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Abstract. This paper considers the long-time behavior of solutions for the
Cauchy problem of a class of second-order nonlinear differential equations: —x”+
S, x, X)X + g(x) = h(z). Under appropriate conditions it is shown that the solutions
of the problem possess some dichotomy properties.
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1. Introduction. At issue is the Cauchy problem of a class of second-order
nonlinear differential equations

X"+ f(t, x, X)X + g(x) = h(2), (1.1

x(0) = xp9, X'(0) = xy, (1.2)

where f, ¢ and h are assumed throughout the paper to be continuous functions;
moreover, f and /1 are w-periodic in ¢t. We are interested in the long-time behavior of
the solutions of the problem. Before stating our results, let us pause for a moment to
observe some simple facts concerning the linear equation

—x" + bx' + x = h(1) (1.3)

where 1 € C(R") and is w-periodic. It is well known that for any » € R!, (1.3) has an
w-periodic solution o (see, for instance [5, Theorem 2.1]). Now any solution of (1.3)
can be given by the formula

x(1) = Ci1eM" + Cre™' + o(1) (1.4)

by choosing appropriate constants C; and C,, where

M=0b+VPE+4)/2>0, A =(b—b+4)/2 <0.
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From this we see that for any solution x of (1.3), either x(¢) and x'(f) - o0
(this occurs when C; #0), or |x(1) — o(?)| + |X'(¢) — o/(f)] — 0 (this occurs when
Cy =0) as t > +o0. In this paper we try to extend this basic knowledge along with
some other properties of (1.3) to the nonlinear equation (1.1). We will show that
under appropriate conditions, the solutions of (1.1)-(1.2) exhibit some dichotomy
properties.

Assume that £, g are locally Lipschitz. Then for any xo, x; € R!, there exists a
0 < T(xp, x1) < 400 which will be denoted simply by 7 hereafter, such that (1.1)-(1.2)
has a unique solution x on [0, 7); moreover, if T < 400, supyy 7,(|x(2)| + |x'(1)]) = +o0.
For convenience, we denote by ¢(¢; xo, x;) the solution of (1.1)-(1.2) with initial data
(x9, x1). We prove the following interesting results:

THEOREM 1.1. Assume f and g are locally Lipschitz and satisfy:
(F)) there exists a constant k > 0 such that

Az, x, p)I < k(1 + Ip));

(G1) g(x) > Fo00 as x - *oo.

Let x be the solution of (1.1)-(1.2). Then
(1) if supjo,py |x(D)| < +00, then supjy 1, |X'(1)] < +00 (hence T = +00);
(2) if supjy ) x(1) = +00, then

lim x(¢) = +o0, lim x'(¢) = +00; (1.5)
t—T t—T
if infyo, 1) x(¢) = —o0, then
lim x(f) = —oo, lim X'(f) = —o0; (1.6)
t—T t—T
(3) the sets

Lioo = {(x0, x1) € R* 1 x(2) = ¢(t; x0, x1) satisfies (1.5)},
I_oo = {(x0,x1) € R*: x(f) = ¢(t; x0, x1) satisfies (1.6)}

are nonempty open subsets of R*;
(4) for any xo € R', the sets

Dioo(x0) = {x1 € R' : x(£) = ¢(t; X0, x1) satisfies (1.5)},
D_oo(x0) = {x1 € R': x(f) = ¢(t; X0, x1) satisfies (1.6)}

are nonempty open subsets of R';
(5) for any xo € R', the set

DB(x0) = {x1 € R' : x(1) = ¢(t; x0, x1) is bounded on RT}

is a nonempty closed subset of R'.
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Remark 1.1. An example satisfying the hypothesis in Theorem 1.1 is the well
known Krall equation in atmosphere dynamics [3, 7, 14]:

—x" 4+ (a — |X' DX 4+ rx* — x = rsinot, (1.7)
where a, A, r and w are constants with A > 0.

