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Abstract

The pointwise order makes the group C(X) of continuous real-valued functions on a topological
space X a lattice-ordered group. We give a characterization of the compatible tight Riesz orders on
C(X), and also of their maximal tangents, in terms of the zero-sets of X. The space of maximal
tangents of a given compatible tight Riesz order T is studied, and consequently the concept of the
T-radical of C(X)is introduced, the T-radical being the intersection of all the maximal tangents of T.

Introduction

Given a topological space X we denote by C(X) the set of continuous
real-valued functions on X. If C(X) is equipped with the following order

f=0 if f(x)=0 forall xeX
then it becomes an abelian lattice-ordered group with
f A g(x)=min{f(x), g(x)}
fV g(x)=max{f(x),g(x)}

In order to obtain the compatible tight Riesz orders on C(X), we make use
of the following result due essentially to Wirth (1973). A compatible tight Riesz
order on a lattice-ordered group (G, <) is determined by (and determines) a
subset T of the positive set G*={x € G:0=<x} of G satisfying the following
conditions:

(1) T is a proper dual-ideal of G*

(2) T is normal in G

@) T=T+T

(4) 0<n x <y for all positive integers n, for all y € T, implies x = 0.

[n the case of C(X) we can modify the above result, since, C(X) abelian implies
(2) holds for all subsets T of C*(X), R archimedean implies (4) holds for all
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subsets T of C*(X) and C(X) divisible makes (3) easier to check. We have then
that the compatible tight Riesz orders on C(X) are determined by (and
determine) proper dual-ideals T of C*(X) satisfying T = T + T. By an abuse of
language we shall call each such dual-ideal T a compatible tight Riesz order on
C(X).

With each compatible tight Riesz order T on C(X) we associate tangents
[cf. Miller (1973)] i.e. convex sublattice subgroups of C(X) not meeting T and
maximal tangents i.e. convex sublattice subgroups of C(X) that are maximal
with respect to not meeting T. Each maximal tangent M of T satisfies the further
condition— f A g € M implies f € M or g € M — i.e. each maximal tangent is
a prime subgroup of C(X). Finally, if C(X) is given the open-interval topology
generated by the compatible tight Riesz order T, then every tangent of T is
closed.

Zero-set characterization of compatible tight Riesz orders

We proceed in analogy to Gillman and Jerison (1960).

Given f € C(X), the set {x € X: f(x) = 0} is called the zero-set of f, and will
be denoted by Z(f). Any set that is a zero-set of some function in C(X) is called
a zero-set in X, and we denote the set of all zero-sets in X by Z(X). Now

Z(fluze)=z(fhuzdgh=2z(fIrlgl

and

ZHNz@)=z(fhnzdgh=2z(fIvIgh

whence Z(X) is closed under finite unions and intersections. Thus Z(X),
ordered by inclusion, is a lattice, and we make the following (usual) definitions -
A non-empty subfamily % of Z(X) is called a Z-ideal provided that:
it Z,,Z,€ F then Z,UZ.€F
QifZze%F Z€eZ(X)and ZDZ' then Z’€ F
If in addition
) X F
then & is a proper Z-ideal.
A non-empty subfamily 4 of Z(X) is called a Z-filter provided that:
M) if Z,,Z, €9 then ZINZ,EY
QifZe¥ Z’€ Z(X)and Z'D Z then Z'€ 4.
If in addition
3 Og¥
then ¥ is a proper Z-filter.
Throughout this paper we will assume all Z-ideals and Z-filters to be proper.
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THEOREM 1. (a) If T is a proper dual-ideal of C*(X), then the family

Z[T)={Z(f):fe T}
is a Z-ideal.
(b) If ¥ is a Z-ideal then the family

z<[ZI*={lfl:z(HeF}
is a proper dual-ideal of C*(X).

Proor. (a) 1. Let Z,, Z,€ Z[T]. Choose f,,f. € T satisfying Z, = Z(f.),
Z,= Z(f,), then since f,,f,€ C*(X) we have Z(f,)U Z(f.)= Z(f, A f:), and
since T is a dual-ideal, fi A f,€T. Thus Z,U Z,€ Z[T].

2. Let Z€ Z[T)and Z' € Z(X) with Z D Z’. Choose f € T and f' € C(X)
satisfying Z=Z(f), Z'=Z(f)=Z(f|). Then Z(f)DZ(f'|) whence
ZEVIFN=2ONZ(fD=2(fh=2". But f<fVI|f| implies
fVIf|ET thus Z'€ Z[T).

3. T proper implies 0Z T implies X& Z[T].

(b) 1. Let f=|fl, g=lgl€Z<—[#]*. Then fAg=|fAg| and
Z(f A g)=Z(f)U Z(g) E F whence f A g € Z «[F]*.

