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Abstract

For several pairs (P, Q) of classical distributions on Ny, we show that their stochastic
ordering P <y Q can be characterized by their extreme tail ordering equivalent to
P({k«})/ Q{ks}) = 1 > limg_ g+ P({k})/Q({k}), with k, and k* denoting the minimum
and the supremum of the support of P + @, and with the limit to be read as
P({k*})/ Q({k*}) for finite k*. This includes in particular all pairs where P and Q are both
binomial (b, p; <st bn,,p, ifandonlyifn; < npand (1—p1)™ > (1—p2)"2,0r p1 = 0),
both negative binomial (b, , <st b;, ,, if and only if p; > ps and pi' = p3}), or both
hypergeometric with the same sample size parameter. The binomial case is contained
in a known result about Bernoulli convolutions, the other two cases appear to be new.
The emphasis of this paper is on providing a variety of different methods of proofs:
(i) half monotone likelihood ratios, (ii) explicit coupling, (iii) Markov chain comparison,
(iv) analytic calculation, and (v) comparison of Lévy measures. We give four proofs in
the binomial case (methods (i)—(iv)) and three in the negative binomial case (methods (i),
(iv), and (v)). The statement for hypergeometric distributions is proved via method (i).

Keywords: Bernoulli convolution; binomial distribution; coupling; hypergeometric
distribution; negative binomial distribution; monotone likelihood ratio; occupancy
problem; Pascal distribution; Poisson distribution; stochastic ordering; waiting times

2010 Mathematics Subject Classification: Primary 60E15

1. Introduction

1.1. Stochastic ordering

For probability measures P and Q on the real numbers, the stochastic ordering is the partial
ordering
P<4 Q0 << P(x,0)) < 0(x,00)) forallx € R.

This condition is equivalent to the existence of two real-valued random variables X and Y with
distributions P and Q, respectively, and such that X < Y almost surely. In fact, let F, and
F 0 denote the distribution functions of P and Q, respectively, and let F, and F é ! be their
left-continuous inverses. That is,

Fpl(t) :=inf{x € R: Fp(x) > 1}.

Furthermore, let U be uniformly distributed on (0, 1). Then X := F ! (U)and Y :=F, é ! )
have the desired property. Such a pair (X, Y) is called a coupling.

Received 9 March 2009; revision received 7 March 2010.

* Postal address: Johannes Gutenberg-Universitit Mainz, Institut fiir Mathematik, Staudingerweg 9, 55099 Mainz,
Germany. Email address: math@aklenke.de

** Postal address: Universitit Trier, FB IV - Mathematik, 54286 Trier, Germany. Email address: mattner @uni-trier.de

392

https://doi.org/10.1239/aap/1275055235 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1275055235
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Recall that P <y Q is equivalent to the condition that, for any bounded and monotone
increasing function f: R — R, we have

/fdPsffdQ.

If P and Q have finite expectations, then taking f(x) = max(—n, min(x, n)) and letting
n — oo, it follows that P <¢ Q implies that [xP(dx) < [xQ(dx). Thus, stochastic
ordering implies ordering of the expected values but not vice versa.

There is a vast literature on stochastic orderings, but we only refer the reader to [5], [10],
and [11].

Let by, , denote the binomial distribution with parameters n € N and p € [0, 1], let Poi,
denote the Poisson distribution with parameter A > 0, and let b,,, denote the negative binomial
distribution (also known as the Pascal distribution) with parameters r € (0, oo0) and p € (0, 1].
Recall that b, is the probability measure on No with weights

by, (k) = (_kr)(—l)kpr(l k= <r + Z - 1>pr(1 — p)* forall k € Ny.

Furthermore, we denote by

B\( W B+W
hypB,w,n({k})=<k><n_k>/<: ) k=@m-W)* ...,BAn,

the hypergeometric distribution with parameters B, W € Np andn € N, wheren < B + W.
The main goal of this paper is to prove necessary and sufficient conditions for by, p, <st bn,, p,
by, p Sst by, pyand hypp, w, o <5 hypp, w, ,, in terms of the parameters ry, r2, ni, na, pi,
p2, B1, W1, By, and W5.

Since stochastic ordering implies ordering of expectations, by, p, <st bu,,p, implies that
pin1 < pany,butthis conditionis not sufficientfor by, p, <st bn,,p,. However,ifn :=ny = ny

then
bn,pl <st bn,pz — p1 =< p2. (11)

There are various proofs of this statement, the simplest being a coupling. Let Uy, ..., U,
be independent and identically distributed random variables that are uniformly distributed on
[0,1]. Fori =1, 2, let

N =#{k: Ur = pi}.

Then N; ~ b, ,, and N1 < N, almost surely. In Section 3 we present a more involved coupling,
proving the sufficiency of a characterization of b, p, <st bn,,p, When ny # ny also.

1.2. The likelihood ratio order

Before we come to the statement of the main theorem of this paper, let us briefly discuss a
stronger notion of ordering of two probability measures on R, the so-called monotone likelihood
ratio order. Let u be any o-finite measure such that P and Q are absolutely continuous with
respect to i and u is absolutely continuous with respect to P + Q. Furthermore, define the
respective densities

dg

7 dpP d
= — an .
du du
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Here P is said to be smaller than or equal to Q in the monotone likelihood ratio order (P <p Q)
if there exist versions of f and g such that the likelihood ratio

fx)
g(x)

Note that the ordering does not depend on the choice of w; in particular, u = P + Q is
possible.