THEOREM 1.2. In addition to the hypothesis in Theorem 1.1, assume that f, g

satisfy:
(F) fis bounded from below, i.e., there exists a constant b > 0 such that

ft,x,p) > —b, Vt,x,pe R';

(G2) liminf|y— 400 g(x)/x > 0.
Suppose that the solution x of (1.1)-(1.2) satisfies (1.5) (resp. (1.6)). Then there
exist A, Cy, C1, Cy > 0 such that

x(f) = Coe*' — Cy (resp. < —Coe' +C)), Vt=>0,
X(t) = ACoe™ — Cy (resp. < —ACoe™ + C2), Vit > 0.

THEOREM 1.3. In addition to the hypothesis in Theorem 1.1, if we further assume
that f(t, x, p)p + g(x) is strictly increasing in x, then when the solution x of (1.1)-(1.2)
is bounded on [0, T) (hence T = +00), we have

JAim (1x(0) = ()] + [¥'(1) = o' (0]) = 0, (1.8)

where o is the (unique) w-periodic solution of Eq.(1.3). (The existence of o will be
shown in Section 2.)

An essential feature of the type of equations under our consideration is that the
nonlinear terms g(x) in these equations satisfy (G;). For the study of long-time
behavior of other types of second-order nonlinear differential equations, the inter-
ested reader is referred to, for instance [2, 10, 12, 15, 16, 17] etc. and references
therein for some recent developments.

This paper is organized as follows. In Section 2, we give some auxilary results.
In Section 3, we prove Theorems 1.1-1.3 in detail.

2. Some auxiliary results. In this section we state some auxiliary results which
will be used in the proofs of Theorems 1.1-1.3.

LEMMA 2.1. Let a,b € R with b —a >t > 0, x € C*((a, b)). Suppose x satisfies
the following differential inequality:

()] < e(1+ 1X(OF), 1€ (a,b).

Assume that sup, ) |x(1)] < Mo < 0o. Then there exists a constant C > 0 depending
only on ¢, My and t such that
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sup [x'(1)] = C.
(@b)

Lemma 2.1 is a particular case of Lemma 5.1 in [6, Ch. XII], which makes use of
a Nagumo-type condition.

THEOREM 2.2. Assume that f, g satisfies (F1) and (Gy), respectively. Then for any
a,b,a, B e R witha < b, the boundary value problem:

—x" 4 f(t, x, X)X +g(x) = h(t), te(a,b);
{ x(a) = o, x(b) = B (BVP)

possesses at least one solution Xx.

THEOREM 2.3. Assume that f, g satisfy the following conditions:
(F1)° There exists a nonnegative and nondecreasing function pu € C([0, +00)) such
that

I, x, p)l < pn(Ix(A + Ipl).

(G1)°34,Be R, A< B such that

g(A) < h(t) < g(B), VteR.

Then Eq.(1.1) has at least one w-periodic solution x.

The proofs of Theorems 2.2 and 2.3 are very standard using the well-known
upper and lower solutions method, as given, e.g., in [8, 11, 13] etc., and thus are
omitted. One can also derive these results by fully analogous argument as in the
proofs of Lemma 3.1 in [5] and Lemma 3 in [9].

3. Proof of Theorems 1.1-1.3. In this section we prove in detail our main results
stated in the introduction.

Proof of Theorem 1.1.
(1) Assume that supy, 7, [x(1)| < +o0o. Then by (F}), one easily deduces that

()] < e(1+ X ()

on [0, 7). If T < oo, by Lemma 2.1 we obtain directly that supyy 1, [X'(7)] < +o0.
Assume that 7'= +o0. By applying Lemma 2.1 to x on any interval (a,a + 1) for
a > 0, we conclude immediately that supyy 7, [x'(1)] < +o00.