2. Let f=|f|€EZ<«[F]* and let g& C(X) satisfy f=<g, whence
g EC(X)Y(X). Now f, g € C'(X), f < g imply Z(f)D Z(g) whence Z(g)E %.
Thus g =|g | € Z < [F]*.

3. X& % implies 0 & Z «[F]*. !

It is worth noting that since C(X) is divisible we have that Z(f) = Z(f/2)
for all f € C(X). In particular then, given & a Z-ideal and f = |f| € Z «[F]*
we have f/2€ Z «[%]*. Thus, Theorem 1 may be read with ‘compatible tight
Riesz order on C(X) for ‘proper dual-ideal of C*(X)'.

Clearly we have the following relationships

Z|IZ<—[F)=F

and
Z<[Z[T)*DT

for all Z-ideals ¥ and compatible tight Riesz orders T. A compatible tight Riesz
order T satisfying Z «[Z[T]]* = T will be called an algebraic tight Riesz
order.

If ¥ is a Z-ideal then Z «[F]* is an algebraic tight Riesz order. Every
maximal compatible tight Riesz order is algebraic.

Using the term adjunction in the sense of MacLane (1971), we may restate
our previous results as follows:
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THeOREM 2. There is an adjunction Z+Z «<* from the set of compatible
tight Riesz orders on C(X), ordered by inclusion, to the set of Z-ideals of Z(X),
ordered by inclusion, such that the algebras for this adjunction are just the
algebraic tight Riesz orders.

CoroOLLARY 3. The unique minimal algebraic tight Riesz order is T, =
{fe C(X): f(x)>0 for all x € X}.

ProOF. The unique minimal Z-ideal is {0} and Z « [{(O0}]* = T..
CororLArY 4. T, is contained in every algebraic tight Riesz order.
Corollaries 3 and 4 are in fact special cases of a result of Wirth (1973, Lemma 4).

THeEOREM 5. If T is an algebraic tight Riesz order on C(X) there is an
adjunction Z" + Z «<*7 from the set of convex sublattice subgroups of C(X) not
meeting T, ordered by inclusion, to the set of Z-filters of Z(X) not meeting Z|T],
ordered by inclusion, such that the algebras for this adjunction include the
maximal tangents of T.

Proor. Let T be an algebraic tight Riesz order and G a convex sublattice
subgroup (vector lattice ideal) of C(X) not meeting T. Consider Z[G].
(1) O& Z[G], for suppose otherwise, then there exists f € G such that f(x)# 0
for all x € X i.e. |f| € G N T,, a contradiction, since by Corollary 4, T,CT.
(2) Let Z,,Z,€ Z[G]. Choose f,g € G N C*(X) such that Z,= Z(f) and

=Z(g). Then ZNZ,=Z(f V g)E Z[G] since G is a sublattice. Thus
Z[G] is a filterbase and we denote the Z-filter generated by Z[G] by Z[G]’,
ie. Z|G]" ={Z € Z(X): Z D Z(f) for some f& G}. Suppose Z[G]" meets
Z|T]. Then there exists fE T, g€ G such that Z(f)D Z(g). But T an
algebraic tight Riesz order and Z(f)D Z(g) imply |[g|€ T, ie. |g|€GNT, a
contradiction. Thus Z[G}" is a Z-filter pot meeting Z[T}.

Conversely, let # be a Z-filter not meeting Z[T]. Consider N = Z «[F]*.
(1) Given g€ N and 0=< f<g we have Z(f)D Z(g) whence Z(f)E %, ie. N
is convex.
(2) Given f,g &€ N we have that f A g&€ N since Z(f A g)=Z(f)U Z(g)
DZ(g)e Fandthat fV g ENsince Z(f V g)=Z(f)N Z(g)E F. Thus N is
a sublattice.
(3) Moreover (N, +) is a subsemigroup of C(X), since given f,g € N we have

Z(ftg)=Z()HNZR)EF .

(4) NN.T=0Oforif fE NN T then Z(fyE F 8 Z[T), a®ontradiction. Thus N
is a comvex sublattice subsemlgroup not- meeting T. Remembering that every
directed subgroup is generated by its positive elements we have that
Z—[F]*"={f—-g:f.g €N} is a convex sublattice subgroup not meeting T.
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Recall that Z «[Z[T']]* D T’ for all dual-ideals T’ of C*(X). Similarly
Z «[Z[G]]*T D G for all convex sublattice subgroups of C(X) not meeting T.
Thus Z «[Z[M]]*" = M for all maximal tangents of T.

CoroLLARY 6. If T is an algebraic tight Riesz order on C(X) there is a
one-one correspondence between maximal tangents of T and Z-filters maximal
with respect to not meeting Z[T].

The following result is due to Gillman and Jerison (1960),

THEOREM 7. If ¥ is a Z-filter, then the family Z < [F]| ={f: Z(f)E F} isa
ring-ideal of C(X).