It is well known that P <j Q implies that P <y Q, but not vice versa. This will become
even more obvious by the following characterization of the monotone likelihood ratio order.
Let 8(RR) denote the Borel o-algebra on R. Then we have

x> 4(x):=

is monotone decreasing. (1.2)

P<p Q0 <= P(|B)=x0Q(|B) forall Be BR), P(B) >0, Q(B) >0 (1.3)

by any of [6, pp. 1217-1218], [13, Theorems 1.1, 1.3], or [8, pp. 50-52]. In fact, the <
implication is valid even if we replace B (R) by the class of all intervals in R (see [6]) or by
any smaller class C of subsets of R such that, for any r < s, there existane > 0anda B € C
such that [r — e, r]U [s, s + €] € B (see [13, Theorem 1.3]). In particular, if P and Q live on
a discrete subset of R, then it suffices to check the right-hand side of (1.3) only for sets B of
cardinality 2.

For the binomial distributions, we have by, ,, <ir by,,p, if and only if p; = 0 or

nipi < nap2

< . (1.4)
l—p1 ~ 1—p2

ny <np and

(See [1, Theorem 1(iv)] for a result for a larger class of distributions that comprises the binomial
distributions.) In fact, if we exclude the trivial case p; = 0, then n| < n5 is clearly necessary
for by, p; <it bu,,p,- In order to see that (1.4) is sufficient, assume that n; < ny and let f;
and f> be the corresponding densities, say with respect to the counting measure on Ny. Then
£ = f1/f> is decreasing if and only if, forallk =0, ...,n; — 1,

>f1(k+1)/f2(k+l): p1 l—pani—k
B f1k)/f2(k) 1—p1 p» nmo—k

Clearly, the expression on the right-hand side is maximal for k = 0 and in this case the inequality
is equivalent to (1.4).

As the monotone likelihood ratio order is stronger than the stochastic order, it is clear that
(1.4) is sufficient for by p, <st bn,, p,, but it is not necessary, as we will see.

Note that, for the Poisson distribution, we have

Poi; <y Poi, <= Poiy <y Poiy, <<= 1=<upu.

Hence, for this subclass of distributions, stochastic ordering and monotone likelihood ratio
ordering coincide.

1.3. Main result

For distributions P and Q on Ny, the likelihood ratio £ = f/g (see (1.2)) is given by
L(k) == P({k})/Q({k}), k € No. Let

ki :=min({k: (P + Q)({k}) > 0}) and k* =sup({k: (P + Q)({k}) > 0}).
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If k* = oo, define £(k*) := lim sup;_, o, £(k), £(k*) := lim inf}_, o £(k), and the extreme right

tail ratio
. Pk, k+1,...})
o := lim sup .
k—soo QUK k+1,...}1)
If k* < oo, define o := £(k*). Note that £(k*) < o < £(k*). In order that P <g Q holds, it is
clearly necessary that

Llky) > 1 (1.5)
and
o<1 (1.6)
Clearly, (1.6) is implied by
L(k*) < 1. 1.7)
We say that (P, Q) fulfills the left tail condition if (1.5) holds and the right tail condition if

(1.7) holds.

While we have just argued that (at least if k&* < oo or if £(k) converges as k — 00) both
tail conditions are necessary for P <y Q, the next theorem shows that, for certain classes of
distributions, the tail conditions (1.5) and (1.7) are in fact equivalent to P <y Q.

Theorem 1.1. In each of the following seven cases we have Py <y P> if and only if the left
and right tail conditions hold.

(a) Binomial distribution: P; = by, ,, with p; € (0,1) andn; € N, i = 1,2. The left tail
condition is given by
(I=p)™ =1 ~=p)™. (1.8)
The right tail condition is given by
ny < nj. (1.9)

(b) Negative binomial distribution: P; = b;,p,‘ withr; > 0and p; € (0,1],i = 1,2. The
left tail condition is given by

r

it = py. (1.10)
The right tail condition is given by
pP1 = p2. (1.11)

(c) Hypergeometric distribution: P; = hypBi’Wi’ni with By, By, Wi, Wy, n; € Ny, B; +
W; >n; > 1, i =1, 2. Furthermore, assume that

By + W, > B + W, (1.12)

or
{nlaBlvn2_W2_1}“{”27B27n1_Wl_l}#g' (113)

Define
ke =1 —WDT A2 — W)t and k¥ = (ny A By) V (n2 A Ba).

The left tail condition is given by

hypg, wy.n ({ks}) = hypg, w, ., (ki) (1.14)
The right tail condition is given by
hypg, wy ., 6™} < hypg, w,.n, ((K*D. (1.15)

https://doi.org/10.1239/aap/1275055235 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1275055235

396 A. KLENKE AND L. MATTNER

(d) Hypergeometric versus binomial: P; =hypg w ... P2 =0by p with B,W,m,n € N,
B+ W >m, and p € (0, 1]. The left tail condition is given by

<W>/<B+W) > (1— py. (1.16)
m m

The right tail condition is given by
mA B <n.

(e) Binomial versus hypergeometric: Py = by, p, P = hypB’W’m with B, W, m € Ny, B +
W >m > 1, and p € [0, 1]. The right tail condition is given by

= (02"

The left tail condition is implied by the right tail condition.

(f) Binomial versus Poisson: Py = b, ,, P, = Poi, withn € N, p € [0, 1], and . > 0. The
left tail condition is given by
(1= p)" >e (1.18)

The right tail condition is trivially fulfilled.

(g) Poisson versus negative binomial: P; = Poiy, P, = b;p with p € (0,1) andr, A > 0.
The left tail condition is given by
et >p. (1.19)

The right tail condition is trivially fulfilled.

For (a), it is obvious that (1.8) is the left tail condition and (1.9) is right tail condition.
For (b), (1.10) is obviously the left tail condition since b, ,, ({0}) = pir" . For the right tail
condition, note that, for k € N, we have

i k ri—1 kl
—h — 1 v < . Z) < elikhi,
COI=TI(+"7) =en (o) =

log(by, ,, (k,k+1,...}))
m

k— 00 k

Hence,

= log(1 — pi),

and the right tail condition (1.6) is equivalent to p1 > p».

