ωzπ c Z77,

we can find ί > 0 such that ¥Ω Q Λ. Let iV be a /7-module and define

NΦb = {^eN\Φb(σ)u = 0}. Then N*» c yίiV and 6JΛΓ c 2V*% and therefore

ΩN®Ω^ ΩNΦ> 0 β. Returning to the sequence 0 -* M7 -> M-> M/; -> 0,

we get the exact sequence:

0 > M/Φb > Mφ» > M"Φb > ϋ > 0
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of Λ-modules where bll — 0. This can be separated into two short exact

sequences:

0 > M'φ> > MΦb > L • 0 ,

0 > L • M//Φb > U • 0 .

Since WΩ c A a n d bU = 0, ΩMΦ» © Ω s ΩM'Φ» © ΩL φ Ω s βM'*» Θ β M " * δ

Θ β. However M 0 i 3 ^ βMφ> Θ β, flilί' θ f l ^ ΩM/Φ* φ β and βM" 0 β

S βM//Φδ 0 β. Thus M θ f l ^ βM' 0 ΩM" 0 β.

(2) Let 21 be a simple component of QΠ and let p be a prime divisor

of bΣ in β^. In order to show that peP'Σ, we may assume that ΠΣ =

{/}, and hence we can use the notation as in the proof of (1). There is

an exact sequence

0 >N >Ω >X >0

of β-modules where X is a simple β-module such that pX = 0. Since

C(β) = IK/PΣ9 we only need to prove that N 0 β = Ω 0 β. Let p be a

rational prime such that pZ ~ p Π Z and let 6 = pc6/, p^δ 7 . Further

let 2" = QΠ/(Φb,(σ)) and let Λ' and β7 be the images of ZΠ and β ^ under

the projection QΠ^>Σ', respectively. Then A! = ZΠ/(Φb(σ)). Since

$δ'(ζδ) e J3, X can be regarded as a ^ί^module. We see that A'p = β^ and

so X can be regarded as a β'-module. Therefore there is an exact

sequence

0 > N' > Ωnt) > X > 0, t > 0

of β'-modules. Forming the pullback β -> X we get ΩΘN; ^N® β'(ί).

ί
β / ( ί )

Since ω^: C(ΩZΠ) —> G(ZΠ) is a monomorphism, the natural epimorphism

G(β M ) -^ G(Z/7) is an isomorphism ([11], (5.4)). Then G(Ω) 0 G(fl7) is the

direct summand of G{ΩZΠ) and so G(Ω) Π G(Ω') = 0 in G(ΩZΠ). Hence

the fact that β©ΛΓ7 s 2SΓ©β/(£) implies that N®Ω ^ΩΘΩ and N 7 φ

β' ^ β/( ί+1). Thus the proof of (2) is completed.

We denote by BG(ZΠ) the subgroup of G(ZΠ) generated by all the

images of permutation 77-modules in G(ZΠ) and define Sw(Π) =

G(ZΠ)/BG(ZΠ). Then there exists a natural homomorphism θπ:T
g(JI)

—• Sw(Π). We will denote the image of a 77-module L in G(ZΠ) (resp.

by <L> (resp. «L»).
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THEOREM 4.2. The following statements on a finite group Π are

equivalent:

(1). Π is one of the following groups: (i) a cyclic group of order n

where for every m\n any prime ideal of Z[ζm] containing n is principal.

(ii) a dihedral group of order 2pc where c >̂ 1 and p is an odd prime.

(iii) a direct product of a cyclic group of order qf and a dihedral group

of order 2pc where f, c :> 1, p and q are odd primes, p is a primitive

qf~\q — ϊ)-th root of unity modulo qf, for every 1 ^ / ' <̂  / any prime

ideal of Z[ζqf,] containing 2 is principal and for every 1 <Ξ f <* / and

every l^c'<Lc any prime ideal of Z[ζqf,,ζp0, + ζ~l] containing q is

principal, (iv) a generalized quaternion group of order 4pc where c >̂ 1,

p is an odd prime congruent to 3 modulo 4 and for every 1 <^ & <̂  c any

prime ideal of Z[ζpc> + ζph] containing 2 is generated by a totally positive

element.

(2) T(Π) = C(ΩZΠ) and ωπ: C(ΩZΠ) —> G(ZΠ) is a monomorphism.

(3) T(Π) = Tg(Π) and θπ: T{Π) -» Sw(Π) is an isomorphism.

(4) The dual module of a quasi-per mutation Π-module is always a

quasi-per mutation Π-module.

(5) // 0 —> Mf —• M -> W —• 0 is an exact sequence of Π-modules and

any two of M',M,M" are quasi-per mutation Π-modules, then the third

one is a quasi-per mutation Π-module.

Proof. From (3.3) and (4.1) it follows immediately that (1) and (2)

are equivalent. The implications (3) => (5) => (4) are obvious. Hence we

only need to prove (1) φ (3), (3) => (2) and (4) φ (3).