(2) We only consider the case where supy 1) x = +00. The proof for the other
one is analogous. By (G)), there exists 4 > 0 such that for any z > A4,

g(z) > h()+1, VieR'. (3.1)
Since supy 1) x = 00, we can find at least one 7p > 0 such that x(z9) > 4 with

X'(1)) > 0. We claim that x is nondecreasing for ¢ > ¢y, and hence
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tlin}x(l) = 4o00. (3.2)

Indeed, if there exist ¢, t, > ty with ¢; < f, such that x(¢;) > x(¢,), then x attains
its maximum on [z, #;] at some point s € (¢, t,), at which we have x(s) > x(¢y) > 4
and x'(s) = 0, x"(s) < 0. By (3.1), one finds that at the point s,

—x" 4+ fs, x, X)X + g(x) = h(s) + 1 > h(s),

which leads to a contradiction (as x is a solution of (1.1)).

In the sequel we show that lim, ., 7x'(f) = +00. We first prove that x’ is
unbounded on [0, 7). Suppose not. Then for some C > 0, |x'(r)| < C for Vt € [0, T).
If T < +o00, it follows that x is bounded on [0, T). This contradicts to (3.2). Thus we
assume 7' = 4o00. By (Gy), there exists B > 0 such that for any x > B,

g(x) > k(1 +O)C+ A+ 1, V=0, (3.3)

where « is the constant in (F;). By (3.2), we can take a t* > 0 such that x(¢) > B for
t > r*. Because of (3.3) we have

X" =g(x)+ft,x, X)X —h(t) > 1, Vi>r". (3.4)

As a consequence, we see that x'(f) — +oo as t — +oo. This a contradiction.

Since x’ is unbounded on [0, T), we can take a sequence {z,} C[0,7), t, > T
such that x'(z,) - +oo (as x is nondecreasing on [fy, 7) and hence x'(¢) > 0 for
t € [ty, T)). Let M > 0 be given arbitrary. By the same argument as in (3.3)-(3.4), we
can prove that there exists 7, > 0 such that if 1 > #j, and x'(f) < M, then x”(¢) > 0.
It follows that if ¢, > ty is such that x'(z,) > M, then

X()y>=M, Vi>t,

This completes the proof of the desired result.

(3) As above, we only show I, is 2 nonempty open subset of R”.

Let 4 > 0 be such that (3.1) holds for any z > 4. Assume that (xg, x1) € I100.
Take a 9 > 0 such that

x(to) > A, x'(19) > 0,

where x = ¢(t; X9, x1). By continuity of ¢ with respect to initial data (xo, x;), there
exists a § > 0 such that for any (yg, y1) with |yg — xol, [y1 — x1] < 68, ¥y = ¢(¢; yo, ¥1)
satisfies

w(to) > A, y'(to) > 0. (3.5)

By the same argument as in showing (3.2), we can show that y is nondecreasing
for t > ty. Now we claim that lim,_, 7 y(f) = +o00 and hence ()9, y1) € I1~. Indeed, if
this is not the case, then

A< lin}y(t) =" < +o0. (3.6)
—
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By the first conclusion (1), we know that /() is bounded on [0, 7) and hence
T = 4o00. Define

() = Wt +nw), tel0,w], neN.

By periodicity, we have
Vo A yus )Yy + 80 = h(1), 1€ (0, ). (3.7

Since y(f) and y'(¢) are bounded on [0, +00), by (1.1), one sees that y”(¢) is also
bounded on [0, +00). By the classical Arzela-Ascoli’s Theorem, y, has a subsequence
¥, that converges to a function y* in C!([0, w]). Invoking (3.7), one also deduces that
¥, converges to y* in C*([0, »]). In view of (3.6), we have y* = ¢* on [0, w]. Now we
pass to the limit in (3.7) for y,, to obtain that

g =h@), 1€, ),

which contradicts (3.1).

The nonemptiness will be shown in the following argument.

(4) Let xop € R'. Let 4 >0 be the constant such that (3.1) holds with any
z > A. We take a yy > max(4, xo) and consider the boundary value problem

{_x,, T x, X)X +g(x) = h(t), te0,1); (3.8)

x(0) = xo,  x(1) = yo.