For (c), note that k, and k* are the minimum and maximum of the support of hypg, v, , +
hypy, g, - respectively. Furthermore, note that in the case n := n| = ny, condition (1.13) is
satisfied. In this case the left tail condition simplifies to

Bi+Wi—n\/By+ W, - By + W, —n\ /B + W
By — ks B o By — ks B

and the right tail condition becomes
Bi+Wi—n\/B,+ W, - By + Wy, —n\ /B +W;
By — k* B> - B, — k* B ’
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For (d), (e), (f), and (g), the statements are (almost) trivial. In particular, (d) is a consequence
of (¢) since by, p is the limit of hyp ,n | (1—p)n,» @ N — o0 and, for sufficiently large N,
condition (1.12) is satisfied. Taking a further limit we recover (a). Similarly, (e) can be inferred
from (c) noting that condition (1.13) is satisfied. In Section 2 we give the short proofs, in order
to demonstrate the flexibility of our Method 1, described below.

Part (a) of the theorem is not trivial, but it is not new either. However, in this paper we give
new and elementary proofs using different methods.

Method 1. This method is based on likelihood ratio considerations. We show in Proposi-
tion 2.1, below, that the left and right tail conditions are sufficient for stochastic ordering
whenever the likelihood ratio £ or 1/ is a unimodal function; that is, if £ is either first monotone
increasing and then monotone decreasing or vice versa. In this case we say that P and Q have
half monotone likelihood ratios.

Method 2. This method works for the binomial distribution only and relies on an explicit
coupling of two random variables N; ~ by, p;, i =1, 2, such that N; < N; almost surely.

Method 3. This method also works for the binomial distribution only. Similarly to Method 2,
this method is based on the observation that b, , can be represented as the number of nonempty
boxes when we throw a certain random Poisson number of balls into n boxes. Unlike in
Method 2, here we do not construct an explicit coupling of N1 and N,, but give a stochastic
comparison of the Markov dynamics of subsequently throwing the balls.

Method 4. This method works for the binomial and negative binomial distributions, and relies
on explicitly calculating the changes when we modify the parameter p continuously.

Method S. This method uses infinite divisibility of the negative binomial distribution to give
a proof for part (b).

1.4. Organization of the paper

In Section 1.5 we provide a brief review of stochastic orderings of Bernoulli convolutions.
In Sections 2—-6 we give proofs of Theorem 1.1 using the different methods presented above.

1.5. A review of Bernoulli convolutions

We give abrief review on aresult concerning the stochastic ordering of Bernoulli convolutions
(that comprises part (a) of Theorem 1.1) due to Proschan and Sethuraman [7]. Fixn € N, and let

Ap={p=(p1,....p) €10, 1]": p1 = pp > -+ = pu}.
Let p € A,, and let X1, ..., X, be independent random variables with
P[X; =1]=1—-P[X; =0] = p;.
Then the distribution of X; + --- + X, is said to be the Bernoulli convolution BC, with

parameter p.
Let p,q € A,. By [7, Corollary 5.2], for BCp, <g BCy, it is sufficient that

k
1_[ij gj forallk=1,...,n. (1.20)
j=1 j=1
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By the obvious symmetry in the problem (changing the roles of the 1s and Os), itis also sufficient

to have
n n
[[a-pp=]]0-qp) forallk=1,....n. (1.21)
j=k j=k
Note that (1.20) and (1.21) are in fact not equivalent.
Assume thatny,ny <n,and py =+ = pu, piy+1 = =pn =0,91 = -+ = gqn,, and
Gqno+1 = -+ = gn = 0. Then (1.21) is equivalent to n1 < ny and (1 — p1)"" > (1 —g1)"™.

Hence, Theorem 1.1(a) is a special case of the result of [7].

A special case of [7, Corollary 5.2] (which is still more general than our Theorem 1.1(a)) was
investigated independently of Proschan and Sethuraman by Ma [4]. Ma stated [4, Theorem 1]
that, if ¢ € A, and p € (0, 1), then

BCy <5 bpp <= b p({0}) = BC,({0}). (1.22)

In fact, the condition on the right-hand side of (1.22) is (1.21) (with the rolesof p = (p, ..., p)
and ¢ interchanged). Again, by the obvious symmetry, this statement is equivalent to

bpp <t BCq <= bpp({n}) = BCa({n}). (1.23)

Since the hypergeometric distribution is a Bernoulli convolution (see [12]), Theorem 1.1(d)
and (e) could be inferred from (1.22) and (1.23). A limiting case of (1.22), more general than
the present Theorem 1.1(f), was given in [2, Equation (A.5)].

2. Method 1: half monotone likelihood ratios

In this section we provide a criterion which, together with the left and right tail conditions
(see (1.5) and (1.7)) is sufficient for stochastic ordering. We first present this method in the
general situation and then apply it to all seven cases, (a)—(g), of Theorem 1.1.

2.1. A special criterion for the stochastic order

Definition 2.1. Let P and Q be as in Section 1.2. Define the set J# of pairs (P, Q) such
that there exists a version £ of the likelihood ratio (dP/d(P + Q))/(dQ/d(P + Q)) with the
following properties.

(1) There exists an xo € R such that £ is monotone (increasing or decreasing) on (—oo, xg]
and is monotone on [xg, 00).

(i1) The left and right tail conditions hold:

Iim £4(x)>1 2.1
X—>—00
and
lim £(x) < 1. 2.2)
X—> 00

If only (i) is fulfilled then we write P ~pm1r Q, and we say that P and Q have a half monotone
likelihood ratio.

Remark 2.1. For distributions P and Q on Ny, the quotient f/g in Definition 2.1 is the
likelihood ratio £(k) := P({k})/Q({k}), k € Ny. Inthiscase, for P ~nmr Q, itis sufficient that

Lk +1)
L(k)
That is, (1.5), (1.7), and (2.3) imply that (P, Q) € H.

is monotone (increasing or decreasing) for k., < k < k*. 2.3)
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Note that the relation ‘~yp,’ is symmetric and reflexive, but it is not transitive. Furthermore,
note that (trivially) P <p, Q implies that (P, Q) € #.