Using this criterion for obtaining ring-ideals of C(X) we prove the following:

THEOREM 8. If Fis an algebraic tight Riesz order then each maximal tangent
of T is a ring-ideal of C(X).

Proor. Let T be an algebraic tight Riesz order and let M be a maximal
tangent of T. Corollary 6 tells us that Z[M|]" = {Z € Z(X): Z D Z(f) for some
fE€ M} is a Z-filter and moreover that Z(g) = Z(f) for some f € M implies
lg|EM.

Consider Z «—[Z[M]"]={g: Z(g)D Z(f) for some f E M}. Now

gEZ—[Z[M]] > Z(gN Z(f) = Z(f) for some fEM
>lglviflem
> |g| whence g EM, M a convex subgroup.

Thus Z < [Z[M]"] C M. The converse is trivially true, so by Theorem 7, M is a
ring-ideal of C(X).

Given T an algebraic tight Riesz order on C(X) we define the T-radical of
C(X) to be the intersection of all the maximal tangents of T. Clearly the
T-radical of C(X) is a ring-ideal of C(X).

The space of maximal tangents of an algebraic tight Riesz order

Let T be an algebraic tight Riesz order. The set of all maximal tangents of T
is denoted by Max (T). Given f € C*(X) define

U(f)={M e Max(T): f& M}.
Then we have the following:

Lemma 9. {U(f): f € C*(X)} is a base topology, say U, on Max(T).
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Proor. (1) f€ T implies U(f)=Max(T), so that Max(T)=
U{U(f): f € C(X)}.

(2) Let M eMax(T), and f,,f,€C(X). Now fieM or [,LEM
implies f; A f,€ M (M convex) whence f, A f.& M implies fi€ M and f,& M,
ie. U(fi A L)CU() N U(f,). Conversely, fi A f; € M implies f,E Mor f,EM
(M prime) whence fi&€ M and LM imply fiA &M, ie. U(f)NU(F)C
U(fi A f2).

Thus U(f)NU(f) = U(fi A f2).

Similarly to (2) in the above proof we can show U(fi)U U(f.)= U(f: V f>).
ProposiTioNn 10. (Max(T), U) is a T,-space.

Proofr. Let M, and M, be distinct members of Max (T). Then there exist
HEMNC (XM, and f,€ (M, 0 C(X)\M,, ie. M€ U(f,), My & U(f.)
and M, € U(f,), M, & U(f>).

ProrosiTioN 11. (Max(T), U) is compact.

Proor. Basic closed sets being complements of basic open sets are of the
form V(f)={M &€ Max(T): f € M}, f € C*(X). Let {V(f.): A € A} be a collec-
tion of basic closed sets with the finite intersection property, i.e. V(f,)N --- N
V(f..) #0 for all finite subsets {A,, -+, A} of A.

Consider I - - - the ideal generated by {f. },ea. I does not meet T, for if so
there exists g € T such that g <f,, V --: V f,, forsome A,,-- -, A, € A. But then
fuV -V £, €T sothat V(f,, V ---V f,.)=0[1 However V(f,,V ---V f,,)=
V()N -+ N V(f..)#Oso that I is a proper [-ideal containing {f, }.<x and not
meeting T.

Suppose (Vaca V(i) =0. This says that there exists no [-ideal containing
all the f,’s and not meeting T. This however is clearly false, since I meets all
these requirements. Thus M.ex V() # 0, whence (Max (T), U) is compact.

ProprosITION 12. Let T and T’ be algebraic tight Riesz orders such that
T C T'. Then each maximal tangent of T' is contained in a unique maximal
tangent of T.

Proor. Let M’ € Max (T’). Then M’ is a prime subgroup not meeting T.
Since the class of convex sublattice subgroups lying above a prime subgroup is
totally-ordered by inclusion [Holland (1963)] we have that M’ is contained in a
unique maximal tangent M of T.

THeOREM 13. Let T and T' be algebraic tight Riesz orders such that T C T'.
If Max(T"), U’) is Hausdorff then the map m :(Max(T’), U’)— (Max(T), U)
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given by m(M’)= M — the unique maximal tangent of T containing M' — is
continuous.

Proor. Given a basic open set U(f) = {M € Max (T): f& M} we want to see
that S = {M’' € Max (T"): m(M")€ U(f)} is open in Max (T’), U’), and we do so
by seeing that Max (T')\S is compact.