According to Theorem 2.2 (3.8) has at least a solution x* € C>([0, 1]). Since yy >
max(4, xp), we can find a f9 € (0, 1] such that x*(7p) > 4 and x*'(f) > 0. Let
x1 = x*(0), x(1) = ¢(t; X9, x1). By uniqueness of (1.1)-(1.2), we have x(r) = x*(¢) on
[0, 1]; therefore x(#y) > A, x'(t9) > 0. Repeating the argument below (3.5) in the
proof of the third conclusion (3), one can show that supy 1, x(¢) = +o0o and hence
(x0, X1) € I1o. Therefore I, and D, o(x¢) are nonempty. The openness of D o(x¢)
is a consequence of that of 7, .

Similarly we can show that D_,,(xo) is a nonempty open subset of R!.

(5) Let xo € R'. By (1) and (4), one sees that D (x0)|JD—co(x0)|J DB
(x9) = R'. As a topological consequence, we deduce immediately from (4) that
DB(xp) is a nonempty closed subset of R'.

The proof of the theorem is complete.

Now we turn to the proof of Theorem 1.2. We only consider the case when the
solution of (1.1)-(1.2) satisfies (1.5). For the other one the argument is parallel and
thus is omitted. We start with the following basic lemma.

LEmMA 3.1. Let b, k € R with k > 0,

M =0 +4k—b)/2, ry=—(Vb2+ 4k +b)/2.

Assume that x € C*([0, T)) satisfies

X" +bxX' —kx>0, Vie(0,T7); (3.9)

https://doi.org/10.1017/50017089502020165 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502020165

SECOND-ORDER NONLINEAR DIFFERENTIAL EQUATIONS 345
x(0) >0, x'(0)— 2 1x(0) > 0. (3.10)
Then x(t), x'(t) > 0 for t € [0, T).

Proof. Equation (3.9) can be rewritten as

4 =) =l — 19 20, Vie©.D)

from which we infer that

X —xx > (X(0) — A x(0)e™ >0, Viel0, 7). (3.11)

It follows that

x(f) = x(0)e*' >0, Vrel0,T). (3.12)

Noting that A; > 0, by (3.11) and (3.12),

X'(1) = nx(1) =0, Vre[0, 7).
The proof is complete.

Proof of Theorem 1.2. Assume that x(¢) = ¢(t; x¢, x1) satisfies (1.5). By Theorem
1.1, we know that lim,_, 7 x(¢) = 400, lim,_, 7 X'(#) = +00. Let #) > 0 be such that

x(6) >0, X(6)>0, V> t. (3.13)

By (F;) and (G,), there exist k, ¢y > 0 such that

X' +bxX —kx—co>0, V> 1. (3.14)

Let A; = (Vb2 + 4k — b)/2, Ay = —(v/b? + 4k + b)/2. We denote by y the solution
of the initial-value problem:

V'+by —ky—co=0, »0)=x(to), y'(0) = x(t).

Then

c
Wt) = cre! + et — EO

We claim that ¢; > 0. Indeed, if ¢; < 0, noting that A; > 0 and A, < 0, we will
have either y(0) = ¢; 4+ ¢; — ¢o/k < 0 (in case ¢; < 0) or /(0) = Aic; + A2 < 0 (in
case ¢; > 0), which yields a contradiction (as x(#y), X'(fo) > 0). Write u(t) = x(1)—
y(t — t9). Then u(ty) = u/(t9) = 0. u satisfies

U +bu —ku>0, V>t

By virtue of Lemma 3.1, we have u(¢), v/(t) > 0 for ¢ € [ty, 1), i.e.,
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_ _ Co
X(f) > cre MMl o peRl et e Yt > 1,

X(f) = hjcre ™ 0eM! 4 hyc0e70M V> 1y,

which completes the proof of the desired results.
Finally we give a detailed proof of Theorem 1.3.