Proposition 2.1. If (P, Q) € # then P <y« Q.

Proof. For P = Q, the statement is trivial. Hence, now assume that P #= Q. Let xo be as
in the definition of J¢. We will show that there exists an x; € R such that £(x) > 1 for x < x;
and £(x) < I for x > x1. Clearly, this implies that P((—o0, x]) > Q((—o00, x]) for x < x
and P ((x, 00)) < Q((x, 00)) for x > x1. Combining these two inequalities, we get P <y Q.
In order to establish the existence of such an x|, we distinguish three cases.

Case 1. If € is monotone decreasing then the statement is trivial.

Case 2. Assume that £ is monotone decreasing on (—oo, xg] and monotone increasing on
[x0, 00). Hence, €(x) > €(xq) for all x € R, which implies that £(xp) < 1 unless
£(x) = 1 for all x € R, which was ruled out by the assumption that P # Q. By
assumption (2.2) we have £(x) < 1 for all x > xo. Now take x; = sup{x: £(x) >
1} < xp.

Case 3. Assume that £ is monotone increasing on (—o0, xg]. By assumption (2.1) we have
£(x0) > 1,£(x) > 1forall x < xq, and £ is monotone decreasing on [xg, c0). Choose
x1 =inf{x > xo: (x) < 1}.

In Sections 2.2-2.4 we show that any two binomial distributions, negative binomial dis-
tributions, and hypergeometric distributions with the same sample size parameter, have half
monotone likelihood ratios. For hypergeometric distributions, we can show this also under the
assumptions of Theorem 1.1(c). For other distributions, this method is not applicable in such
generality. For example, hypyog 509,500 @0d hyps ;9,710,700 do not have half monotone likelihood
ratios. In fact, the likelihood ratio is increasing on {0, 1, 2} (with maximal value greater than 1),
decreasing on {2, ..., 150}, and increasing on {150, ..., 400} (to values greater than 1). These
distributions are not stochastically ordered as

hypP40o,509,500({0s - - - k}) < hyp310,710,700({0, ..., k})  fork <44

and
hyp400,509,500({0 - - . k}) > hyp310,710,700{0, . .., k}) ~ fork = 45.

On the other hand, it is simple to check numerically that hyp;g 109,18
hyp100,100,18 Zhmir hyp2y 23 22-

It is tempting to try this method to obtain a necessary condition for b, , < hypg y ,, With
m # n. However, here in general, we do not have hyp B.W.m ~~hmir by, p, as the following
example illustrates. Let £(k) = hyp,; 23 20 ({k})/b18.0.5106({k}). Then £(0) = 0.000 004 2 and
£ increases monotonically to £(13) = 2.05. Then it decreases to £(17) = 0.997 and finally
takes the value £(18) = 1.006. Although condition (ii) of Definition 2.1 is fulfilled, we do
not have (hypy; 23 22, b18,0.5106) € F. In fact, hyp, 53 2, and big 05106 are not stochastically
ordered since

<st hypyy 23 27 but that

hyp,1 2320101 — bis.05106({0}) = —2.5-107¢ <0
and
hypy; 23.22({0, ..., 16}) — big 0.5106({0, . . ., 16}) = 8.4 - 1078 > 0.

It is easy to check that byg 12 <y hyp,, 23,22 although hyp;; 23 20 7hmir b18.1/2- In fact, the
likelihood quotient £(k) increases for k < 13, then decreases to £(17) = 1.393, and finally
takes the value £(18) = 1.467.
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2.2. Proof of Theorem 1.1(a): binomial distributions

Lemma 2.1. Letny,ny € Nand py, pa € [0, 1]. Then by, p, ~hmir buy, p,» that is, by, p, and
by, p, have half monotone likelihood ratios.

Proof. The cases p; € {0, 1} and p> € {0, 1} are trivial. Hence, now assume that pq,
p2 € (0, 1). Furthermore, due to the symmetry of ‘~py’, we may assume without loss of
generality that n| < nj.

Denote by
by (KD

L(k) : Brs s (KD =0,..

'7n17

the likelihood ratio. We compute
L+ _m—kpi(d—p2)
L(k) ny —k (1 —pip2

Since n| < nj, we see that k — £(k + 1)/£(k) is monotone decreasing and, hence, £ (k) is first
monotone increasing and then monotone decreasing.

fork=0,...,n1 — 1.

Proof of Theorem 1.1(a). We only have to show sufficiency of the tail conditions (1.8) and
(1.9) for by, p, <st bn,,p,. By Proposition 2.1 and Lemma 2.1, it remains to show (1.5) and
(1.7). Since we have np > nj, we have k, = 0 and k* = ny. Since p, > p;, we get
L(n2) = by, p, ({n2})/bn,y, p, ({n2}) < 1; that is, (1.7) holds. Furthermore, by assumption we
have

buy.p ({0}) = (1 = p1)" = (1 = p2)"* = by, p, ({0)),
which implies (1.5).

2.3. Proof of Theorem 1.1(b): negative binomial distributions

Lemma 2.2. Letri,rp > 0 and p1, p2 € (0,1). Then b , ~hmir br_z,pz" that is, b d

. rLp1 ri,py 4
by, p, have half monotone likelihood ratios.

Proof. The cases p; = 1 and pp = 1 are trivial. Hence, now assume that p, p» € (0, 1).
Furthermore, due to the symmetry of ‘~pn);’, we may assume without loss of generality that
ry <n.

Denote by

by, ({k})
(k) ;= b k € Np,
O = kD ’

the likelihood ratio. We compute

Lk+1) rn+kl—p
k)  rm+kl—p

for k € Np.