Let {(Max (T'\U'(f,) N Max (T')\S: A € A} be a collection of basic closed
subsets of Max (T')\S with the finite intersection property, where U'(f, )=
{M’'EMax(T"): f, & M’} for f, € C*(X). Then for each finite subset {A, " - -, A}
of A we have

1) SUU()V - UU'(fi,) # Max(T")

If fVfi,V---Vf, €T for some finite subset {A,,---,A,} of A then
Ufviiv---vVi)Y=UAHVUE )Y --- UU(f,,)=Max(T). By assump-
tion (equation (1)) there exists M’ € Max (T') such that M'& S and M' & U'(f,,),
i=1,2,---,n. Then m(M')& U(f) so that m(M')&€ U(f,,) for some i, which
implies M’ € U'(f,,) — a contradiction. Thus, for every finite subset {A;,- - -, A}
of A, fV £, V-V fi,&T Similarly, for every finite subset {A,,-- -, A.} of A,
fuV -V fi, & T'. Hence, since by both (Max(T), U) and (Max(T"’), U') are
compact (Proposition 11), there is an M’ € Max (T") containing all f,: A € A, and
an M € Max (T') containing M’ and f. Then m(M') = M, so we have M' & S and
M'Z U'(f,), for all A €A, i.e. Max(T')\S is compact.

In proving the above theorem we made use of the fact that (Max (T"), U’)
was Hausdorff. We now consider necessary and sufficient conditions for such a
space to be Hausdorff.

ProrosiTioN 14. (Max (T), U) is Hausdorff if and only if given M, and M,
distinct members of Max (T) there exist f, € C*(X)\M, and f, € C*(X)\M, such
that fi A f, € T-radical of C(X)= N{M : M € Max(T)}.

The proof is obvious.

THEOREM 15. M, and M, distinct members of Max (T) can be Hausdorff
separated for U if either M, or M, is minimal prime.

Proor. M, and M, distinct implies that there exist f, € (M, N C*(X)\M,
and f,€ (M, N C*(X)\M,. Suppose M: is minimal prime. Then there exists
f € C*(X)\M, such that f, A f =0. Moreover f& M, implies f A f.€ M/\M.N
C*(X) (primality). Thus U(f)NUFA L) =UF AfAfL)=U0)=0. A
similar argument holds if M, is minimal prime.

THEOREM 16. If T is dual-prime then (Max (T), U) is a singleton.
Proor. Let M € Max (T). Then
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fEM&|f|V]|g|€T for some gEM
s |fleT (T dual-prime)

i.e. there is but one maximal tangent of T.

The quotient space C(X)/A

Thoughout this section we assume X to be a compact Hausdorff space and
T to be an algebraic tight Riesz order on C(X). We denote the T-radical of
C(X)by A ie. A= N{M: M e Max(T)}.

As a result of Proposition 14, we see that A plays an important role in
determining whether or not (Max (T), U) is Hausdorff. For this reason we make
a brief study of A and consequently of the quotient space C(X)/A.

Being an intersection of maximal tangents of T, A is a tangent — hence an
{-ideal (not necessarily prime), and so we may consider C(X)/A as the factor
group of C(X) with respect to the [-ideal A. Then C(X)/A is a lattice-ordered
group and the canonical mapping p: C(X)— C(X)/A preserves the order
relation and lattice operations, (Fuchs (1963)). We use the same symbol < to
denote the lattice-order in both C(X) and C(X)/A, and we denote {f+ A :0+
A<f+A}by C(X)/A", where we have 0+ A <f+ A ifandonlyif0<f+a
for some a € A.

We consider the action of the canonical mapping p: C(X)— C(X)/A.

THEOREM 17. pT is a compatible tight Riesz order on C(X)/A.
Proor. This follows immediately from Theorem 8° of Miller (1973).

THEOREM 18. Let M be a maximal tangent of T then pM is a maximal
tangent of pT.

Proor. Put M'=pM =M+ A, T'=pT =T+ A. Then
(1) Since p preserves the order relation and lattice operations we have im-
mediately that M’ is a convex sublattice of C(X)/A.
(2) M’ is non-empty since M is non-empty. Moreover, it is straightforward to
show that M’ is closed under addition and that each element in M’ has an
additive inverse in M’'. Thus M’ is a subgroup of C(X)/A.
(3) Suppose f+AeEeM'NT . Nowf+AEM+ A impliesf+ A =m + A for
some mEM ie. f-mEACM for some m €M. In other words fEM .
Similarly f+ A € T+ A implies f—t € M for some t € T. Themf**U— t)=
t € M for some t € T, a contradiction. Thus M'N T'=[.
(4) Suppose M’ C N’ where N'is a convex sublattice subgroup of C(X)/A not
meeting T'. Put N ={f: f+ A € N'}. Then N is a convex sublattice subgroup of
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C(X) not meeting T. Moreover M CN. Thus M = N and M’ = N’'since M is a
maximal tangent of T.

In other words, M’ is a maximal tangent of the compatible tight Riesz order
T

COROLLARY 19. Let M be the set of maximal tangents of pT, then N
M;Med}=0+A.

Proor. This follows since p preserves intersections.
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