Proof of Theorem 1.3. Let x be the solution of (1.1)-(1.2). Assume that
supgs+ [x(f)] < 400. By Theorem 1.1 (1), supg+ |X'(¢)] < +o00. Further by (1.1), one
sees that supg+ |x”(#)] < +00. From Theorem 2.3, we know that under the assump-
tions of Theorem 1.3, (1.1) has at least a w-periodic solution o. In the sequel we show
that (1.8) holds. If x = o on R*, then the proof is complete. Thus we may assume,
without loss of generality that there exists #; € Rt such that x(¢;) — o(¢;) > 0. In the
following we first prove that x — o is monotone on [f*, +00) for some * > 0. We
divide the argument into two cases.

Case 1. There exists #, > t; such that x(;) — o(¢;) < 0. In this case, one can
easily see that there exists * > f; such that

x(*)—o(t) <0, X'()—0o'(r) <O.
We show that x — o nonincreasing on [r*, +00). Suppose not, then (noting that
x — o 1s stictly decreasing on [¢*, £ 4+ §) for some small § > 0) x — o will have a local
minimum point s, at which we have x(s) < o(s). Noting that x'(s) = o/(s),

x"(s) > o”(s), by the strict monotonicity assumption on f{(t, z, p)p + g(z) in z, one
finds at the point s that

—x" 4+ f(s, x, X)X + g(x) < —0" + f(s, 0, 0)0’ + g(0) = h(s),
which is a contradiction.

Case 2. x(t) —o(t) > 0 for all t > t;. If X'(f) — o/(f) <0 for t > t;, then x — o is
nonincreasing on [}, +00) and thus * = 7;. Now assume that there exists a t* >
such that x'(¢*) — o/(¢*) > 0. Since x(¢*) — o(¢*) > 0, by fully analogous argument as
in Case 1, we can show that x — o is nondecreasing on [t*, +00).

Now since x is bounded, we conclude that lim,_, , ,,(x(¢) — o(¢)) exists. Let

lim (x(1) = o(1)) = ¢*. (3.15)

We show that ¢* = 0 and thus

lim (x(2) = o(0) = 0. (3.16)

Define x,(f) = x(t + nw) for ¢ € [0, w]. By periodicity, we have

— Xy 4 f{t, Xp, X)), 4 g(x0) = h(1), 1€ (0, w). (3.17)
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By similar argument as in showing the convergence of y, in (3.7), we know that
x, has a subsequence x,, that converges in C*([0, ®]) to a function x*. In view of
(3.15) and the definition of x,, we see that x*(f) = o(¢) + ¢*. We pass to the limit in
(3.17) and obtain

—o" + f(t, 0+ ¢*, 0" )0’ + glo + ¢*) = h(t), Vie(0,w), (3.18)

which implies by the strict monotonicity assumption on f{z, z, p)p + g(z) in z that
¢ =0.
Finally we show that

lim (¥(0) = ') = 0. (3.19)

Assume that x — o is nonincreasing on [t*, +00). In this case we infer from
(3.16) that

x(t)—o(t) 20, t=>1¢". (3.20)

Note that x'(t) — o’(¢) < 0 for any ¢ > r*. If (3.19) is not true, then there exists
gy > 0 and a sequence ¢, € RT, f, — 400 such that x'(¢,) — o/(¢,) < —2¢¢ for any
n € N. Since x” and ¢” are bounded, we deduce that x' — ¢’ is uniformly continuous
on R, therefore there exists § > 0 such that for Vn,

X' () —d'(f) < —ey, Vit €[ty ty+ 8] (3.21)

Equations (3.16) and (3.21) imply that x(¢, + ) — o(¢, + 8) < 0 for n sufficiently
large. This contradicts (3.20) and proves (3.19).

In a quite similar manner we can prove (3.19) in the case when x — o is non-
decreasing on [t*, +00). The proof is complete.