Since r; < rp, we see that £(k + 1)/£(k) is monotone increasing. This implies that £(k) is first

monotone decreasing and then monotone increasing; that is, b;1 pi hmir br’2 P2

Proof of Theorem 1.1(b). We only have to show sufficiency of the tail conditions (1.10) and
(1.11) for br_l,m <qt br_z,pz' By Proposition 2.1 and Lemma 2.2, it remains to show (1.5) and
(1.7). Since p; > p>, we get

b= (kD\MVE 1
fim (ﬂ) _l=m
k=00 \ by, 1, ({k}) 1—p2
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which implies (1.7). Furthermore, by assumption we have

by (10) = (1 — p)"' = (1= p2)> = by, . ({0,
which implies (1.5).

2.4. Proof of Theorem 1.1(c): hypergeometric distributions

The left tail condition (1.14) implies that (n; — W)™ < (n, — W)" and the right tail
condition (1.15) implies that n; A By < ny A B,. Furthermore, trivially, we have P; <y P»
and even P; <j; Py if

ni A By < (ny— Wyt 2.4)

(and, hence, this condition implies the left and right tail conditions). Hence, in this case,
(P1, P2) € #. Since this proves the theorem in the case (2.4), we may henceforth exclude this
case. That is, we assume that

(ny — Wo)T < ny A By.

Lemma 2.3. Assume that (1.13) holds or that (1.15) and (1.12) hold. Then we have

hypg, w,.n, ~hmir hYPp, w, n,5 that is, hypg, w, , and hypp, w, ,, have half monotone like-
lihood ratios.

Proof. By the discussion preceeding this lemma we may assume that
(i —WDF < (2 —Wa)" <ni ABy <ny A By,
Now let
ky =0y — W)t >ky=m — W)t and kT := By An <k*= By Ans.

Furthermore, let
hpr1 ,Bl Nl ({k})
hypyw, B,», ({k})

with the convention that 1/0 = co. We have

e(k) ==

— o0 ifky <k <ky,
ek) e (0,00) ifky <k <k*,
=0 kT <k < k.

Fork € I :=1{kyV (ky —1),...,k* A (kT + 1)}, we have

Lk +1) _ Bl—kW,—ny+1+kn —k
k)  Bo—kWi—ni+14+kn—k’

(Note that g(ky — 1) =0 if ky > ky.)

We are done if we can show that ¢(k) — 1 changes sign at most once in /. In fact, this
implies that g (k) can cross 1 at most once. This in turn implies that £ is half monotone on
(in the sense of Definition 2.1(i)). Since £ is constant on {k,, ..., k4 — 1} (taking the value co)
and constant on {k* + 1, ..., k*} (taking the value 0), we infer that £ is half monotone on
{ks, ..., k*}. Hence, by Remark 2.1 we get hypg . », ~hmir hYPg, w, .1, -

In order to show that g (k) — 1 changes sign at most once, we have to rely on assumption (1.12)
or (1.13).

qk) =
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Assume first that (1.13) holds. There are nine cases to consider and we start with the case
nip = no. Then, for k € I, we have
Bi(Wy —ny+ 1) — By(Wy —ny + 1)+ (Bl + W — By — Wa)k
By —k)Y Wy —n1+1+k) '

qk) — 1=

Note that the numerator is affine linear and the denominator is positive for k € I. Hence,

q (k) — 1 changes its sign at most once. The other eight cases, ny = By, no = By, B| = Ba,

and so on, are similar, resulting in an affine numerator and a denominator without sign change.
Now assume that (1.12) holds, but (1.13) does not hold. Then kT < k* and

pk) ark? +a1x +ag

with
ap = BiniWy — Bininy + Biny — Bonp Wi + Bonpny — Bana,
ay = —B1Wy + Biny — By + Bing —n Wy —ny
+ ByW| — Byny + By — Byny +noWi + no,
a) = By + W, — B — Wj.

For k € I, the denominator is positive. We have
g™y —1=—1,

and, hence, p(k*) < 0. Since p is at most quadratic, condition (1.12) (that is, a; > 0) implies
that p changes its sign at most once on (—oo, k*]. Hence, again g(x) — 1 changes its sign at
most once.

Proof of Theorem 1.1(c). We only have to show sufficiency of the tail conditions (1.14)
and (1.15) for hypg, w, » <st hypp, w,,. However, this is an immediate consequence of
Proposition 2.1 and Lemma 2.2.

2.5. Proof of Theorem 1.1(d): hypergeometric versus binomial

For m A B > n, the implications are clear. Hence, without loss of generality, we may and
will assume that m < n and B < n.
Denoting the likelihood ratio by £(k) = hypg v, ({k}) /bn. p({k}), we find that

tk+1)  (B-k(m—-k 1-p

= fork =0,...,(BAm)—1
L(k) W—-m+k)(n—k) p

is monotone decreasing and, hence, hypg  ,, ~hmir bu, p- It is a simple exercise to check that

hyps. . (10)) hyp s, (1))
5 3 1 5 5
R T
d
" bypswn () | by (0D _
bmp({m}) - bm,p({o}) -

Hence, the left tail condition (1.16) implies that (hypg v .. bn,p) € F and, thus,

hypg w.m st bn,p-
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2.6. Proof of Theorem 1.1(e): binomial versus hypergeometric

The proof of Theorem 1.1(e) is quite similar to that of Theorem 1.1(d). In fact, it is easy to
see that the right tail condition (1.17) implies that (b, , hypp w ) € # and, thus,

hypg w.m =st bm,p-
2.7. Proof of Theorem 1.1(f): binomial versus Poisson

Clearly, the left tail condition is necessary for b, , <5 Poi,. Hence, now assume that the
left tail condition (1.18) holds. Let

o = L)

Poi; ({k})
and compute

Lk+1) p
£(k) (1—=p

Hence, £(k + 1)/£(k) is monotone decreasing and, thus, b, , ~nmir Poiyx. Since the right
tail condition holds trivially and the left tail condition holds by assumption, we infer that
(bn,p, Poiy) € # and, thus, by Proposition 2.1 we obtain b, , < Poi,.