(1) :φ (3): We suppose that Π satisfies (1). Then by (1.5) and (3.3)

we have T(Π) = Tg(Π) = C(ΩZΠ). Let [2T] - [Ωzπ] e C(ΩZΠ) such that

θπ(m - [Ωzπ]) = 0, i.e., ((SI)) = {Ωzπ)). We will show that %®Ω£B s

Ωzπ 0 Ωzπ. There exist Su S2 e Sπ such that <SI 0 St> = (Ωzπ © S2>.

Hence we have exact sequences

0 > U > 21 0 S, © L > L" > 0 ,

0 > U > Ωzπ © S2 © L > L" > 0

with U,L,L" e Mπ. Therefore, by virtue of (4.1), we have

<x © Ωzπ£*ι = Ωzπ (£) ΩZn£>2 .

Let Σ be a simple component of QΠ and let A and 42 be the images of

ZΠ and Ωzπ under the projection QΠ —> 21, respectively. Now it suffices
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to show that β2ί Θ Ω ^ Ω 0 Ω. If Σ is a division ring, then ΩSι ^ ΩS2

^ β ( ί ) for some t ^ 0 so that flSIθβ^fiθfl. On the other hand, if Σ
is not a division ring, then A is the trivial crossed product of Z[ζqf,pc>]
and a cyclic group <τ> of order 2 where 0 <̂  / ' <; / and 1 ^ c', because
Π is one of the groups as in (1). Let R = Z[ζqf,pe,] and φ = (ζpβ, - 1).
Then ^ is a prime ideal of #. Both R and Sβ can be regarded as A-
modules and A^R®ϊ$ as Λ-modules. Further we see that ASλ = A(Ul)

0 R(Vl) and AS2 = Λ(%2) θ i?(V2) for some uί9 vl9 u2, v2 ^ 0. Consider the exact
sequence 0 -> φ -> R -> B/φ -> 0. Since p (β/φ) = 0, we get β # ^ βφ
and so β ^ β β 0 Ω?β ^ β β 0 ββ. Hence we have ΩS, ̂  ΩRiUl+Vl) and
βS2 ^ ΩR(U*+V*\ Therefore Ω% 0 ΩR{U^ ^ β 0 ΩR(U*+V*\ Thus we can
conclude that βSI ^ β.

(3) => (2): Suppose that T(Π) = Γg(77) and ^ : Γ(i7) -> Sw(Π) is an
isomorphism. Since Sw(Π) is a finite group, T(Π) is so. Then by (3.3)
we have T(Π) = C(ΩZΠ). Considering the commutative diagram

C{ΩZΠ) - ^

T(Π) ^ =

we see that ωπ: C(ΩZΠ) —> G(ZΠ) is a monomorphism.
(4) => (3): Suppose that Π satisfies (4). Then we have by (1.5) T(Π)

= T°(Π). Let [M] e T(Π) such that ^([M]) = ((M)) = 0. Then there exist
S',SeSπ such that <M 0 S7> = <>S>. Hence we have exact sequences

0 > U >M®S'®L > L" > 0 ,

0 > Π > S 0 L >L" > 0

with L',L,L"eMπ. Here we may assume by (1.5) that U 0 and
L" —— 0. By assumption Z/* -^— 0 and therefore there exists an exact
sequence 0->U-^T->T'->0 with T, T e Sπ. Forming the pushout of
1/ —> S 0 L, we get the following commutative diagram with exact rows
I
Γ
and columns:
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1
->S®L —

1
- > N —

1
rpt

-> L" —-> 0

1
- • L " > 0
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0 0

By assumption we have L"* —— 0. Then by (1.3) 2V* —-— 0, and again

by assumption JV -^— 0. Therefore we see by (1.3) that L —— 0. Similar-

ly, forming the pushout of 77 —* M © S' 0 L , we can show that M © L

I
T

—— 0. Consequently we have M —— M © L —— 0. This proves that

θπ: T(Π) -* Sw(Π) is an isomorphism.

Let Π — (σ} be a cyclic group of order n and let L be a i7-module.

For every m | n we define LΦw = {^e L\Φm(σ)u = 0}.

COROLLARY 4.3. Let Π be a cyclic group of order n. If Π satisfies

the conditions in (4.2), then it satisfies the following condition:

(6) A Π-module M is a quasi-permutation Π-module if and only if,

for every m\n, MΦm is a free Z[ζm]-module.

Proof. It has been shown in the proof of (4.2) that if L is a 77-

module then for every m | n LΦm = Z[ζm]L. Hence the only if part follows

immediately from (4.1). Let M be a 77-module such that for every m\n

Mφ™ is ZKJ-free. By (1.5) and (3.3) there is a projective ideal % of ZΠ

such that M © ST - ^ - 0. Then Mφ™ © SIΦ- is Z[ζJ-free, hence Ψm is so.

Therefore by [3], (2.5) it - ^ - 0. Thus Λf - ^ - 0.

(4.2) and (4.3) show that the conjecture given in [3], p. 416 is true.

It should be noted that the converse to (4.3) is not true ([3]).
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