REMARK 3.1. When the function fin equation (1.1) is independent of ¢, x and
does not change sign, some results similar to Theorem 1.3 can be found in a recent
paper [1, Theorem 3.2 and Proposition 3.6]). The method in [1] makes use of some
topological tools. In contrast, ours seems to be more simple and direct.

A significant feature of the results in [1] is that the functions f and g are
allowed to be defined only on an interval (a, b) C R!, thus one can consider even
some singular equations. We also point out that in the case in which f'is a negative
constant, the conclusion of Theorem 1.3 here is included in Theorem 3.2 of [1].

REMARK 3.2. When a solution x of (1.1) satisfying (1.5) or (1.6) blows up in
finite time (i.e., T < 4o00) is an interesting problem. It has been considered recently
in [4]. For instance, we have proved that for the Krall equation (1.7), any solution
satisfying (1.5) or (1.6) blows up in finite time.

ACKNOWLEDGEMENT. The author is indebted to the referee, whose comments

and suggestions greatly improved the quality of the paper. He also thanks the
referee for bringing to his attention the wonderful work of Campos and Torres [1].

https://doi.org/10.1017/50017089502020165 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502020165

348 DESHENG LI
REFERENCES

1. J. Campos and P. J. Torres, On the structure of the set of bounded solutions on a
periodic Liénard equation, Proc. Amer. Math. Soc. 127 (1999), 1453-1462.

2. A. Constantin, A note on a second-order nonlinear differential system, Glasgow
Math. J. 42 (2000), 195-199.

3. J. Cecconi, Su di una equazione differenziale non lineare, Ann. Scuola Norm, Sup.
Pisa CI Sci (4) (1950), 245-278.

4. D. S. Li, Blow-up phenomena of second-order nonlinear differential equations, to
appear.

5. J. P. Gossez, Periodic solutions of a second order ordinary differential equation: A
necessary and sufficient condition for nonresonance, J. Differential Equations. 94 (1991), 67-
82.

6. P. Hartman, Ordinary differential equations (Second edition) (Birkhauser, 1982).

7. G. Krall, Meccanica Techica Delle Vibrazioni, Parte 1. Sistemi Discreti, (Bologna,
1940).

8. J. Mawhin, Topological Degree Methods in Nonlinear Boundary Value Problems,
CBMS Regional Conference Series in Mathematics, Vol. 40 (Amer. Math. Soc. Providence,
RI, 1979).

9. J. Mawhin and J. R. Ward Jr., Bounded solutions of some second order nonlinear
differential equations, J. London Math. Soc. (2) 58 (1998), 733-747.

10. C. Qian, On global asymptotic stability of second order nonlinear differential sys-
tems, Nonlinear Anal. TM A 22 (1994), 823-833.

11. 1. Rachunkova, Upper and lower solutions and topological degree, J. Math. Anal.
Appl. 234 (1999), 311-327.

12. G. Sansone and R. Conti, Nonlinear differential equations (Pergamon Press, New
York, 1964).

13. K. W. Schrader, Boundary value problems for second order ordinary differential
equations, J. Differential Equations 3 (1967), 403-413.

14. F. Stoppelli, Su di un equazione differenziale della meccanica dei fili, Rend. Acc. Sci.
Fis. Mat. Napoli 19 (1952), 109-114.

15. J. Sugie, D. L. Chen and H. Matsunaga, On global asymptotic stability of systems of
Liénard type, J. Math. Anal. Appl. 219, 140-164.

16. A. Zitan and R. Ortega, Existence of asymptotically stable periodic solutions of a
forced equation of Liénard type, Nonlinear Anal. TM A 22 (1994), 993-1003.

17. Z. F. Zhang et al., Qualitative theory of ordinary differential equations. Trans. Math.
Monogr., 101 (Amer. Math. Soc. Providence, 1992).

https://doi.org/10.1017/5S0017089502020165 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089502020165