Of course, this result is trivial, since we can even easily derive a coupling. Let A=— log(1—
p) < A/n, and let Xo, Xy, ..., X, be independent with X; ~ Poi; fori = 1,...,n and
Xo ~ Poi, _,:. Then

(n—k) fork=0,... n.

S=Xo+X1+--+Xp =T :=X1AD)+---4+ (X, A1) almost surely
and § ~ Poiy, T ~ by p.

2.8. Proof of Theorem 1.1(g): Poisson versus negative binomial

Clearly, the left tail condition is necessary for Poi; < b; b Furthermore, it is easy to see
that the right tail condition always holds. Hence, now assume that the left tail condition (1.19)

holds. Let .
_ Poi (k)

L(k ,
© b p({k})

and compute
Lk + 1) A 1
(ky 1—pk+1
Hence, ¢(k + 1)/£(k) is monotone decreasing and, thus, Poi) ~pmir b;’ e Since the right
tail condition holds trivially and the left tail condition holds by assumption, we infer that
(Poiy,, b; p) € # and, thus, by Proposition 2.1 we obtain Poi; <g b; e

for k € Np.

3. Method 2: coupling

In this section we give a proof of Theorem 1.1(a) that provides an explicit coupling of two
random variables N; ~ by, ,. such that Ny < N; almost surely. Clearly, this implies that

bn1,p1 Sst bnz,pz-

Proof of Theorem 1.1(a). We only have to show sufficiency of the tail conditions (1.8) and
(1.9) for by, p; <st bn,,p,. Hence, assume that (1.8) and (1.9) hold. By (1.1), it suffices to
consider the smallest p, such that (1.8) holds. That is, we may assume that

(1 —p)" =1—-p)™.
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Define

A= —nilog(l — p1) = —nylog(l — p2).
Fori =1,2,let (X;(I), [l = 1,...,n;) be a family of independent Poisson random variables
with parameter A/n;. (Note that we do not require that X1 (/1) and X»(/2) be independent.)
Then

Ni =#{l: X;(l) = 1} ~ by, p;.

The idea is to construct a coupling of the X; (/) such that

N1 < N, almost surely. (3.1
This clearly implies that by, p, <st by, p,-
Let T be a Poisson random variable with parameter A. Assume that, for i = 1,2, the
family (F; x, k € N) of random variables is independent and independent of 7', and each F;
is uniformly distributed on {1, ..., n;}. Then

Xi)=#k <T:Fyp=10), I=1,...n,

are independent and Poisson distributed with parameter A /n;. The remaining task is to construct
the families (F; x, k € N) such that (3.1) holds.

For A; C {1,...,n;},leta; = #A; and Al? ={l,...,n;}\ A;. Forr; € {l,...,n1}and
r € {l,...,ny}, define qu*AZ (r1, r2) depending on whether a; < as ora; > ap. If a1 < a»
then let

A1 A
q" " () = :
niny

If a; > ap then let

1 )
ifrpe Ayand ry € Ay,
ainy
ayny —axny .
oA —— 22 ifry e Ajand sy € A,
q 2 (r, r) = { ainina(ny — az)
1 .
B — ifr € Afand ry € AS,
(n2 —az)n
0 otherwise.
Let
n3_i
Al A ALLA
gy =Y g )
r3—i=1

denote the ith marginal of g41-42. Clearly, for a; < a», we have inl’Az(ri) =1/n;fori =1,2
and r; € {1, ..., n;}. Now assume that a; > a». Then, for r| € Aj,

ApLA az ayny — axny 1
g "= —4+m—a) ———— = —.
ainy ajning(ny —az)  ny

On the other hand, for r| € A‘l',

1 1
i e = o - aZ)(nz —apm  m
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Analogously, we obtain, for all r» € {1, ..., ny}, q{‘ 142 (r2) = 1/n,. Thus, independently of
the choice of A; and A», the marginals of qu*AZ are the uniform distributions on {1, ..., ny}
and {1, ..., ny}, respectively. Now, define Ag1 = Ap2 = <. Inductively, choose a pair
(Fr1, Fr2) € {1,...,n1}x{l, ..., n2}atrandom according to q{A"*I-l’Ak*L2 and define Ay ; =
Ak—1,; U {Fki}. Clearly, ar; = N;; hence, it is enough to show that

ar,1 < aip forallk € Np. (3.2)

For k = 0, (3.2) holds trivially. Now we assume that (3.2) holds for k — 1, and we show
that it also holds for k. If ar—1,1 < Ag—1,2 then ag1 =< arp—-1,1 + 1 < ag—12 =< agp. If
Ak—1,1 = Ak—1,2 then either Fr1 € Ak—l,l, which implies that g1 = Ag—1,1 = Ag—1,2 < Qi 2,
orFi € A,C(_U. In the latter case, accordingtothedeﬁnitionofq““’AZ,wehave Fyo € A,C(_l’z;

hence, ai,1 = ak—1.1+ 1 =ar—12+ 1 = ax 2.

4. Method 3: Markov chains

The aim of this section is to give a proof of Theorem 1.1(a) that uses the interpretation of
the binomial distribution as the distribution of nonempty boxes when we successively throw
balls into n boxes. In contrast to Method 2, here we do not construct an explicit coupling of
the random variables, but use Markov chains in order to get a very quick and elementary proof
that could be taught in any first course on probability theory.

Let n,t € N. Assume that we throw ¢ balls independently into n boxes with numbers
1, ..., n, and denote by N, ; the number of nonempty boxes. Let T be random and Poisson
distributed with parameter A = —n log(l — p). Assume that T is independent of the numbers
Np:, t =1,2,.... As indicated in Section 3, the number N,, r is binomially distributed with
parameters n and p. Hence, in order to show Theorem 1.1(a), it is enough to show the following
proposition.

Proposition 4.1. For eacht € N, the sequence (Ny ;)neN is stochastically increasing.

Proposition 4.1 is in fact a special case of a more general result where the probabilities p;
for hitting box i = 1, ..., n differ from box to box (see [14]).

Proof of Proposition 4.1. For each n, (Ny t);=0.1,... is a Markov chain on {0, ..., n} with

transition matrix
k/n ifl =k,

pnlk,l)=31—k/n ifl=k+1,

0 otherwise.
Define
n 0 ifk <Il—1,
haa(0) =3 putk. )= 1 —k/n ifk=1—1,
J=l 1 ifk>1-—1,

and note that 4, ; (k) is increasing in k and n.

Let m < n, and note that, trivially, N, o = 0 is stochastically smaller than N, o = 0. By
induction we show that N, ; <¢ N, for all t € Ny. Indeed, for every £ € {0, ..., m}, by the
induction hypothesis and due to the monotonicity of (n, k) +— h, ;(k), we have

P[Npi+1 = 1] = B[l i (Nm,)] < Elhm,1(Np,1)] < E[hn 1 (Np,1)] = P[Np 141 = 1].

This however implies that N, ;11 is stochastically smaller than Nj ;41.
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5. Method 4: analytic proof

The aim of this section is to give proofs of Theorem 1.1(a) and (b) that rely on changing the
parameter p of the distributions continuously and using calculus to compute the dependence
of the distributions on this parameter. Although the proofs for (a) and (b) are rather similar, we
felt that it was no loss in efficiency to give two separate proofs.

5.1. Proof of Theorem 1.1(a): binomial distributions

We only have to show sufficiency of the tail conditions (1.8) and (1.9) for b, p, <st bn,, p, -
By (1.1) we only have to consider the case in which n| < np and (1 — p1)™ = (1 — pp)"2.
Let R :=ny/n1 > 1, and define the map

7 [0, 1] — [0, 1], pr—1—(1-pk 5.1
Denote by 7/ (p) = R(1 — p)®~! the derivative of 7.
Forn e N, p e (0,1),and A C {0, ..., n}, define
_d
=W
Computing the derivative for A = {k}, k =0, ..., n, explicitly yields
by, ({kY) = =nlbu—1,p({k}) — bu—1,p({k — 1D)]

(where b, 1, ,({—1}) = O and by ,({k}) = 1if and only if £ = 0). Hence, building a telescope
sum, we obtain

b, ({0, ..., k}) = —nbyu_1,({k}) forn €N, p €0, 1], k € Ny. (5.2)

by ,(A) by, p(A).

For k € Ny, define the map

fx:[0,1] > R, P> buy a0, ... k}) — by, p({0, ..., k}).

As m(p2) = p1, we have to show that fi(p2) > O for all k. Obviously, only the case k €
{1,...,n1 — 1} is nontrivial, and we fix such a k for the rest of this proof.

Since 7(0) = 0and 7 (1) = 1, we have fx(0) = fi(1) = 0. As f is differentiable in (0, 1)
and continuous on [0, 1], it is enough to show that

fk/ (p) is strictly positive in a neighbourhood of 0 (5.3)

and
fi(p) = 0 for at most one p € (0, 1). (5.4)

Using (5.2), we compute the derivative
Fp) = 7' (D) 2y (0. kD = B, (0. ... &)
= ”2b112—1,p({k}) - ”ln/(p)bnl—l,n(p)({k})

ny — 1
=n2< s )p’%l—p)"”k

“mR0= P (nlk_ 1)“ — (1= PP = pRe=i=h

[\ (-1 1—(1—p)R>"}
= =p [( k )(1—p> ( k >< a-pk )]
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Hence, (5.3) follows from (recall that R = ny/ny > 1)

! —1 —1
lim Ji(p) — (" — (™ RF > 0.
plo nypk k k

Now, for p € (0, 1), we have f;(p) = 0 if and only if

g(p):=pl—p) ' —al -1 -pP =0,

()

Since f(p) > 0 for sufficiently small p > 0, g(p) > 0 for these p also. Hence, in order to
show that g(p) = 0 for at most one p € (0, 1), it is enough to show that g’(p) = 0 for at most
one p € (0, 1). To this end, we compute

where

g(p)=010—-p~r2[1 —aR — (1 —a)Rpl.

Hence, g’(p) = O exactly for p = 1 and p = (1 —aR)/(1 — a)R. As this shows (5.4), the
proof is complete.

5.2. Proof of Theorem 1.1(b): negative binomial distributions

‘We only have to show sufficiency of the tail conditions (1.10) and (1.11) for br_1 1 Sst br_2, 2
Recall that if r; < r; and X and X, are independent random variables with distributions br_l p
and br_z_rl’ » respectively, then X; + X has distribution b,,,,. That is, b,‘l, p Sst br_z, » if and
only if r| < r,. Hence, we may assume that r; > r;.

Step 1. By a simple computation we obtain

Ly G0, k=1 =k(_r><—1)’<<1 —pytp (5.5)
ap (0 k . .

—r

In fact, multiplying both sides of (5.5) by p~", as functions of r,

d —r -1 -
P g5 brp (0 k1) and k(k)(—l)k(l—p)k 'p!

are polynomials. Hence, it is enough to check (5.5) for all » € N. Either by a direct
computation or by appealing to the waiting time interpretation that in a Bernoulli chain with
success probability p, b, , is the distribution of the number of failures before the nth success
occurs, we obtain

b, ,({0,....k = 1}) = byyr-1,1-p({0, ..., k = 1}).

Hence, by (5.2) we obtain

A (O k—1) = (14K — Db (=11 = k[ )=k = pyktpn-!
ap mp i = n+k—2,1-p =k, pTiptT,

as desired.
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Step 2. Let R =ry/r1 < 1. Fix k € N. For p € (0, 1], define

FP) i=b. f(0,.. k= 1) = by, ({0, ... k= 1),

r

It is enough to show that f(p) > O for all p € (0, 1].
Clearly, f(1) = 0 and lim, o f(p) = 0. Hence, it is enough to show that f'(p) > 0 for
sufficiently small p and f'(p) = O for at most one p € (0, 1). By (5.5) we have

F1(p) = kp! [(” k- 1)R(l _pRYT (’2 k= 1)(1 - p)’”]

k k
Hence,
fim L) (R e (k=T
pl0 kpr2=1 k k '
Define
g(p) ==c(1—p®) —(1—p),
where

()

Clearly, g(p) = 0if and only if f/(p) = 0. It is easy to see that g(1) = 0 and g’(p) = 0 if
and only if p = (cR)'/!=®_ This implies that g(p) = 0 for at most one p € (0, 1).

6. Method 5: infinite divisibility

In this section, for infinitely divisible distributions on [0, 00), we derive a sufficient criterion
(Lemma 6.1) for stochastic ordering in terms of the Lévy measures. We use this criterion to
give a short proof of Theorem 1.1 for negative binomial distributions.

6.1. Stochastic ordering of infinitely divisible laws

An infinitely divisible distribution P on [0, co) is characterized by the deterministic part
ap € [0, 00) and the Lévy measure vp on (0, co). The connection is given via the Lévy—
Khinchin formula (see, e.g. [3, Theorem 16.14])

—log (/e_txP(dx)) =apt+ f(l —e ™vp(dx) forallt > 0.

If 1« and v are two measures on arbitrary measurable spaces, we write u© < v if u(A) < v(A)
for every measurable set A. If X is a nonnegative infinitely divisible random variable with
distribution Py, we write vy = vp, and ay = ap, for the corresponding characteristics. If
X and Y are independent then vxyy = vx 4+ vy and x4y = ax + ay. Thus, for infinitely
divisible distributions P and Q, we have

ap<ap and vp<vyg = P <4O0. 6.1)

(The opposite implication is not true.) For example, the negative binomial distribution b, , is
infinitely divisible with vanishing deterministic part and Lévy measure v,, , concentrated on N,
and given by

v (k) = lim A~ 167 (k) = =P ken 62
rp _)L\L() Ar,p —I"T or K € IN. ()
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In fact, a direct computation yields

—log Y by, (tkhe ™ =rlog(p™' (1 = (1 = p)e™)) = Y v, (kH(1 —e™™).

k=0 k=1

Note that v p, < Vp, p, if p1 = prandry < rp orif r; = ry and p; > p;. Hence, similarly
as for the binomial distribution, by (6.1), we obtain the two relations (for all p € (0, 1) and
r > 0)

b, ,<sb,,, < rn=n

and

b p Sstb.,, < p1z=p2

For the case where both parameters differ, we need a more subtle criterion. Let p1 and po be
two measures on (0, co) with p; ([x, 00)) < oo for all x € (0, 00),i = 1,2. Extending the
notion of stochastic ordering to such measures, we write @ <g o if

ni([x, 00)) < pa([x, 00)) forx € (0, 00).

Note that ;1 < o implies that p; <g uo.
For a multidimensional version of the following lemma, see [9, Theorem 2.2].

Lemma 6.1. Let P;, i = 1, 2, be infinitely divisible distributions on [0, 0c0) with deterministic
parts a; and Lévy measures v;. Assume that o) < o and vi <g va. Then there exist random
variables Z1 and Z, with distributions Py and P,, respectively, such that Z1 < Z, almost
surely. In particular, we have Py <g P;.

Proof. 1tis enough to consider the situation o1 = ap = 0. Let G;(x) = v;([x, 00)) for x €
(0, 00), and define the inverse function Gi_l(y) = inf{x > 0: G;(x) < y}fory € (0, 00).
Let X be a Poisson point process on (0, co) with rate 1. That is, X is an integer-valued random
measure on (0, c0); for bounded measurable sets A, X (A) is Poisson distributed with the
Lebesgue measure of A as the parameter, and, for pairwise disjoint sets, the values of X are
independent random variables. Define

Zi ::/G;l(y)X(dy), i=1,2.

Then, for ¢t > 0, we have (compare [3, Theorem 24.14])

0 —
—logE[e "] =/ (1—e™0 ) dy = /(1 —e M)(dy) = —log/e_”‘P,-(dx).
0

Thus, Z; has distribution P;. By the assumption that G| < G, we have Gl_l <G, ! and,
hence, Z; < Z, almost surely.

6.2. Proof of Theorem 1.1(b)

‘We only have to show sufficiency of the tail conditions (1.10) and (1.11) for br’l’p1 < br;,m'
Recall from (6.2) that the negative binomial distribution b, i is infinitely divisible with

deterministic part «; ,, = 0 and Lévy measure v, p, being concentrated on N and given by

(1 —p)t

forall k € N.
T orall k €

Vri, pi ({k}) =r;
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As p1 > pa, we have v, <t vy, p,; thatis, the map

Vrp (1) i (1= p1)*
Ve o ((kY) 2 (1 = po)¥

is monotone decreasing. This implies that

Vo Uk k+ 1D P = py)
Ve (ko k+ 1,00 2 Y2 1711 — po)t

is monotone decreasing. By the assumption that p|' > p7* we have

k— ¢k) =

ri log(p1) <1

1) =
P = e =

Hence, ¢(k) < 1 for all k € N; that is, vy p, < Vr,,p, and, thus, br_l,pl <st br_z’p2 by
Lemma 6.1.

6.3. Proof of Theorem 1.1(g)

When viewed from the perspective of infinitely divisible distributions, the statement of
Theorem 1.1(g) is trivial. In fact, b, is infinitely divisible and the Lévy measure v, , has total
mass vy, (N) = —rlog(p). Since Poi, is infinitely divisible with Lévy measure v; = Ad1, we
see that vy <y v, p if and only if et > p”". Hence, the claim follows using Lemma 6.1.
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